
P R R F A C E. 


We have added in the present Volume to what was contained 
in the earlier editions of this work a now chapter on the 
Theory of Substitutions and Groups. Our aim lias been to 
give here, within as narrow limits as possible, an account of 
the subject which may be found useful by students as an 
introduction to those fuller and more systematic works which 
are specially devoted to this department of Algebra. The 
works which have afforded us most assistance in the prepa¬ 
ration of this chapter are— Serret’s Cours iCAhfchrc supSrieure ; 
Trait6 des Substitutions ct des Equations aUjebriques by M. 
Camille Jordan (Paris, 1870, ; Netto’s Substitu/ionentbeorie 
and dire Amcendung anf die Ahjebra (Leipzig, 1882), of which 
there is an English translation by F. N. Cole (Ann Arbor, 

Mich., 1892) ; and legons sur la Evolution ahjebriquc des 
Equations by M. H. Vogt (Paris, 1895). 


Trinity College, Dublin, 
April , 1901 . 
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CHAPTER XIII. 


DETERMINANTS. 


127. Elementary Motions and Definitions —This chapter 
wdl be occupied with a discussion of an important class of 
functions which constantly present themselves in analysis. 
These functions possess remarkable properties, by a knowledge 
of which much simplification can be introduced into many 
operations in both pure and applied mathematics. 

The function aib 2 + a 2 b ly of the four quantities 


Q\> 

“ ° bt “ ned h y aligning to a and b, written in alphabetical order 
the suffixes 1, 2, and 2,1, corresponding to the two permutations 

of the numbers 1, 2, and adding the two products so formed. 
Similarly, the function 


a ' biCi + a ' b * c > + aJhfix + a t b lCt + a Ac* + aA.c ly ( 1 ) 
of the nine quantities 

a l» bit c ly 

. a *> b 2y C l> 

b iy c,, 

is obtained by adding all the products \bc which can be formed 
by ass.gmng to the letters (retained in their alphabetical order) 
uffixes corresponding to aU the permutations of the numbers 

or anv nth ex P ressi °» might be represented by (abo), 

notation ’ from wHoh au tbe 
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Determinants . 


The notation (abed) might he employed to represent a 
similar function of the 16 quantities a Xi b x , c lf d u a 2 , &c., con¬ 
sisting of 24 terms, which can all he written down by the aid 
of the 24 permutations of the numbers 1, 2, 3, 4. 

And, in general, taking n letters a, b, c, . .. l y we can write 

down a similar function consisting of n (n - l)(w-2) -3.2.1 

terms, this being the number of permutations of the first n num¬ 
bers, 1, 2, 3 ... n. 

Now the functions above referred to, which are of such 
frequent occurrence in mathematical analysis, differ from those 
just described in one respect only, viz.: of the 1. 2. 3 ... it 
(which is an even number) terms, half are affected with posi¬ 
tive, and half with negative signs, instead of being all positive 

as in the expression written down on the preceding page. 

We shall now give some instances of the functions which 
will be discussed in this chapter. They occur most frequently 
as the result of elimination from linear equations. If, for 
example, * and // be eliminated from the equations 

a x x + b x y = 0, 
a 2 x + b 2 y = 0, 

the result is - a 2 b x = 0. 

Again, the result of eliminating *, y, s from the equations 

a x x + b x y + c x z = 0, 
a 2 x + b 2 y + c 2 z = 0, 
a 3 x + b 3 y + c 3 s = 0, 

is, as the student will readily perceive by solving from two of 
the equations and substituting in the third, 

(t\b 2 c 2 - a x b 3 c 2 + a 2 b 3 c x - a 2 b x c 3 + a 3 b x c 2 - a z b l c l = 0 ; (2) 

and this function differs from (1) given on the preceding page 
only in having three of its terms negative, instead of having 

the six terms positive. 
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Similarly, the process of elimination from four linear equa¬ 
tions gives rise to a function of the sixteen quantities 

«i, c Xi (l x , a 2 , b 2y &o., 

which differs from the function above represented by (abed) only 
in having twelve of its terms negative. 

Expressions of the kind here described are called Determi¬ 
nants* The notation by which they are usually represented was 
first employed by Cauchy, and possesses many advantages in the 
treatment of these expressions. The quantities of which the 
function consists are arranged in a square between two vertical 
lines. For example, the notation 


a x b x 
a 2 b 2 

represents the determinant a x b 2 - a 2 b x . 

Similarly, the expression on the left-hand side of equation (2) 
is represented by the notation 


tfi b x c, 
a 2 b t r 2 « . 
b 3 c 2 I 

And, in general, the determinant of the ;t l quantities 
ai * c » • • • lit K &c., is represented by 


"• l>x c x . . . /, 

a * K e% . . . 4 

a * b 3 Ci . . . / 3 



a » K c n . . . i n 


to 21“? th ° “ letterS “ al P habetioal ”der ( and assigning 
to them suffixes corresponding to tile «(n - 1 )(„ _ 2) •? 9 f 

"* 1U...,, £ a. L, tab! 


• Sue Note at the end of Vol. II. 

A 
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4 

determinant can be written down. Half of the terms must 
receive positive, and half negative signs. In the next Article 
the rule will be given by whicli the positive and negative terms 

are distinguished. 

The individual letters a x , b lt c lt . . . a 2 , . . . &c., of whioh a 
determinant is composed, are called constituents , and by some 
writers elements. 

Any series of constituents such as a x , b [t c u . . . /„ arranged 
horizontally, form a row of the determinant; and any series such 
as a ly a 2y a 3 , . . . a„, arranged vertically, form a column. 

The term line will sometimes be used to express a row or 

column indifferently. 

128 Cr *Tule with regard to Signs.—It is evident from 
the preceding Article that each term of the determinant will, 
since it contains all the letters, contain one constituent (and only 
one) from every column ; and will also, since the suffixes in each 
term comprise all the numbers, contain one constituent (and only 
one) from every row. We may therefore regard the square 
array (3) of Art. 127 as the symbolical representation of a 
function consisting in general of n (n - \){n - 2) ... 3. 2. 1 
terms, comprising all possible products which can be formed by 
taking one constituent, and one only, from each row, and one 
constituent, and one only, from each column. All that is 
required to give perfect definiteness to the function is to fix the 
sign to be attached to any particular term. For this purpose 
the following two rules are to be observed : 

(1) . The term a x b 2 c 3 .. . Informed by the constituents situated 
in the diagonal drawn from the left-hand top corner to the right- 
hand bottom corner , is positive. 

This is called the leading or principal term. In it the suffixes 
and letters both occur in their natural order; and from it the 
sign of any other term is obtained by means of the following 

rule :— 

(2) . Any interchange of two suffixes, the letters retaining their 
order , alters the sign of the term. 


-V'- uy, 
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Rule with reyard to Signs . 

This rule may be otherwise expressed thus: — Any interchange 
of two letters , the suffixes retaining their order , alters the sign of a 
term . For if two letters be interchanged, and the two corre¬ 
sponding constituents then interchanged, the entire process is 
equivalent to an interchange of suffixes. If, for example, in 
a x h i c i d i e i the letters b and e be interchanged, we get 
which is equal to , and this is derived from the given 

term by an interchange of the suffixes 2 and 5. 

In applying this rule it is evident that an even number of 
interchanges will not alter the sign of a term, and that an odd 
number will. 


Exampi.es. 


1. What sign is to be attached to the term in the determinant of the 

5th order ? 

The question is, How many interchanges will change the order 12345 into 34251 '{ 
Here, when 3 is interchanged with 2, and afterwards with 1, it comes into the lead¬ 
ing place, the order becoming 31245. Again, the interchange in 31245 of 4 with 
2 , and afterwards with 1, presents the order 34125. The interchange of 2 with 1 
gives the order 34215 ; and finally the interchange of 5 with 1 gives the required 

order 34251. Thus there are in all six interchanges; and therefore the required 
sign is positive. 


V 




The general mode of proceeding may plainly be stated as followsTake the 
figure which stands first in the required order, and move it from its place in the 
natural order 1234 ... into the leading place, counting one displacement for each 
figure passed over. Take then the figure which stands second in the required order, 
and move it from its place in the natural order into the second place ; and so on. If 

the number of displacements in this process he oven, the sign is positive; if it be 
odd the sign is negative. 


.. 8ign 18 t0 be attarhed t0 the term in the determinant of 

the 7th order? 

Here two displacements bring 3 to the leading place ; five displacements then 

bl ™ 8 t , 7 th :rr d Pl T ; f0Ur then bring 6 t0 the third P lace s three then bring 

hrLs l tr^ ^ fi8U " 1 i$ ^ 118 PlaCB; aDd finall y> 0lie displacement 
mgs 4 into the sixth place. Thus there are in all fifteen displacements; and the 

required sign is therefore negative. 

3. Write down all the terms of the determinant 


«1 

5, 


rf. 

a 2 

t>2 

c z 

*2 

03 

b* 

c 3 

<?3 

«4 

b< 

*4 

di 
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The six permutations of suffixes in which the figure 1 occurs first are 


1234, 1243, 1324, 1342, 1423, 1432. 

The six corresponding terms are, as the student will easily see by applying the 
Rule (2), as in the previous examples, 

a\biCzd\ — (t\biCidi + a l b 3 c i d2 — a\b 3 cidi + a\bic-id 3 — a\bic 3 di. 

The other eighteen terms, corresponding to the permutations in which the figures 
2, 3, 4, respectively, stand first, are as follows :— 

n 3 b\C\d 3 — <tib\c 3 d\ + azb 3 C\di — (iib 3 Cid\ + a 3 b\c 3 d\ — a-ibicydz 

+ (libiCtdi — a 3 b\cid 3 + a 3 biCid\ — a$bfp\di 4 - a 3 b\C\d2 — a 3 biCid\ 

+ Qibicz&t — a^bic-idi + aib 3 c\d 3 — afaczdi + aib 3 ctd\ — (txbsCidt. 


It will be observed here that the number of positive terms is equal to the number 
of negative terms. The same must be true in general; for, corresponding to any 
positive term there exists a negative term obtained by simply interchanging the last 
two suffixes. 

4. Show that if any two adjacent figures be moved together over any number 
m of figures, the sign is unaltered. 

For if they be moved separately, the whole process is equivalent to a movement 


over 2m figures. 

5. Determine the sign to be attached to the second diagonal term, viz. 
u„b „.i c „.2 . . . fab, in the determinant of the n th order. 

Here the number of displacements required to change the natural order to the 

required order is clearly 

n (n — 1) 

(m - 1) + (» - 2) + (w - 3) + .. . + 2 + 1 = -3- 


n(n-l) 

Hence the required sign is (— 1) 2 . 

129. In the propositions of the present and following • 
Articles are contained the most important elementary properties 
of determinants which, b} r the aid of Cauchy’s notation above 
described, render the employment of these functions of such 

practical advantage. 

Prop. I .—If any tiro rows , or any two columns , of a determi¬ 
nant be interchanged , the sign of the determinant is changed. 

This follows at once from the mode of formation (Rule (2), 
Art. 128), for an interchange of two rows is the same as an 
interchange of two suffixes, and an interchange of two columns 
is Ihe same as an interchange of two letters; so that in either 
case the sign of every term of the determinant is changed. 



Propositions. 



By aid of this proposition the rule for obtaining the sign of 
any term may he stated in a form which is usually more 
convenient for practical purposes than that already given. It 
will readily he perceived that the general mode of procedure 
explained in Ex. 1, Art. 128, is equivalent to the following: 
Bring by movements of rotes (or columns) the constituents of the 
term whose sign is required into the position of the lending diagonal. 
The sign of the term will be positive or negative according as the 
number of displacements is even or odd. 


Example. 

Wliat sign is to be attached to the term \finx in the determinant 

a b e z i 

a ? y y P 

l m ii z I 

• A n v 0 i 

Hero a movement of the fourth row over three rows (i.r. three displacements) 
brings A into the leading place. One displacement of the original second row 
upwards brings /9 into the required place in the diagonal term. And one further 
displacement of the original third row upwards effects the required arrangement, 
bringing A/} ttx into the diagonal place. Thu9 the number of displacements being 
odd, the required sign is negative. 

130. Prop. II.— Whenever, in any determinant, two rows or 
two columns arc identical, the determinant vanishes. 

For, by Prop. I., the interchange of these two lines ought 
to change the sign of the determinant A ; but the interohango 
of two identical rows or columns cannot alter the determinant 
in any way; hence A = - A, or A = 0. 

131. Prop. III.— The value of a determinant is not altered if 
the rows be written as columns, and the columns as I'ows. 

For all the terms, formed by taking one constituent from 
each row and one from each column, are plainly the same in 
value in both cases ; the principal term is identically the same; 
and to determine the sign of any other term (by Prop. I.) the 
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number of displacements of rows necessary to bring it into the 
leading diagonal in the first case is the same as the number of 
displacements of columns necessary in the second case. 


Example. 


01 

bi 

C\ 

d i 


a\ 

02 

«3 

04 


f>2 

d 



bx 

*2 

bi 

h 

03 

h 

C3 

dz 



C2 

C3 

Cl 

04 

hi 


di 


dt 

d^ 

<h 

di 


Here the sign of any term, e.g. ad>\C\d 3i is the same in both determinants. For 
three displacements of rows are required to bring this term into the leading position 
in the first determinant; and the same number of displacements of columns is 
required to bring the same constituents into the leading position in the second 
determinant. 

132. Prop. IV.— If every constituent in any line be multiplied 
by the same factor , the determinant is multiplied by that factor. 

For every term of the determinant must contain one, and 
ouly one, constituent from any row or any column. 

Cor. 1. If the constituents in any line differ only by the 
same factor from the constituents in any parallel line, the 
determinant vanishes. 

* 

Cor. 2. If the signs of all the constituents in any line be 
changed, the sign of the determinant is changed. For this 
is equivalent to multiplying by the factor - 1. 


Examples. 


ka\ 

bx 

cx 


0i 

bx 

Cl 

ka 2 

hi 

Cl 

= h 

02 

hi 

d 

A'03 

b 3 

Cz 


03 

h 

d 

ai 

max 

0.2 


01 

ai 

02 

/3i 

infix 

fil 

= m 

01 

Pi 

02 

7i 

tnyx 

yi 


7i 

71 

72 
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3. Show that the following determinant vanishes:— 

3 15 2 


2 

: 8 

* 

| 

■ G 


5 

9 

15 


7 

1 

21 


3 

4 
9 


4. Prove the identity 


be 

a 

«* 

1 

1 

a 2 

a? 

ca 

h 

b 2 

s 

1 

i 2 

V 

ah 

c 

C* 


1 

c 1 

c 3 


Represent the first determinant by A, and multiply the rows by a, b , e, respec 
tively. We have then 

abc a' a 3 

if hr A = nbc b‘ i 3 

abc c 2 c 3 

and, dividing the first column by abc, the result follows. 

5. Prove the identity 


/3y5 

a 

a 3 

a* 


1 

a 2 

a 3 

a< 

ySa 

& 




1 


/3 3 


SaQ * 

y 

1 

T 

7 3 


1 

y 2 

y 5 

y* 

a& y 

5 

5- 

8 3 


1 

8* 

8 3 

8‘ 


6. Prove 


2 

l 

- 7 


1 

1 

7 

- 4 

-3 

8 

= 2 

2 

3 

8 

6 

5 

- 9 


3 

6 

9 


Change all the signs of the second row, and afterwards of the third column. 
7. Prove 


a /9 

y i 


1 

1 

1 

0 

a 

/S' 

y' 

l 

afty 

a &y 

fi'ya 

y'a/3 

a 

ys" 

y" 

a”$y 

fr'ya. 

y"«/3 


This is easily proved by m ultiplying the colum ns of the first determinant bv 
Py, 7«, «0, respectively; and then divi ding the first ro w by a 0y. 

to T* Simikr Pr0C68S may bc empl0yed 10 ; ' cduce determinant 

nc all the constituents of any selected row or column shall be units. 
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10 Determinants. 

8 . Reduce the following determinant to one in which the first row shall consist 
of units: — 

4 2 5 10 

116 3 

A = 

7 3 0 5 

0 2 6 8 

Since 20 is the least common multiple of 4, 2, 5, 10, it is sufficient to multiply 
the columns in order by 5, 10, 4, 2 ; we thus obtain 

20 20 20 20 

1 5 10 24 6 

A = - • 

5.10.4.2 35 30 o 10 

] 0 20 20 16 

Taking out the multiplier 20 from tbe first row, 5 from the third row, and 4 from 
the fourth row, we get finally 

1111 

5 10 2* 6 

A = 

7 6 0 2 

0 5 5 4 

^ 9. Prove the identity 

1 1 1 

a p y = {P ~y) (7-“) (»“ 0). 

a 2 $■ y 2 

Since if P were equal to y , two columns would become identical, P - y must be 
a factor in the determinant. Similarly, y — a and a — P must be factors in it. 
Hence the product of the three differences can differ by a numerical factor only 
from the value of the determinant, since both functions are of the third degree in 
a, P, y ; and by comparing the term Py 2 wo observe that this factor is + 1. 

10. Prove similarly the identity 
1111 

at3 y 5 

- - (£ - y) (« - 8 ) (7 - °) (0 - 8) (a - P) (7 - 8). 

a 2 P 2 y 2 8 2 

a 3 P 3 7 3 S 3 

v D’-E,'* 3 ' j t i 6 evident that a similar proof shows in general that the value of the deter¬ 
minant of this form, constituted by the n quantities a, p, 7 ... A, is the product of 
the hn (» - 1 ) differences which can bo formed with these n quantities. 


II 


Development of Determinants. 

133. minor Determinants. Definitions. —When in a 
determinant any number of rows and the same number of 
columns are suppressed, the determinant formed by the 
remaining constituents (maintaining their relative positions) is 
called a minor determinant. 

If one row and one column only be suppressed, the corre¬ 
sponding minor is called a first minor. If two rows and two 
columns be suppressed, the minor is called a second minor ; and 
so on. The suppressed rows and columns have common con¬ 
stituents forming a determinant; and the minor which remains 
is said to be complementary to this determinant. The minor 
complementary to the leading constituent a x is called the leading 
first minor , and its leading first minor again is the leading second 
minor of the original determinant. 

It is usual to denote a determinant in general by A. We 
shall denote by A a the first minor obtained by suppressing in A 
the row and column which contain any constituent a ; by A a ,£ 
the second minor obtained by suppressing the two rows and two 
columns which contain a and /3; and so on. Thus A fll repre¬ 
sents the leading first minor, and Aor Athe leading 
second minor. 

The determinant A, formed by the constituents r/„ b x , c„ &o. y 
is often denoted for brevity by placing the leading term within 
brackets as follows :— 


A » ./„). 

The notation 2 ±a, b 2 c 3 . . . f n is also used to represent A; 
this expressing its constitution as consisting of the sum of a 
number of terms (with their proper signs attached) formed by 
taking all possible permutations of the n suffixes. 

134. Development of Determinants. —Since every term 
of any determinant contains one, and only one, constituent from 
each row and from each column, it follows that A is a linear and 
homogeneous function of the constituents of any one row or any one 
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column. We may therefore write 

# 

A = (i\A x + a 2 A 2 + u 3 A 3 + &c., 

A = b x By + b 2 B 2 + b z B 3 + &c. j 
or, again, A = a x A, + b,B, + c,C\ + &c., 

A = <i z A z + b 2 B 2 •+■ C 2 C 2 + tScc. 

The student, on referring to' Ex. 3, Art. 128, will observe 
■ that the determinant of the fourth order there written at length 
is constituted in the way here described, namely. 


62 C*2 (f 2 


b 1 c x d x 


b\ C\ d\ 


by Cy dy 

A = ^ 1 b$ c$ d 3 

+ ( 1 2 * 

b t c x d x 

+ a 3 

b 2 C 2 d 2 

+ a* 

bs c 2 d 3 

b 4 e 4 d 4 


b z c 3 d 3 


b 4 c 4 d 1 


b 2 c 2 d % 


We proceed to show that in t he general case , wilting A in 

the form ' 

A = a 1 A 1 + (i 2 A 2 + (/ 3 A 3 + • • . + 

4 

the coefficients A Xi A>, A 3 , &c., are determinants of the order 
n - 1. 

In effecting all the permutations of the suffixes 1, 2, 3 .... n, 
suppose first 1 to remain in the leading place, as in the example 
referred to ; we then obtain 1, 2, 3 .... (// - 1) terms which have 
< 7 i as a factor, and 

ffiAi = a,2 ± b 2 Cj 

hence 

b 2 C 2 . . . In 

b 2 C3 ... I3 

A 1 = 2 i b 2 (‘3 ... In = » 

• • • • • 

bn Cn • • • In 

and this determinant is the minor corresponding to the consti¬ 
tuent a u or Ai = A fll . 

To find the value of A 2 , we bring a 2 into the leading place 
by one displacement of rows. This changes the sign of A, so 
that we obtain A 2 = - Aq a , i. e. A 2 = the minor corresponding to 
a 2 with its sign changed. Again, bringing a 3 to the leading 
place by two displacements, we have A 3 = A fla ; and so on. 
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Thus we conclude that, in general. 

A = «,A a , - a 2 A„ a + + &c. 

Similarly, we can expand A in terms of the constituents of 
any other column, or any row. For example, 

A = // l A« l - b,A/, t + Ci A t t - &e. 

If it be required to obtain the proper sign to be attached to 
the minor which multiplies any constituent in the expanded 
form, we have only to consider how many displacements would 
bring that constituent to the leading plac e. For example, sup¬ 
pose the determinant (a l 6 2 c 3 cl i e s ) is expanded in terms of its 
fourth column, and that it is required to find what sign is to be 
attached to d 3 A*,. Here two displacements upwards, and after¬ 
wards three to the left, will bring d 3 to the leading place ; hence 
the sign is negative. This rule maybe stated simply as follows:— 
Proceed from a v to the constituent under consideration along the top 
row, wdjloini the column containing the constituent; the number 
of letters passed over before reaching the constituent will decide the 
sign to be attached to the minor. In the example just given, 
beginning at a u we count «„ b ly c„ d u d 2 , i. e. five; and this 
number being odd, the required sign is negative. 

It will be found convenient to retain both notations here em¬ 
ployed for the development of a determinant. The expansion in 
terms of the minors., with signs alternately positive and negative, 
is useful in calculating the value of a determinant by successive 
reductions to determinants of lower degree. For somepurposes, 
as will appear in the Articles which follow, it is more convenient 
to employ the notation first given, in which the signs are all 
positive (whatever the row or column under consideration) 
and the coefficient of any constituent represented by the cor¬ 
responding capital letter. By substituting for the capital letter 
the corresponding minor with the proper sign, determined in 

the manner above explained, the latter notation is changed into 
the former. 
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Examples. 



b . 

C \ 






b'i C2 

bi 

C\ 

b\ ci 

a 2 

b 2 

C* = d\ — a 2 



4 "3 



bz Cz 

bz 

C* 

bi f 2 

"3 

bz 

<*3 





= a\bi£z — cx\l>zCz — fljiifa + a 2 bzC\ 4 a$b\Ci — <izb 2 c i. 


(Compare (2), Art. 127.) 

V 2 . a h g j 

b f h g h g 

h b f | = a -h 4 g 

f c f c b f 

g f c 

= abe 4 2 fgh — af 1 — bg- - eJfi. 

3. Expand the determinant of the fourth order in terms of the constituents of 
the fourth row. 


A = — (iiA„ A 4 biA6 4 — riAc 4 4 diAd t 



bi 

Ci 

d . 


a\ 

C\ 

d . 


d\ 

b i 

d i 


d | 

b i 

Cl 

= - <*4 

bi 

C2 

d% 

4 b. 

a 2 

Ci 

dz 

-Ci 

d2 

bz 

dz 

4^4 

d> 

b2 

c t . 


bz 

cz 

dz 


az 

Cz 

dz 


dz 

bz 

dz 


dz 

bz 

Cz 


When the determinants of the third order are expanded, this will give the 
xpression of Ex. 3, Art. 128, as the student will easily verify. 


4. 3 

2 

4 





6 1 


2 4 2 4 

7 

6 

1 = 3 

— 7 

4-5 



3 8 


3 8 6 1 

5 

3 

8 


• 


= 3(48 - 3) - 7(16 - 12) 4 5(2 - 24) 
= - 3. 


5. Find the value of the determinant. 

8 7 2 20 

3 14 7 

A = 

5 011 0 

8 10 6 

Expanding in terms of the third row, since two of the constituents in that row 
vanish, we have without difficulty 


7 

2 

20 

8 

i 

20 

1 

4 

7 4 11 

3 

1 

7 ; 

1 

0 

6 

8 

1 

6 


and expanding the two determinants of the third order, we find A = 2188. 
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Examples . 

0 c b d 

e 0 a e 

b a 0 f 

f 


a 

c 


0 


The expansion is a 2 <P + b 2 e 2 + c 2 / 2 - 2 beef - 2cafd-2ubde ; the given deter¬ 
minant is therefore equal to the product of the four factors 

, V <*d + be + rf t \/ ad — \/be — \/ cf, 

— ■/ad + "Zbe - cf, - •/ ad — \/ be 4 \/ cf, 

a result which is sometimes useful. 

7. Prove 


1 

a 

3 

7 

— a 

1 

7’ 

-0’ 

-0 

~7’ 

1 

a! 

- 7 


— a' 

■ 1 

8 . Expand 



Ana. 

a 4 + b* + <•* 



= 1 +a- + 0 2 +7 J 4 a' 2 + 3' 2 +y'H (aa' + 00' f yy')'. 


— a 


b 

b - a 
c 
d 


e 

d 


c 

d — a b 
c b - a 


9. Prove the following identity, and expand the determinants : — 


8 abed. 


0 

1 

l 

1 


0 

X 

y 

z 

1 

0 

« 2 

y 1 

s 

X 

0 

z 

y 

1 

s 2 

0 

X* 


y 

m 

*• 

0 

X 

1 

y~ 

X 2 

0 


z 

y 

X 

0 


Ana. x l + y 4 + g* _ 2 V 2 z 2 - 2 z 2 x 2 - 2r2 
10. Find the value of the determinant 


A - 


a 

h 

9 


h 

b 

f 


9 

f 

e 


\ 

9- 

v 


•*- - ■- - - *• 

Ana. - A-[be -Z 2 ) A 2 + ( ca _ g t ) f + [ ab _ /(2; v 1 + 2 {gh — nf) M „ 

+ 2 (A f~ h) + 2 (fg - fA) x M . 
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135. Ijaplace’s Development of a Determinant.— 

The expansion explained in the preceding Article is included 
in a more general mode of development given by Laplace. 
In place of expanding the determinant as a linear function 
of the constituents of any line, we now expand it as a linear 
function of the minors comprised in any number of lines. 

Consider, for example, the first two columns (a, b) of any 
determinant; and let all possible determinants of the second 
order (a pt b q ), obtained by taking any two rows of these two 
columns, be formed. Let the minor formed by suppressing 
the a p and b q lines be represented by A p , q ; then the deter¬ 
minant can be expanded in the form 2 ± (« p b q ) A p , q , where 
each term is t he product of two complementary determinants 
(see Art. 133). To prove this, we observe that every term of 
the determinant must contain one constituent from the column 
a and one from the column b. Suppose a term to contain the 
factor a p b q ; there must then (interchanging p and q) be another 
term differing only in the sign and the interchange of these 
suffixes; lienee, the determinant can be expanded in the form 
S (a p b q ) A p , q ;^and A p , q is clearly the sum of all the terms 
which can be obtained by permuting in every possible way 
the n — 2 suffixes of the letters c, d, e , &c., viz. ± A p , g , the 
sign being determined iu any particular instance by the rule 
of Art. 128. This reasoning can easily be extended to the 
gene ral case. Let any number p of columns be taken, and all 
possible minors formed by taking p rows of these columns. 
Each of these minors is to be then multiplied by the comple¬ 
mentary minor, and the determinant expressed as the sum of 
all such products with their proper signs. 

Examples. 

. 1. Expand the determinant (a\btcdU) in terms of the minora of the second order 

formed from the 6rst two columns. 

Employing the bracket notation, we can write down the result as follows 

( ai b 2 ) (c 3 rf 4 ) - Ms) + («»*«) (<**) + («*k) (*» *) " ( Cld2); 

where the sign to be attached to any product is determined by moving the two rows 
involved in the first factor into the positions of first and second row. Thus, for 
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example, Bince three displacements are required to move thcsecond and fourth rows 
into these positions, the sign of the product (cidi) is negative. 

/ 2. Expand similarly the determinant {aib 2 C3die 5 ). 

Ans. (fliij) (cid\Cs) — [a\bi) (rjrfifj) + ~ (<*i l>i) (<“2 

+ («>^3) (ci^s) - (cidjfj) + (flaJi) (cir/jr*) -f (<73 bi) (cidic-,) 

- (c\diCi) + (ff 4 A 4 ) {cid 2 e 3 ). 

^ 3. Prove the identity 


«1 

by 

Cl 

rfl 

Cl 

/. 

I 






«2 

b 2 

c-i 

di 

Ci 

h 







<*3 

h 

C3 

d* 

<*3 

3 

j I oi 

i 

bx 

Cl 


ai 

01 

71 

0 

0 

0 

oi 

01 

>1 

=i« 

ft 2 

d 


02 

01 

72 

0 

0 

0 

a2 

02 

n 

i 03 

f> 3 

C3 


03 

03 

73 

0 

0 

0 

03 

03 

73 








This appears by expanding the determinant in terms of the minors formed from 
the first three columns, for it is evident that all these minors vanish (having one row 
at least of ciphers) except one, viz. (<iib 2 c 3 ). 

In genera l it appears in the sarao way that if a determinant of the 2 m ,h order 
contains in any position a square of tn 7 ciphers, it can bo expressed ns the product 
of two determinants of the m ,h order. 

4. Expand the determinant 

« h g X V 

A A //*/*' | 

9 f c vv ' 

•A n v 0 0 

V ft v’ 0 0 

in powers of a, 0, y, where 

a e/u*'- M V, 7 = A/-X>. 


Ans. aa- + b0"- + ry* + 2 f&y + 2 gya \ 2Aa/3. 

' 6 - , Veril1 ’ ‘ ho development of the present Article by showing that it gives in th. 

general case the proper number of terms. 

Consider the first r column, of a determinant of the „« order. The number o< 
miner, formed from these is equal to the number of combinations ofthings taker 
.together Tins number multiplied by 1 . 2 . 3 . . . r (the number of terms in eacl 
inor), and 1 3.3 ...» - r (the number of terms in each complementary minor) 
will be found to give 1.2.3...,,. via. the number of terms in the deteliZ, 
VOL. II. c 
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136 . Development of a Determinant in Products 
of the leading Constituents.— In this and the next fol¬ 
lowing Articles will be explained two additional modes of 
development which will he found useful in the expansion of 
certain determinants of special form. The application which 
follows will he sufficient to show how any determinant may 
he expanded in products of the leading constituents — 

It is re mired to expand the determinant of the fourth order 


A 

b , 

C\ 

di 

02 

B 

C2 

d 2 

"3 

b 3 

c 

di 

*4 

bi 

Ci 

D 


according to the products of A, B, C, D. In order to give prominence to the 
leading constituents we have here replaced a\, b 3 , c 3 , di by A, B, C, D. When 
the expansion is effected it is plain that the result must be of the form 

A = Ao + 2A A + 1\'AB + ABCD, 

where Ao consists of all the term s in which no l eading constituen t occurs ; S.\A is 
the sum of all the terms in which one only of these constituents occurs ; 2 AB is 
the sum of all in which the product of a pair of the leading constituents is found ; 
and ABCD , the leading term, is the product of all these constituents. It will be 
observed that the expansion here written contains no terms of the form ABC, and 
it is evident in general that the expanded determinant can contain no terms in 
which products of all the leading constituents but one occur, since th e coefficie nt 
of any such product is t he remainin g di agonal constitu ent. It only remains to see 
what is the form of A„, and of the undetermined coefficients \,/x, . .. \ , n , • • • &c. 

Putting A, B, C, D all equal to zero in the identity above written, we have 

0 bi Ci di 

a 2 0 c-i dt 

A.» = 

«3 0 di 

oi bi r* 0 

Again, to obtain A, let B, C, D be made equal to zero. The coefficient of A is 
clearly the determinant 

0 cz di 

b 3 0 d 3 ; 

bi ci 0 

the coefficient of B is similarly obtained by replacing A, C, D each by zero in the 
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minor complementary to B ; nnd so on. To obtain \\ let C'and B be made zero ; 
the coefficient of AB in the resulting determinant is plainly the second minor 

0 il s 

rj 0 

The coefficient of any other product is obtained in a similar manner. Finully, 
the expansion of A may be written in the form 

I 0 b\ ci d\ I 


0 c> di 

03 l>3 0 da 

bi c t 0 



0 Ci d‘* 


0 c, 

dx 



0 b\ 

dx 


0 b\ c\ i 

i 

+ A 

A 

h o * 

+ B 

03 0 

da 

+ c 


a -i 0 

di 

t B 

ao C 

• C2 


b\ a o 


Oi Cl 

0 




0 


03 ba 0 

+ A B 

0 <h 


0 dz 


0 <*2 

1 


0 di 


0 c\ 


0 bi 

c x 0 

+ AO 


+ AD 


4- BC 

+ BB 


+ CB 



b t 0 


^3 0 



,fli 0 

03 0 

a -x 0 


+ ABCD. 


A determinant whose leading constituents all vanish has been called zero-axial. 
The result just obtained may be stated as follows: —Any determinant may be ex¬ 
panded in products of the leading constituents, the coefficient of every product in the 
result being a zero-axial determinant. 

137. .Expansion of a Determinant -in Products in 
Pairs of the Constituents of a Row and Column.—Iu 

what follows we take the first row and first column 09 those in 
terms of which the expansion is required. This is evidently 
sufficient, since any other row and oolumn may be brought by 
displacements into these positions. It wiU be found convenient 
to write the determinant under consideration in the form 

"o a 0 7- 

a' a x b x c x .. 

. 

y (is l>* c 3 . 

. 

c: 2 
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Let this be denoted by A', and its leading first minor 
(aAc 3 ...) by the usual notation A. The determinant A' may 
be said to be derived from A by bordering it, horizontally with 
the constituents a 0 , a, ft, 7 , ..., and vertically with the consti¬ 
tuents a„, o', (3 ', y . . . When A' is expanded, all the terms 
which contain a 0 are included in ff 0 A. In addition to this, tho 
expansion will consist of the product of every other constituent 
of the first column by every other constituent of the first row, 
every such product of two being multiplied by[its proper factor. 
What this factor is in the case of any product is easily seen. 
Let the coefficients of a A , b u c l9 . . . a 2i b 2 , ... &o., in the expan¬ 
sion of A be A lt B u . . . A 2i B>, . . . , according to the notation 
explained in Art. 134. It is plain that the factor which multi¬ 
plies any product, for example aa, in the expansion of A , is the 
same as the factor which multiplies a 0 a x with sign changed, viz. 
- A x ; similarly the factor which multiplies a'f 3 is the factor with 
sign changed of a„b 1 , viz. — B \; and so on. To obtain the factor 
of any such product the rule clearly is —Find the fourth consti¬ 
tuent completing the rectangle formed by the leading term a 0 and 
the tiro constituents which enter into the product: the required 
factor is obtained by substituting for the constituent of A so found 
the corresponding capital letter with the negative sign. It appears 
therefore finally that the expansion of A' may be written in the 
following form:— 

A' = tfuA - A\aa - Bi(3a - C } ya — . . . 

-A 2 af3'-B 2 0P'-C 2 yP'- . . • 

- A 3 ay' - Bfiy' - C 3 yy' 

- &c. 

Examples of the utility of this mode of expansion will be 
found under a subsequent Article. 

138. Addition of Determinants. Prop. Y.—If every 
constituent in any line can be resolved into the sum of two others, 
the determinant can be resolved into the sum of two others. 
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Suppose the constituents of the first column to bo ai + ci ( , 
<h + a 2 , 0 3 + a 3 , &c. Substituting these in the expansion of 
Art. 134, we have 

A = (0j + <ij) A\ + (0 2 + n 2 ) A z + (0 3 + a 3 ) A 3 + &0. 

= (iiAi + (I 2 A 2 + 0 -jAj + .. Slc. + U\A 1 + a 2 A 2 + o 3 Aj + &c. j 


or, 


1 0i + 


b x 

• • 


«l 

bi 

C\ 4 4 

• «i 

bi 

. . 

0 2 + 

«2 

b 2 

C 2 • • 


ff 2 

b 2 

C 2 • • 

1 a 2 

l- 1 

1 ci 3 

1 

b 2 

C2 4 4 

(h + 

«3 

b 3 

Cz.. 


03 

b 3 

r 3 . . 

bs 

C$ 9 • 

• 4 

• 

• 

4 4 


• 

4 • 

4 4 

1 

1 4 

• # 

4 4 


which proves the proposition. 

If a second column consists of the sum of two others, it is 
easily seen, by first resolving with reference to one column, and 
afterwards with reference to the other, that the determinant 
can be resolved into the sum of four others. For example, the * 
determinant 


+ a, 

b x + /3, 

0. 

0 2 + a 2 

b 2 + /3 2 

(‘2 

0 3 + a 3 

b 3 + /3., 

Ci 


is (using the notation of Art. 133) equal to the sum of the four 
determinants 

(«ib 2 c 3 ) + (aAci) + (tf,/3 j: 3 ) + (a,/3 2 c 3 ). 

Similarly it follows that if each of the constituents of one 
column consists of the algebraical sum of any number of terms, 

the deteiminant can be resolved into a corresponding number of 
determinants. For example— 


a i — cti f a 1 


01 : 


01 

bi 

Cl 




Ci 


a 1 

bi 

Cl 

02 ~ a 2 + u 2 

b 2 

Co 


02 

b 2 

02 


a 2 

b 2 

02 

+ 

/ 

u 2 

bi 

C 2 4 

03 - a 3 + a' 3 

b 3 

(h 


«3 

b 3 

C 3 


a s 

b s 

03 


f 

a 3 

b 3 

£3 
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And, in general, if one column consists of the algebraic sum of 
m others, a second column of the sum of n others, a third of the 
sum of p others, &c., the determinant can be resolved into the 
sum of mnp . . ., &c., others. 

Similar results plainly hold with regard to the rows, which 
may be substituted for columns in the proof just given. 

139. Prop. VI.— Jf the constituents of one line are equal to 
the sums of the corresponding constituents of the other, lines multi¬ 
plied by constant factors, the determinant vanishes. 

For it can then be resolved into the sum of a number of 
determinants which separately vanish. For example, 


ma x + ?ibi 

a x 

b x 

! a x 

(l\ 

b x 


b x 

a x 

b x 

tn a 2 + 7ib 2 

a 2 

b 2 

= m a 2 

«2 

b 3 

+ n 

b 2 

a 2 

b 2 

ma 3 + nb 3 


b 3 

I "3 


b 3 ' 


b 3 


b 3 


and each of the latter determinants vanishes (Art. 130). 

140. Prop. VII.— A determinant is unchanged when to each 
constituent of any row or column are added those of several other 
rows or columns multiplied respectively by constant factors. 

For when the determinant is resolved into the sum of others, 
as in Art. 138, the determinants in which the added lines occur 
all vanish, since each of them must, when the constant factor is 
removed, contain two identical lines. Thus, for example,. 


a x 

b x 

c x 

1 

a x + mb x + nci 

b x 

Ci 

a 2 

b 3 

c 3 


a 2 4 mbi + nc 2 

b 3 

C-i 


b 3 

C 3 


a 3 + mb 3 + nc 3 

b 3 

C 3 


for when the second determinant is expressed as the sum of 
three others, the two arising from the added columns vanish 
identically (Art. 139). 

The proposition of the present Article supplies in practice 
one of the most useful properties in the evaluation of deter¬ 
minants. 
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/ 1. Show that the following determinant vanishes:— 

I $ + y a 1 

7 + a £ 1 

I a + j8 7 1 

Adding the constituents of the second column to those of the first, we can take 
out a + 0 + 7 as a factor, and two columns then become identical. 

y 2. Find the value of the determinant 

1 2 4 

2 3 7- 

3 4 10 


Subtracting the constituents of the first column front those of the second, and 
three times the constituents of the first column from those of the third, we obtain 


1 

2 

3 

which vanishes identically. 


- 1 

1 

1 

1 


1 

-1 

1 

1 


1 

1 

-1 

1 


1 

1 

1 

-1 



1 1 
1 1 
1 1 

1 1 1 
0 2 2 
2 0 2 
2 2 0 


0 2 2 


2 0 2 



2 2 0 



Here the first transformation is obtained by adding in succession the constituents 
the first row to those of the second, third, and fourth. 


1 

11 

4 


7 

11 

4 


7 

-10 

-10 




13 

15 

10 

= 3 

13 

15 

10 

= 3 

13 

-24 

-16 

= 3 

10 

10 

3 

9 

6 


1 

3 

2 


1 

0 

0 


24 

16 


= 30 (16 - 24) = - 240. 

Here the second transformation is obtained by subtracting three times the firet 
column from the second, and twice the first from the third. In examples of this 
kind, attempts should be made to reduce to zero all the constituents except one in 
some row or column, in which case the calculation reduces to that of a determi¬ 
nant of lower order. This can always he done by reducing any one line to units, as 
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in Ex. 7, Art. 132; but in general it can be effected more readily by direct addi¬ 
tions or subtractions, as in the present instance. 


7 

-2 

0 

5 7 

-2 

0 

6 

19 

-2 

17 

- 2 

6 

- 2 

2 19 

0 

-2 

17 







— 



= 2 

-7 

5 

-2 

0 

-2 

5 

3 -7 

0 

5 

- 2 

12 

3 

9 

5 

2 

3 

4 | 12 

0 

3 

9 


• 



The first transformation is obtained by adding to the second row three times the 
first, subtracting the first from the third row, and adding the first to the fourth 
row. The reduced determinant is easily calculated by subtracting four times the 
second column from the first, and three times the second column from the third. 
Thus 



19 

- 2 

17 

27 

- 2 

23 

27 

23 

2 

- 7 

5 

<N 

II 

<N 

1 

- 27 

5 

-17 = — 6 

- 27 

- 17 


12 

3 

9 1 

0 

3 

0 





6. Calculate the determinant 

1 

12 

A = 

8 

13 


15 

C 

10 

3 


14 

7 

11 

2 


4 
9 

5 
16 


The first sixteen natural numbers are arranged here in what is called a “ magic 
square,” x.e. the sum of all the figures in any row or in any column is constant. In 
general for a square of the first n 2 numbers this sum is $n(u 7 + 1). Determinants 
of tills kind can be at once reduced one degree. Here, adding the last three 
columns to the first, and subtracting the last row from each of the others, we have 


1 

15 

14 

4 

0 

12 

12 

- 12 










1 

1 

- 1 

1 

6 

7 

9 

0 

3 

5 

- 7 



A = 34 




= 34 



= - 34 x 12 3 

5 

-7 ; 

1 

10 

11 

5 ! 

0 

7 

9 

- 11 










7 

9 

-11 

1 

3 

2 

16 ! 

1 

3 

2 

16 




and subtracting the second row from the last row, it is evident that the reduced 
determinant vanishes ; hence A = 0. 

7. Calculate the determinant formed by the first nine natural numbers arranged 
in a magic square: 

-- 4 9 2 

3 5 7- 

8 1 6 

Ans. 360. 
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8. Calculate the determinant formed by the first twenty-five natural numbers 
arranged in a magic square : 


10 

18 

1 

14 

22 

4 

> 

12 

25 

. 8 

16 

23 

' 6, 

N. 

19 

V 

'll 

15 

17 

% \ 

v 5 

v 13 
\ 

a 

21 

* 9 

11 

24 

% 

'•7 

20 

3 


Am. -4680000. 

v - 9. Evaluate, by the method of the present Article, the determinant of Ex. 9, 
Art. 134. 


A = 


0 

1 

i 

1 


0 

1 

0 

0 

i 

z 2 y 2 

1 

0 

z 2 

y 2 


1 

0 

m2 

St 

y 2 : 







— 





l 

- z 2 , 2 - * 2 

1 

-2 

0 

A 2 


1 

z- 

- z 1 

r 2 _ m2 

A “ * 

l 

** - y 2 - y 2 

1 

y 2 

A 2 

0 


1 

y 2 

* 2 -y* 

-y 2 



Here, to obtain the second determinant, we subtract the second column from 
each of the following ones. In the reduced determinant, subtracting the first row 
from each of the following, we find 


A = - 


0 - 2z- 


V 

x- - z 2 - y 2 


0 x 2 — [/' — z 1 — 2 y 2 

= (y 2 + z 2 - a 2 ) 2 - 4y 2 z 2 
= (r + c 2 - a- 2 + 2yz) (y 2 + z 2 - a 2 - 2yz) 

= {(y + 2 i 2 -* 2 }{(y-=) 2 -* 2 } 

>-*0 = “ (* + y + 2 ) (y + = -*)(« + X - y) [x + y - z) 
^ 10. Prove the identity 


2z 2 y 2 + S' - a 2 
y 2 + z 2 - a 2 2y 2 


(b + c) 2 

« 2 a 2 

5 2 

(c + ff) 2 i 2 

C 2 

c 2 (a + b) 


s 2a£e (« + b + c) 3 . 


Subtracting the last column from each of the others, (n + b + c) 2 may be taken out 
as a factor. Calling the remaining determinant a', and subtracting in it the sum of 
the first two rows from the last, we have 



b + c - a 0 a 1 


b 4 e — a 

0 

a 2 

&' = 

0 c + a - b b' 

= 

0 

e + a — b 

P 


c-a-b e-a-b (« + £) 2 


-2b 

-2a 

2 ab 


1^ 

ab 


a ($ + c — a) 


0 


«• 


0 b (e + a - b) 4 2 
-2 ab - 2 ab 2 ab 
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Adding the last column to each of the others, we obtain 


a(b + c) 

a 2 

a 1 

! a (b 4 c) 

d 2 


ft 4 c a 

b 2 

b(c + a) 

b 2 

= 2 


= 2 ah 




b 2 

b (c 4 a) 


ft c4 a 

0 

0 

2ab 





A' = - — 
ah 


— 2abc (a 4 b 4 c). 

Hence, A = A' (« 4 b 4 c) 2 = 2abc (a + b 4 e) 3 . 

^ 11 . Prove the identity 

1 1 * 1 


0 y = (0 - y) (y - a)(a-B) (a +0 + y). 

? 0 3 

Subtracting the first column from each of the others, /3 - a and y - a become 
factors. In the reduced determinant, subtract the first row multiplied bv a 2 from 
the second row. 

12. Resolve into simple factors the determinant 

II 1 1 1 


0 

0~ 

0 [ 


y 

•i 

r 


s 

8 2 

8 4 


Proceeding as in Ex. 11 , we easily find that (0 — o) (7 - o) (5 - a) is a factor, 
and that the reduced determinant is 

1 1 l 

0 + a 7 + a 5 + « 

0 3 4 0 2 a 4 j0a 2 4 a 3 7 3 4 y'a 4 yar 4 a 3 S 3 4 8 2 a 4 5o 2 4 a 3 


Subtracting the first column from each of the others, (7 — 0 ) (8 — 0) comes out 
os a factor, and the remaining factor is easily found to be (5 - 7 ) (a 4 0 4 7 4 8 ). 
Henco, finally, 

A = — 08 — 7 ) (« — S )(7 — a) (0 — 8)(« — 0) (7 ~ 8) (a 4 0 4 7 4 8). 

13. Resolve into linear factors the determinant 

abc 

A = c a b 

b c a 

Multiply the second column by a>, and the third by ; and add to the first. 
The factor a 4 wb 4 w 7 c may then be taken off the first column (since o> 3 = 1), leaving 
the constituents 1, w, or. Adding then the second and third rows to the first, the 
factor a 4 b 4 c may be taken out; and the remaining determinant is easily found 
to be equal to a 4 u 2 b 4 01 c. Hence we have 

A = (rt 4 b 4 c) (a 4 4 oPc) (a 4 opb 4 03 c). 



Multiplication of Determinants. 2T 

\/ 14. Resolve into linear factors the determinant 

abed 

bade 

A = 

c d a b 

i 

d e b a 

The result is as follows :— 

A = - (<j+ £ + c + d) (4 + c - a-d) (c + a - b - d) (« + b -c - d), 

since each of the factors heie written is a factor of the determinant; for example, 
a + b — t? — d is shown to he a factor by adding the second column to the first, and 
subtracting the third and fourth. By comparing the sign of it appears that the 
negative sign must he attached to the product. 

It may be observed that the determinant of Ex. 9 is a particular case of the 
determinant here considered, viz. that obtained by putting a = 0, as will appear 
by comparing the equivalent forms of Ex. 9, Art. 134. 

141. Multiplication of Determinants.—P rop. "VIII.— 

The product of two determinants of any order is itself a determinant 
of the same order. 

We shall prove this for two determinants of the third order. 

The student will observe, from the nature of the proof, that it 
is equally applicable in general. We propose to show that the 
product of the two determinants (ffi6 2 r 3 ), (ai/S.ys) is 

«i«i + bjl 3i + Cpy, + 6,j3* + Cry, tf,(i 3 + 6j/3, + C,y 3 

+ b 2 [ 3 1 + c 2 y x a 2 a 2 + b 2 j3 - + c,y 2 a 2 a 3 + + C 2 y 3 , 

+ tyy, a 3 a 2 + b 3 ( 3 2 + C 3 y 2 a 3 a 3 + b.,f 3 S + r 3 y 3 

whose constituents are the sums of the products of the con¬ 
stituents in any row of (a t b 2 c 3 ) by the corresponding constituents 
in any row of (a ,/3jy 3 ). 

Since each column consists of the sum of three terms, this* ^ 301 
determinant can be expanded into the sum of twenty* seven 
others (Art. 138). Now it will be observed that when any one 
of these is written down, a common factor can he taken off each 
column ; and that several of the partial determinants will, when 
these factors are removed, have two (or more) columns identical. 

The determinants which do not vanish in this way can be easily 
selected. Taking, iot example, the first vertical line of the first 


4 
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column, this would give a vanishing determinant if we were to 
take along with it the first line of the second column. "We take 
then the second line of the second column, and along with 
these two we must take the third line of the third column to 
obtain a determinant which does not vanish. Retaining still 
the first line of the first column, we may take the third line 
of the second column along with the second line of the third 
column. Taking out the common factors of the columns, we 
write down these two determinants as follows:— 




b x 

C, 


«1 

Ci 

bx 

a i/3.7 3 

a 2 

tu 

C 2 

+ « 172/33 

a 2 

Ci 

b 2 

• 

<h 

b 3 

(‘3 1 


(h 

C 3 

b 3 


Taking in turn each of the other lines of the first column, 
we obtain four other determinants which do not vanish. Thus 
there are in all six terms; and it is plain that ((r l b 2 c 3 ) is a 
factor in eacli of these. Taking out this factor there remains 
the sum of six terms— 

ai@273 - «i/3 3 72 - a 2 /3i7s 4 « 3 /3i72 4 a 2 p3Ji - a*ptyi f 

and this is the determinant (a,/3/y 3 ). We have therefore proved 
that the determinant above written is the product of the two 
given determinants. 

In either of the given determinants the rows may be writ¬ 
ten in place of columns ; hence the product may be written 
in several different forms as a determinant ; but these will, 
of course, give the same value when expanded. 

142. Multiplication of Determinants continued.— 

Another mode of proof of the proposition of the last Article, 
expressing as a determinant the product of two given determi¬ 
nants of the same order, may be derived from Laplace’s mode 
of development already explained (Art. 135). 

The nature of this proof will be sufficiently understood from 
the application which follows to two determinants of the third 
order. 
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Thu product of the two determinants (aifayz) is (sec Ex. 3, Art. 135) 

pluinly equal to the determinant 


*1 

bx 

<*i 

0 

0 

0 

a 2 

bz 

c-z 

0 

0 

0 

"a 

b. 


0 

0 

0 

-1 

0 

0 

ai 

02 

0.1 

0 

- 1 

0 

0i 

07 

03 

0 

0 

- 1 

7i 

n 

73 


In this determinant add to the fourth column the sum of the first multiplied by 
ai, the second by £i, and the third by yi ; udd to the fifth column the sum of the 
first multiplied by o 2 , the second by 0 2 , and the third by ; and add to the sixth 
column the sum of the first multiplied by 03 , the second by £ 3 , and the third by 73 . 
The determinant becomes then 


"I 

i. 

Cl 

fli oi + b\ / 3 i + C| 71 

rtl<X 2 + b 102 + C\ 72 

^ 103 + b \0 3 -t Cl 73 

<t 2 

bz 

Cz 

^201 + bz 0 \ + C271 

+ b-zfii + £272 

^2 03 b - 03 + C273 


b* 

<3 

r/301 -t bi$i + r 3 7i 

"3 a 2 + bzQ 2 + C372 

0;»03 + bi 03 + f; 173 

- 1 

0 

0 

0 

0 

0 

0 

- 1 

0 

0 

0 

0 

0 

0 

-1 

0 

0 

0 


and this is, by Art. 135, equal to the product (with the proper sign) of the deter¬ 
minant 


- 1 0 0 
0-1 0 

0 0-1 


(which is equal to - 1 ) 


by the complementary minor, which is the same determinant ns that obtained in the 

r b ;" e d t to be att " cbed to * b ° • «■ ^ 

questte. th 7 w v """ *“ ‘ be ^ S ° mh of tbo in 

question form ‘he dragonal of the determinant itself. The student will have no 

“dd wh'enft "T 8 “ ,b<> 6e " Mal CaSe ’ tb ° displacements 

0 hat ft sit ,°ot 1 : tr 7 ““ "•«.“* " Itea it is even 

pos-uve 8 “ 16 PU " d bef ° re prodnet-detenninant of Art. 141 Is always 

The important proposition contained in this Article and the 
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Examples. 


1. Show that the product of the two determinants 

a 4- ib c 4 id a' — ib' d — id' 

— c + id a — ib — c — id' a 4- ib' 

where i = V- 1, may be written in the form 

D-iC B-iA 
-B-iA D+iC 


where 


A — bd — b'c + ad' — a’d, B = ca ’ — ca + bd’ — b d, 


C = ab' - a'b + cd' - c'd, D = aa' 4- bb' + cd + dd'; 


and hence prove Euler’s theorem 

{a 2 + b 2 + c 2 4 d-) (a* + b ** + c' 2 4- d' 2 ) 

= {aa + bb' 4 cc' + dd') 2 + {be’ - b'c 4 ad' - a'd) 2 
4- {ca' - da 4- bd' - b d ) 2 + {ab' - a'b 4 cd' - c'd) 1 , 

viz. the product of two sums each of four squares can he expressed as the sum oj Jou% 
squares . 

2. Prove the following expression for the square of a determinant of the third 
order:— 



a b c 

■» 

«» 

2 («c - b 2 ) ac' 4 - 2bb' ac" 4- <*"<? - 244.” 

2 

a' b' d 

= 

ac +a'c- 244' 2 {a'd - b') 2 a'c" 4 a"c - 2b'b" . 


a" b" c" 


ac" 4 a"c - 2bb" . aV' 4- a"d - 2b'b" 2 {d'e" - b" 2 ) 


This appeal's by multiplying the two determinants 


a 

b 

c 

c 

- 2b 

a 

$ 

a 

b' 

d , 

d 

- 2b' 

a . 

•• 

a 

b" 

c" 

c' 

-2b" 

a" 


which differ only by the factor 2. 

^ 3. Prove the identity 

2 be — a* c 3 b 2 

ci 2 ca -b 2 a 2 ® ( a 3 4 4* + c 3 - 3«ic) 2 . 

6* a 2 2<i* - c 2 


Examples. 



This may ho readily proved by multiplying together the two equivalent deter¬ 
minants 


f 

4 


a 

b 

c 


— a 

c 

b 

b 

c 

a 

1 

> 

-b 

a 

c 

c 

a 

b i 


- c 

b 

a 


■1. Prove, by squaring the determinant of Exf'lO, Art. 132, the following 
relation between the roots a, 0, y , 5, of a biquadratic ; « 0 , »j, s 2 , &c. having the 
same signification as in Chap. VIII., Yol. I.:— 


So 

S\ 

Si 

S3 

S\ 

Si 

S3 

Si 

Si 

S3 

Si 

Si 

Sz 

Si 

*5 

Sc 


= (& ~ 7) 2 (« - 8)* (7 - a) 2 (5 - 5) 2 (a - 0 )* (> - 8j 2 . 


The student will find no difficulty in writing down for an equation of an y 
degreethe corresponding determinant fin terms of the sums of th^oweiT^TtiTe 
roots) which is equal to the pr oduct of the squares of the differe nces. 

^ i>' r 5. Resolve into factors the determinant 


Se 

*5 

Sl 

S3 

X 3 

Si 


S 3 

61 

x : 

Si 

S 3 


s\ 

X 

S3 

« 2 

S| 

So 

1 

!/ 3 


y 

1 

0 


in which so, s i, * 2 , &c. are the sums of the powers of three quantities a, 0, y 
1 his determinant is the product of the two 


a 3 

P 

7 3 

X 3 

0 

a 1 

P 

y* 

X 1 

0 

a 

& 

y 

X 

0 

1 

1 

i 

1 

0 

0 

0 

0 

0 

1 


«* /3 3 7 3 0 y 3 

«* /3 2 y' 0 y* 

a /3 7 0 y 

1 1 1 0 1 

0 0 0 1 o 


V 


and each of the latter can be 


readily resolved into simple factors. 
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6. Prove the result of Ex. 28, p. 57, Vol. I., by multiplying the two following 
determinants:— 


x y z 


x' y z 

z x y 

y 

Z X if 

y z x 


XJ Z X j 


7. Show that two determinants of different orders may he multiplied together. 
For their orders may be made equal; since the order of any determinant can be 
increased by adding any number of columns and the same number of rows consisting 
of units in t he diago nal, and all the rest zero constituents. For example, 

10 0 0 

jo 1 o 0 

may be written «? , 

0 0 «i b x 

0 U a 2 bt 

the only effect of the added constituents being to multiply the determinant by unity. 
More generally, one set of added constituents («'. e. those either to the light or the 
left of the diagonal) might be taken to be any quantities whatever, the remaining 
set being ciphers. Thus ( a x b 2 ) may be written in either of the forms 


1 

a 


y 


l 

a 

3 

y 

0 

1 

5 



0 

1 

0 

0 

0 

0 

( U 

b x 

y 

0 

S 

rfi 

-bx 

0 

0 

02 

bz 


0 

€ 

a> 

bt 


as readily appears by means of the expansion of Art. 134. 


a i b i 

(1*1 h'l 


143. Rectangular Arrays. —Arrays iu which the num¬ 
ber of rows is not equal to the number of columns may be called 
rectangular. These do not themselves represent any definite 
‘function; but if two such arrays of the same dimensions are 
given, there can be derived from them by the process of Art. 141 
a determinant whose value we proceed to investigate. 

(1). When the number of columns exceeds the number of rows. 

Take, for example, the two rectangular arrays, 

*■ *' * * ] <„, " *' | n 

a 2 b 2 C 2 d 2 ) a 2 fit ya $2 ) 




Red annular Arraus. m 

q.'fy***&*•*. -f MW'-/. 

(p<>r CL.'j *<*. of 4 <ftUV»'O t ~ k*. *1- 

A _ _... ♦ M i j l i / 
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and performing on these a process similar to that employed r<J ^ r ^ *** 


multi ply jpg two determinants, we obtain the determinant ^ 

tfia, + bifix + Ciyi + r/|Si a,a? + b,fi 2 + r,y, + </,§, 
a 2 ai + b 2 fii + e t yi + d 2 $i a 2 a> + b 2 fi 2 + c 2 y 2 + df, 2 
The value of this is easily found to be 


«• c-'O 


(nib 2 ) (aifi 2 ) + (ffifa) («iy.) + (tfj</ 2 )(«iS>) + (A,<» 3 ) (/3i*y 2 ) 

+ (^i^)(/3|Sj) + (r// 2 )(y|S 2 ), 

i. e. the su m of the products of all possib le determinants which can 

be formed from one array (by taking a number of columns equal to 

the number of rows) multiplied by the corresponding determinants 
formed from the other array. 

Another proof of this proposition, analogous to the treat¬ 
ment of multiplication of determinants in Art. 142, is given 
among the examples which follow this Article; and either of 
these proofs can he easily generalized. 

(2). When the number of rows exceeds the number of columns 
the resulting determinant vanishes. 

Take, for example, the two arrays 


Ui b x \ 

| fii 

a 2 b 2 

k (1)> a 2 fi 2 

Oz b 3 

a 3 fi 3 


( 2 ). 


---H U JLl 

+ &i/3, ai a 2 + b x fi 2 0l a 3 + b& 3 

a ' ai + b Si ft 2 a 2 + b 2 fi 2 a 2 az + b 2 fi 3 

“ 3 «» + ^a 2 + b 3 fi 2 a,a 3 + b 3 fi 3 

aris?iac 0 of SerVed f that . thiS determi “ nt is the same as would 
if a column of ciphers were added to each of the given 

foUow’ IU 6 , determinants 60 formed then multiplied It 
follows that the determinant vanishes. M “*• 4 ».<. 

A similar proof applies in general. It is only neoessarv in 
any mstance to add to each array c olumns of cip hers so as to 
make the number of columns equal trthi^Wrf’rows and 
then multiply the two determinants * 

VOL. II. 
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Examples. 


1. From the two arrays 

1 1 1 


( 1 ), 


prove 


a $ y 

3 a + 0 + 7 

a + fi + y d> + P + y 2 

2. From the two arrays 

a b c 

a' b' c’ 


1 1 1 

a P y 


(2), 


= (a - /3 ) 2 + (a - 7) 2 + (3 - 7) : 


(l), 


c 
c ' 


— 26 a 

— 26' a 


( 2 ), 


prove 

4 (ac - 6 2 )(«V - *' 2 ) - K + a ' c ~ 2bb ') 


')« = 4 (&✓ - - a'*) - (««' “ «' c ) : 


3 . By squaring the array 


a 


6 c 


a 6' c' 


prove 

(.. + i. + .*)(»•* + 4” +«' ! ) -(»«'+“' + «T + <W - y ') ! + («’ 

4 . Verify, by squaring the array 

« 4 c d I 

«' b' C d'Y 

the result of Ex. 1, Art. 142. 

5 / Prove the determinant identity 

{ax - bx)- («» - h)* («i - W («i 

{a 2 -bxf («9 - k) 2 (« 2 -b 3 ) 2 

{a 3 -b ,) 2 (« 3 -i 2 ) 2 (« 3 -& 3) 2 (°3 

(«4 — *»)* ( a ‘- fe3 ) 2 & 


- c'rt) 2 +(«&' — «’^) 2 


biY 

btf 

bxY 

bx? 


0. 


a\ 2 

(i\ 

1 


1 

— 2bx 

b i 2 

(12 2 

(12 

1 

- (i), 

1 

- 2b 3 

bz 2 

a# 

fl3 

1 

1 

- 2 b 3 

b 3 * 

Oi 2 

ai 

1 j 


1 

- 2bx 

bi 2 . 


( 2 ) 
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6 . For the general equation of the n degree, whoso roots aro a, 0 , 7 , 5, &c. t 
and «o, «i, « 2 , &c. the sums of the powers of the roots, prove ’ ’ 


so 


si 


Sl 8 2 

This appears at once by squaring the array 

11111 

a 0 y 5 e 
7. Prove similarly , for the general equation, 

So 8 1 Si 


2 (a - 0 )\ 


8 1 


Si 

S3 


S3 


- 2(£-y) 8 (7- a )2(a_/3)3. 


Whea the number of rows in the array becomes e'^itTthg d*°n 

t * t ^ ° f 

elation the mine of the cirrespondin; Z^LlL^lT Th^d ^ ^ 

“c r "* fM —■—* e 9 „ir :r,rr;; 

C * ,,t 8 . Prove, for the general equation, 



*0 

Si 

Si S 3 




s\ 

S 2 

S3 Si 




S 2 

S3 

Si S S 

= 

2 (0 - y ) 2 (7 

-> 

1 

X 

X * X s 



» 

Multiplying the two arrays 


1 

1 

1 

• • \ 


x- a 

a 

0 

y 

‘ # l * 


«{-r - a) 

a 2 

F 

y 2 

• • / 


a 8 (x - a ) 

we show that 

2 is equal to 





sox - 

Si 

- 82 


u) '<•-*)'<JL^(Zz*)(*-r). 


*-0 


x ~y 


SlX ~ «2X — « 3 


P (x “ ^ 7 (* - y) . 

l* " &) y 2 (x~y) . 

S 2 X — 53 
SZX - * 4 


•j 


1 &2X *■ 53 82X — a 

WH U appeals' inUklTa^^ 10 ^ Pr ° P ° Sed 

^ + V s d r rmiDant 0f *■** *>nn O 

contains^ factors of S Jmruotno function, each of whose to™, 

differences of the , roots of 


36 


Determinants . 


9. Find the value of the following determinant, and hence derive another proof 
of the property of arrays of the first kind— 


a\ 

bi 

<•1 

dx 

0 

0 

a 2 

b 2 

Ci 

d 2 

0 

0 

- 1 

0 

0 

0 

ai 

02 

. 0 

-1 

0 

0 

01 

02 

0 

0 

-1 

0 

yi 

72 

0 

0 

0 

-1 

Si 

82 


Expanding this hy Laplace’s method, we readily find its value to be the six 
products, 2 (" 182 ) (aifts), of p. 33 ; and treating the determinant as in Art. 142, viz. 
adding to the fifth column the sum of the first multiplied by at, the second by 0 i, 
&c., we reduce it to the determinant of the second order at the top of p. 33. 

144. Solution of a System of linear Equations. 

We have seen in Art. 134 that a determinant may he expanded 
as a linear homogeneous function of the constituents in any row 
or column, the coefficient of any constituent being the corre¬ 
sponding minor with its proper sign. We have, for example, 

A = + o 2 A 2 + n 2 A. 3 + &c. 

Now, the coefficients A lt A t , &c., are connected with the consti¬ 
tuents of the other columns hy n - 1 identical relations, viz. 

b\A\ + b 2 A 2 + b-iAt + &c. 3 0, 

CiAx + c 2 A 2 + C 3 A 3 + &c. 3 0, &c.; 

for any one of tliese is what the determinant becomes when the 
constituents of the corresponding column are substituted for 
(iu « 2 , « 3 » &c -> and must therefore vanish. 

By the aid of these relations we can write down the solution 
Of a system of linear equations. The following application o 
the case of three unkn own quantities *, y, *, « sufficient to 
explain the generaTprocess. Let the equations he 

(l\X + b\1J + C\Z — wii> 

(tnX + b 2 \j + c 2 z = Wj, 
a 3 x + b 3 y + c 3 z = tn*. 
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Solution of a System of Linear Equations. 


Multiply the first equation by A h the second by A 2 , and the 
third by A 3 ; and add. The coefficients of y and z vanish, in 
virtue of the relations above proved, and we obtain 


or 


[aiAi + a 2 A 2 + a 3 A 3 ) x = ?n l A l + m 2 A 2 + m 3 A 3 , 





i m fa cs ! 

where A represents the determinant formed from the nine con¬ 
stituents r/„ by, Cy, &c. 

Similarly, multiplying by B 2 , JJ 3 , we obtain 
(byBy + b 2 B 2 + b 3 B 2 ) y = m x B x + m 2 B 2 + m 3 B 3 , 




Vly 

Ci 

A y = 

a 2 

m 2 

c* y 


o s 

m 3 

c 3 


where the determinant on the right-hand side is what A becomes 

when my, m 2 , m 3 \are substituted for the constituents of the second 
column. Similarly, we obtain for z 



b> 

niy 

0* 

b 2 


Ct 3 

b 3 

m 3 


These values may be written more compaotlv . as follows 
Ax = {myb 2 c 3 ), A y = (« 1 ?^c 3 ), As = (a x b 2 m 3 ). 

foll^ifr^ the Values of 'L &c ‘> ma y be written as 


■. _ (WM « • - In) 

(<?i6 2 cs ... i H y 


y = 


[aym 2 b 3 .../„) 


_ iflA^h • • • l n ) n 

{a a* . nj’ 


(rti& 2 c a . . . /„) ’ 

where, to obtain the value of any unknown, the known quanti- 

les W(i) & c on the right-hand side of the given equations 

"1° be SUb f‘ l ‘ Ut6 J d in A fOT coeffieients of the required 
unknown, and the determinant so formed to be divided by A. 
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1. Solve the equations 


Examples. 


x + y + 2 = A 0 , 
ax + &>/ + yz = A i, 
drx + $-y + y-z = Ai. 

The solution is easily effected by the formulae given above. It can be shown 
that the value of any one of the unknown quantities can be expressed as a quadratic 
function of its coefficient in these equations, along with symmetric functions of 
a, 0, 7 (in addition to the given coefficients A 0 , A\, A 2 ). For this purpose we write 
the value of the unknown (say, y) in the form 

I 0 1 0 y I 


1 1 A 0 

0 7 A\ 

0- 7 2 Ao 


= 0, 


which may be derived immediately by joining the identical equation y = y to the 
three given equations, and eliminating after the manner of the Article which 
follows. Now, 


0 

1 

0 y 

1 

1 

1 

o ; 

1 


P 

y 

1 

1 

1 A 0 

a 

0 

7 

0 1 

so 

S\ 

Sz 

Ao 




X 



** 



Ai 

a 

0 

7 A i 

a 2 

0- 

y 2 

0 

S\ 

Sz 

S3 

a 2 

0- 

7 2 A 2 

0 

0 

0 

1 -1 

$2 

S3 

Si . 

Ai 


If, therefore (assuming that a, 0, y are all unequal), we multiply the equa¬ 
tion ( 1 ) by the difference-product, we have y expressed as a quadratic function of 0 
along with the sums of the powers of the three quantities a, 0, y. 

2. Show, by means of the equations of Art. 77, Vol. I., that the sums of the 
powers can be expressed in terms of the coefficients, or vice versa , in the form of 
determinants, as follows:— 


82 = 


2 p 2 = 



Pi 

1 

0 

pi 

1 




, 83 — — 2pi 

Pi 

1 

2pi 

Pi 




Sp3 

pi 

pi 


81 

1 

0 

•i 

1 




, 6p3 = - Si 

«1 

2 

82 

81 




S3 

82 

si 


pi 1 0 0 
2 pi pi 1 0 


si = 


, &c. 


3p 3 pi pi 1 
4»4 J»3 pi pi 


«, 10 0 
s 2 si 2 0 

S 3 Si si 3 

fii S3 Si Si 


, &c 
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Linear Homogeneous Equations. 

145. Unear Homogeneous Equations. —When n - 1 
linear homogeneous equations between n variables are given, the 
ratios of the variables can be determined by bringing any one of 
them to the right-hand side of the equations, and solving as in 
the previous Article; or we may determine these ratios more 
conveniently as follows. We take the particular case of three 
equations between four quantities x , y, s, tc, which will be 
sufficient to illustrate the general process : 

a x x + by + CiZ + d x w = 0 

A*? + b,y + CoZ + (Lw = 0 

asx + by + c 3 z + d 3 w = 0 

To these may be added a fourth equation whose coefficients 
are undetermined, viz. 

a<x + by + c K z + dgc = A. (2) 

Calling (aACidi) as usual A, and solving from these four 
equations by the method of the last Article, we obtain, since 
1,11 = = 0, m 3 = 0, nil = A, the following values :— 

Ax = \A if Ay = A2?4, Az = \C if Aw = A2) 4 , 
or 

L = 1L - L. - w __ ^ 

A x Bi ~~ Ci ~ A " A* (3 > 

I he first three of these equations express the ratios of x> y, 
2 , w in terms of the coefficients in the three given equations. 
And, in general, the variables are proportional to the coefficients 
in the expansion of A of the constituents of the n th row supposed 
added to the n - 1 rotes resulting from the given equations. 

We can now express the condition that linear homogeneous 
equations should be consistent with one another; for example, 
that the equation (2) should, when A = 0, be consistent with the 

equations (I). We have only to substitute in (2) the ratios 
derived from (1), when we obtain 

nr + ?>& + CiCi + d t Di = 0, 



A = 0. 



Determinants . 



The same thing appears from the equations (3); for if X = 0, 
and if x, y, 2 , w do not all vanish, A must vanish. 

What has been proved may be expressed as follows :—The 
result of eliminating n quantities between n equations linear and 
homogeneous in these quantities is the vanishing of the determinant 
formed by the coefficients of the given equations. 

146. Reciprocal Determinants. — The quantities 
A„ B Xy Ci ... A 2 , B 2i &c. (Art. 134), which occur in the ex¬ 
pansion of a determinant (*. e. the first minors with their proper 
signs), may be called inverse constituents ; and the determinant 
formed with them the inverse or reciprocal determinant. We 
proceed to prove certain useful relations connecting the two 
determinants. 

(1). To express the reciprocal in terms of the given determinant. 
Let the reciprocal of A be denoted by A r , and multiply the two 
determinants 


«\ 


Ci 


A x 

Bx 

Ci 

a 2 

b 2 

c 2 

, A' = 

a 2 

b 2 

c 2 

a 3 

b 3 

Ci 


a 3 

b 3 

c 3 


All the constituents of the resulting determinant except those 
in the diagonal vanish (Aid. 144); and the result is 


whence 



A 0 0 
0 A 0 
0 0 A 




The process here employed in the particular case of two de¬ 
terminants of the third order is equally applicable in general; 
giving AA' = A”, or A' = A" -1 . Hence the reciprocal determinant 

is equal to the (n - 1 ) th power of the given determinant. 
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Reciprocal Determinants. 


(2). To express any minor of the reciprocal determinant in terms 
of the original constituents. 

We take, f or example , the determinant of tlie f ourth ord er, 
and proceed to express the first minors of its reciprocal. Multi¬ 
plying the two determinants on the left-hand side of the follow¬ 
ing equation, and employing the identical equations of Art. 144, 
we obtain 




b x 

Cl 

di 


a* 

b 2 

'Co 

do 


a 3 

b 3 

C 3 

<h 



bx 

C* 

<h 

whence 





A 

or 


1 

0 

0 

0 

a 2 

b 2 

A 

A 

A 3 

B 3 

c 3 

A 

Ax 

A 

A 

A 

A 

A 

A 


1*3 

c 3 

A 

= a 

Bi 

A 

A 



(AAA) = tf,A 2 , 


(h 

0 

0 

0 

<h 

A 

0 

0 

<h 

0 

A 

0 

Ox 

0 

0 

A 


3 

J 


thus expressing the first minor of A' complementary to A x . 

Again, to express the second minors of A', we have, by an 
exactly similar process, 


«i 

b x 

Cl 

( h : 


1 

0 

0 

0 


(h 

b\ 

0 

0 

a 2 

b 2 

<h 

d 2 


0 

1 

0 

0 


a 2 

b 2 

0 

0 



c 3 



a 3 

A 

A 

A 


a 3 

b 3 

A 

0 


bx 

Ci 

dx j 


Ax 

Bx 

Cx 

A 

1 

dx 

bx 

0 

A 


whence 


A 

A 


"i 

bx 

Cx 

A 


(h 

b 2 


or (AA) = (a A) A. 

The general theorem may be expressed as follows A minor 
of the order informed out of the inverse constituents is equal to the 
complementary of the corresponding minor of the original determi¬ 
nant A multiplied by the (m - l) th power of A. 
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The method of proof above given can be generalized. In 
the case of a determinant of the fifth order, for example, the 
student will easily verify the following expression for a minor 
of the third order :— 

(CsDiEs) = (ffj b>) A'. 

If the original determinant A vanishes, it is plain that not 
only the reciprocal determinant itself, but also all its minors of 
any order vanish. The vanishing of the minors of the second 
order may be expressed in the following useful form :— When a 
determinant vanishes , the constituents of any row of its reciprocal 
arc proportional to those of any other row , and the constituents of 
any column to those of any other column. 

147. metrical Determinants. —Two constituents of 
a determinant are said to be conjugate when one occupies with 
reference to the leading constituent the sar^’(T~politfe 'il in the 
rows as the other does in the columnar*'"’For example, d 2 and 
b A are conjugates, one occupying the fourth place in the second 
row, and the other the fourth place in the second column. 
Each of the leading constituents is its own conjugate. Any 
two conjugate constituents are situated in a line perpendicular 
to the principal diagonal, and at equal distances from it on 
opposite sides. 

A symmetrical determinant is one in which every two con¬ 
jugate constituents are equal to each other. For examples of 
such determinants the student may refer to Art. 134, Exs. 2, 9, 
10, and Art. 135, Ex. 4. 

In a symmetrical determinant the first minors complemen¬ 
tary to any two conjugate constituents are equal, since they 
differ only by an interchange of rows and columns. The 
corresponding inverse constituents are also equal, the signs 
to be attached to the minors being the same in both cases. 
It follows that the reciprocal of a symmetrical determinant is 
itself symmetrical. 

The leading minors are all symmetrical determinants. 
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Examples . 

The mode of expansion of Art. 137 is especially useful in 
the case of symmetrical determinants, as will appear from the 
examples which follow. 

Examples. 

1. Form the reciprocal of the symmetrical determinant 

a h g 

A = h b f • 

9 f c 

Using the capital letters to denote the reciprocal constituents as explained in 
Art. 134, so that A may be expanded in any one of the forms a A + hU + gG, 
hH+ bB +fF , gG + fF + cC, we may write the reciprocal determinant A' as 
follows:— 


A 

E 

G 

bc-p 

fg-ch 

hf-bg 

E 

B 

F 

s fg — ch 

ca — y 2 

gh - af 

G 

F 

C 

hf-bg 

gh - af 

ab - F 1 


2. Form similarly the reciprocal of 

a h g l 

h b f hi 

A - 

9 f c it 

l Ml M d 

Using a notation similar to that of the preceding example, so that A may be 
expanded indifferently in any of the forms' 

a A + hE + gG + IL, hH + bB +/F+ mM, &c., 

the reciprocal determinant A' is obtained by replacing in A the constituents by the 
corresponding capital letters. The student will find no difficu lty in writing out, if 
necessary, the expanded form of any of the reciprocal constituents : for example F 

is the minor complementary to / with its proper sign (the negnlire sign in this cose), 
and F is therefore obtained from the expansion of 

a h l 

- g f n 

l mi d 

3. Expand the determinant A,of Ex. 10, Art. 134, by the method of Art. 137. 
ringing the last row and last column into the positions of first row and first 
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column, and using the notation of Ex. 1 for the inverse constituents of the leading 
minor, the result can be written down at once in the form 

- A = A\ 2 + Ba- + Cv- + 2 Fftv + 2 Gv\ + 2H\fx. 

Since a determinant is unaltered when both vows and columns are written in 
reverse order, if the expansion of a determinant be required in terms of the last row 
and last column (as in the present example), it is not necessary to move them in the 
first instance into the positions of first row and first column. The expansion can be 
written down from the determinant as it stands, replacing in the rule of Art. 137 
the leading constituent and its minor by the last diagonal constituent and its 
complementary minor. 

4. Expand the determinant A of the above Ex. 2, in terms of the last row and 
column, by the method of Art. 137. 

Attending to the remark at the end of the preceding example, and using 
A, B, C, F, G, H, to represent the same quantities as in Exs. 1 and 3, the result 
may be written down as follows : — 

I re h g 

A = d h b f - Al>- Bm* - Cn 2 - 2 Finn - 2 Gnl - 2 Elm. 

.'/ / e 

When a symmetrical determinant of any order is bordered symmetrically {i.e. by 
the same constituents horizontally and vertically) the result is clearly a symmetri¬ 
cal determinant of the next higher order. The result of Art. 137 shows in general 
that the expansion of the bordered determinant consists of the original determinant 
multiplied by the constituent common to the added row and column, together' with 
a homogeneous function of the second degree of the remaining added constituents. 

5. Expand the determinant 

a h g l a 

h b m f in 0 

A U <7 / c n y 

l m n d S 

a 1 3 y 5 0 j 

This is the determinant of Ex. 2, bordered symmetrically, the common consti¬ 
tuent of the added lines being zero. The result is clearly a homogeneous function 
of the second degree of a, 0, y, 8 ; and, by uid of the notation of Ex. 2, the value 
of — A may be written down at once in the form 

A a 2 + Bi 32 + Cy- + D 5- + 2 F0y + 2Gya + 2Ha0 + 2Za8 + 2JZ/35 + 2Ny9. 

6 . Prove, by means of the Proposition of Art. 141, that the square of any deter¬ 
minant is a symmetrical determinant. 

7. The product of two reciprocal determinants is the reciprocal determinant of 
the product of the two original determinants. 
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Skciv-Symmetric and Skew Determinants. 

148. Skew-Symmetric and Skew Determinant**.— 

A skew-symmetric determinant is one in which every constituent 
is equal to its conjugate witli sign changed. Since each leading 
constituent is its own conjugate, it follows that in such a deter¬ 
minant all the leading diagonal constituents are zero. 

A determinant in which all except the leading constituents 
are equal to their conjugates with sign changed is called a skew 
determinant. Thus, while a skew-symmetric determinant is 
zero-axial, in a skew determinant diagonal constituents are 
present. The calculation of the latter kind may be reduced to 
that of the former by the method of Art. 136. 

The remainder of this Article will be occupied with the proof 
of Certain useful properties of skew-symmetric determinants. 

(1) . A skew-symmetric determinant of odd order vanishes. 

For any skew-symmetric determinant A is unaltered by 

changing the columns into rows, and then changing the signs 
of all the rows. But when the order of the determinant is odd, 
this process ought to change the sign of A; hence A must in 
this case vanish. For example, 

; 0 ah 

As ~ a 0 c s 0. 

I -h -c 0 

(2) . The reciprocal of a skew-symmetric determinant of the n ,h 
order is a symmetric determinant when n is odd , and a skew-symmetric 
determinant when n is even. 

In any skew-symmetric determinant the minors correspond¬ 
ing to a pair of conjugate constituents differ by an interchange 
of rows and columns, and by the signs of all the constituents. 
Hence the two minors are equal when their order is even, 
namely when n is odd; and equal with opposite signs when n is 
even. In the former case, therefore, the reciprocal determinant 
is symmetric; and in the latter case it is skew-symmetric, its 

leading diagonal constituents being all skew-symmetric deter¬ 
minants of odd order. 
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('*)• A skew-symmetric determinant of even order is a perfect 
square. 

This follows from the principles established in Art. 146. 
Take, for example, the determinant of the fourth order 

0 a b c 

-a 0 d e 

A = . 

-b -d 0 / 

- c -e -/ 0 

and let the inverse constituents forming its reciprocal be de¬ 
noted by Aiy B iy ... A 2i &c. We have then, by (2), Art. 146, 

0 / 

A X B, - A 2 B X = A = f 2 A. 

-/ o 

Now A x and B 2 , being skew-symmetric determinants of odd 
order, vanish ; and A 2 = - B Xi since these are conjugate minors ; 
hence f 2 A = A 2i which proves that A is a perfect square. 
Similarly, for a determinant A of the sixth order, it is proved 
that the product of A by a skew-symmetric determinant of the 
fourth order is a perfect square; and since the latter determi¬ 
nant has been just proved to be a perfect square, it follows that 
A is so also. By an exactly similar process, assuming the truth 
of the Proposition for the determinant of the sixth order, it may 
be proved for one of the eighth ; and so on. 

Examples. 

1. Verify the following expression for the skew-symmetric determinant of the 
fourth order:— 

0 a b c 

— a Ode 
-b -d 0 / 

-c -e -f 0 


= ( n f - be + ed) 2 . 


Examples. 

2. Expand in powers of x the skew determinant 
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X 

a 

i 

c 

— (1 

X 

d 

e 

— b 

- d 

X 

f 

— c 

- c 

-f 

X 


When the expansion of Art. 136 is employed to calculate a skew determinant, 
it is to be observed that the determinants of odd order in the expansion all vanish, 
and those of even order may be expressed ns squares. Here the coefficients of the 
odd powers of x plainly vanish, and the result takes the form 

A B x* + <ff 2 + b 2 + c 2 + d 2 + e 2 +P) x- + {of- be + cd) 2 . 

3. Expand the skew determinant 


A 

a 

b 

c 

d 

— a 

B 

c 

f 

9 

- b 

— c 

C 

h 

• 

.t 

- c 

-f 

- h 

D 

• 

J 

- d 


• 

- 1 

• 

E 


The result may be written in the form 

ABODE + 2pABC + 2 {ej -fi + gh) 2 A, 

where the first 2 includes ten terms similar to the one here written, and tho second 
2 five terms. The terms involving the products in pairs of the leading constituents 
vanish, as also the term not involving these quantities. 

i. The square of any determinant of even order can be expressed as a skew- 
symmetric determinant. 

The following method of proof is applicable in general. 

The square of (*iW 4 ) is obtained by multiplying the two following determi- 

B&Iltfl ' 


d\ 


Cl 

di 


- b\ 

*1 

-di 

C\ 

az 

bz 

c 2 

d 3 


— b 2 

a 2 

-d 2 

C2 

a* 

h 

Cs 

dz 

> 

— bz 

<*3 

-d 3 



h 

Cl 

di 


-*4 

*4 

-di 

Cl 
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and the product of these is 

0, - {ftibz) - (cid-i), 

(ftibi) + (cir/ 2 ), 0, 

(rt,&3) + {cidi), {aifo) + (cid 3 ), 

(«i6«) + (<vM> (aibi) + (corfi), 


— (ffiM — (<'1^3). — — (ci^i). 

- (fizbi) - (c 2 <* 3 ), - («2^i) - (adt), 

0, - (fl3^l) - (C3di), 

(fl 3 il) + (adi), 0, 


which is a skew-symmetric determinant. 

5. Form the reciprocal of a skew-symmetric determinant of the third order. 
Using for A the form in (1) of the present Article, the result is easily found 
to he the symmetric determinant 


c 2 

— be 

nc 

be 

b* 

-ah 

nc 

— ab 

a' | 


G. Form the reciprocal of the skew-symmetric determinant A of the fourth order 


in Ex. 1. . . 

Representing by p the function of- be + cd whose square is equal to A, and by 

A' the required reciprocal, we easily Gnd 


0 

f<P 

-e<p 

d<p 

~f<P 

0 

c<p 

— b(p 

e P 

- c<p 

0 

a<p 

— dtp 

btp 

— (7$ 

0 


The value of this skew-symmetric determinant may be written down by aid of the 
result of Ex. 1. It is thus immediately verified that A'=(«/- be + cdf p* = A 3 . 

7. Form the reciprocal of the skew-symmetric determinant A of the fifth order 
obtained by making the leading coefficients all vanish in the determinant of Ex. 3. 

Since the reciprocal is a symmetric determinant (see (2), Art. 148), and since 
also it must be such that the constituents of any line are proportional to those of any 
parallel line (Art. 146), it appears that the required determinant must be of the 


form 


<pi 2 

<pl<p2 

pips 

plpi 

plpi 

plpl 

0 

<P 2* 

pips 

plpl 

pips 

p3pl 

<p3<p2 

pj- 

p3pl 

p3pS 


Plp3 

pip3 

P* 2 

pips 

pip 1 

pSp2 

p3p3 

pSpl 

O 

ps' 


in which <p 2 ) * 3 , * 4 , Ps are five functions of the second degree in the original 
constituents whose squares are the values of the five first minors complementary 

the leading constituents of A. 


Theorem. 
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In general the reciprocal of a skew-symmetric determinant of any odd order 
2m + 1 is of a form similar to that just written, the diagonal constituents being the 
squares, and the remaining constituents tho products in pairs, of 2m + 1 functions, 
each of the tn ,h degree in the original constituents. 


149. Theorem.— We conclude the present chapter with 
an important theorem relating to a determinant whose leading 
first minor vanishes. Adopting the notation of Art. 137, we 
regard A as the vanishing determinant, and state the theorem to 
be proved as follows:— If a determinant A, whose value in zero, 
he bordered in uni/ maimer , the product of the determinant so formed 
by the leading first minor of A is equal to the product of two line r 
homogeneous functions of the added constituents'. "* 

Retaining the notation of Art. 137, we shall prove that the 
product of A' and A, may he expressed in the form :_ 


^.A'= - (A,a + Bfi + C,y +. ..)(A,a + A,j3'+ A,y+. 

This follows at once from (2) of Art. 146 by considering in 
the determinant reciprocal to A' the values of the constituents 
inverse to a., a , a', a ,; and expressing in terms of the original 
constituents the determinant of the second order formed by 
these four. Another proof of this result may be readily derived 
from the expansion of Art. 137, by the aid of the property of 
the reciprocal of a vanishing determinant (Art. 146), viz. that 
m the determinant formed by A„ B„ C„ &c„ the constituents 
in any hue are proportional to those in any parallel line. 

If the determinant A is symmetrical, and the bordering also 
symmetrical, the two factors on the right-hand side of the above 
equation become identical, and the theorem takes the following 
orm: If a Symmetrical determinant , whose value is zero, be bor- 
dered symmetrically, the product of the determinant so formed by 
? second minor is equal to the square with negative sign of 
a tin ear homogeneous function of the bordering constituents. 

usefulTt S t “ v h6 ° rieinal determinan ‘. *6 following 
^eful statement may he g.ven to the theorem just proved , -If 

itZ Sy ’7lZ al determ ‘ mnt tke ' ea,Hn9 f l,s t <ninor vanish, the 
2 lkelfand iU ,eadin 9 S( eond minor have opposite signs. 

VOL. II. 
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Exampi.ks. 

1. If a skew-symmetric determinant A of odd order 2 in 4 1 be bordered in 
any manner, the resulting determinant a' is equal to the product of two rational 
functions each containing the added constituents in the first degree and the original 
constituents in the m lh degree. 

Writing, according to the result of Ex. 7, Art. 148, the reciprocal of the given 
skew-symmetric determinant in the form 

<p[~ <pl<p2 <p\<pt 

<p 2 <p\ <pr <f>2<f>3 . , 

• • • • 
and applying the theorem of the present Article, we find 

(prA' = — (<pi’a 4 <Pi<p?B 4 4 • • •) (<pi 2 <*’ + <p 2 <p\B 4 </>3<pi7 4 . • •)» 

or A' = - (<pia 4 <p 2 $ 4 <p 37 4 . . .)(tf>i a 4 <^2/3' 4 <pa7 + •••)• 

It may be observed that if in this result a, B', y , &c., be made equal to — a, -3, 
- y, &c., respectively, we fall back on the theorem (3) of Art. 148. 

2. If a skew-symmetric determinant of even order 2 in be bordered in any 
manner, the resulting determinant is equal to the product of two rational functions, 
one of the m th t and the other of the (in 4 l)'' 1 degree in the constituents. 

This may be derived immediately from the last example by making therein all 
the added constituents in the first column, viz., a, B\ y\ &c., equal to zero, except 
the last, which is to be made = 1. The determinant then reduces to one of the kind 
here considered, the bordering constituents forming the top row and the last 
column. It appears also that the factor of the m ,h degree in the result is thesquare 
root of the given skew-symmetric determinant of order 2m. 

3. Prove 

| 0 a B y 

-b 

^ - («o 4^4 cy)(aa 4 bB 4 cy ). 

a 1 

| 

0 

a B y S 

0 c —b x 

I 

v 0 a ij 

b —a 0 ; I 

x -y -z 0 

Am , («X4 by + cz) {x (By) Hf(7«') + « («£') +a(ab')+b (Bb') + c (7*0 I • 


1 a’ 0 c 
B' -c 0 
y b - a 

4. Resolve into its factors 

0 

« 
a 

B ' - 
7 

5' - 
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l. Prove 


<*0 

rtl 

a 2 


(12 

(*Z 

(72 

<*3 



where J has the usual signification. 

2 . Prove 


0 + y 

j 

y + a 

a +0 

1 a 

0 

y 

+y 

y + a 

a + 0 ' 

^ - ■ 

<N 

in 

& 

9 

7 

0" + y" 

y" + a" 

a' + 0“ 

i 

• a 

0" 

9 t 

7 


3. Prove 


0y 

0y' + 0'y 

0'y' 


ya 

ya + y'a 

ya i 

= (0y) (ya) (« 0 '), 

aj 8 

a0 + a' $ 

a'0' 



where the factors on the right-hand side are determinants of the second order. 


Dividing the rows by 0'y, ya, 3'; and putting A = -„ M = £ „ = 1 , the 

a 0' y 

determinant (omitting a factor) reduces to the form 


1 

M + v 


1 

i 

1 

-A 

Hv 

1 

v + A 

vA 

Q 

1 


v\ 

1 

A + fi 

V 


1 

— V 

A/i 


4. Find the value of the determinant 


(/*-«')(•'- A)(A-/i), &c. 


1 

0 + 7 + 6 

By + 05 + 7 5 

0yS 

I 

a + 7 + 5 

ay + a5 + 75 

076 

1 

a+ 0 + 5 

afi + a5 + 05 

a05 

1 

a + 0 + 7 

a 0 f ay + Py 

o07 


Since the interchange of two lettets wonld moke two rows idenUcal, this can 
differ by a numerical factor only from the product of the six differences Or we 
may reduce the determinant easily to the form in Ex. 10, Art. 132. The value of 
asimdar detennmant of any order can be found in the same way; and the sign 
can be determined in any instance by the method of Ex. 9, Art. 132. ^ 
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cj 

5. Prove 


0V + a 2 5 2 
y-a- 4 0 2 5 2 


07 + a 8 
ya 4 05 


= (0-7)( a ~ 5 )(7 -a)(0-5)(a- 0)(7~ 5 )- 


a 2 0 2 4- 7 2 5 2 a0 4 7 5 1 I 

Add the lust column multiplied by 2a$y8 to the first 
then of the form of Ex. 0, Art. 132. 


The determinant becomes 


6 . Prove 

(0 4- 7 - a - 5)* 

(y + a - 0 - 5 ) 1 
(a + 0 - 7 ~ 5)‘ 

7. Prove 


(0 + 7 - a - 8) 2 1 

(7 4- a — 0 — 5 ) 2 1 

(0 + 0 - 7 ~ 5 ) 2 1 


= 64 (0 - 7 )(a - 5)(7 - a)(0 - 5) 

(a- 0) (7 - 5) 


b tfX + £ 

c bx V c = — (tfc — b-)(ax 2 + 2&r 4- c). 


ax + £ + * 0 I 

Subtract from the third row the second row plus the first multiplied by j\ 

8 . Prove similarly 

„ b r ox- 4- 2 bx 4- c 

led bx 2 4- 2 cx 4 d 

I 

c d e cx 2 4 2c/.t 4- e 

..t , i „ A.-2 j. 9/»v x rf rr~ 4- ‘Id.r 4- C 0 


be » 

C d e 

ox 1 4- 2 bx 4- c bx 2 4- 2ex 4- d cx 2 4- 2dx 4- c 

I a b 

= _ ! b c 

c d 


(l (ox* \ 4 bx 3 4- 6 cx* 4 - 4dx 4- f ) 


9. Given 


J\ ( x) = o ia 2 4 35|A -2 4- 3cia: 4- d\, ^ 

ft (.c) = ^2.r 3 4- 3^2a: 2 4- ZctX 4- d>, 

f \ (,r) = 03 X a 4- Zhx- 4- 3 c$x 4- d; i; 


ft* 1 


prove the identity 


• 



1 

— x 

o 

2’ 

- *=» 

/.(*) 

/i'(a-) 

/.*'(*) 

"1 




/*(*) 

/»'(*) 

/*''(*) 

= — 18 ] 

a> 


*•4 

* 


/•(*> 

/»"(*> 

7:» 

A 3 


ds 
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The first determinant reduces easily (omitting a factor) to the following:— 


u\X 4 

b\x 4 ci 

c\x 4 d\ 

aix 4 bi 

b-iX 4 Ci 

cix 4 <h 

ciiX 4 H 

Hz 4 Ci 

C 3 X 4 ds 


We have seen (Ex. 7, Art. 142) that the order of a determinant may be increased 
without altering its value. By a suitable selection of the added constituents the 
calculation of a determinant may often be simplified by bordering it in this way. 
The determinant last written is plainly equal to 


l 

0 

0 

0 

0} 

a\x 4 b\ 

b\X 4 ci 

C\X 4 d\ 

a 2 

<ax 4 h 

b ix 4 C i 

cix 4 di 

«3 

(iix 4 bi 

bzx 4 cj 

ax 4 di 


Subtracting from the second column the first multiplied by x \ subtracting then 
from the third the new second column multiplied by x ; and, finally, from the fourth 
the new third column multiplied by x, we have the result above stated. 

10. Show that the determinant 


r 4 ft 

\ Ax* + cy- 4 bz- - 1 (A - c) xy 

,V 3 (A - c ) xy A y l + az 2 + ex 3 - 1 

k (A - b) xz (A - a) yz 


t 

(A - b)*z 


(A — a) yz 
A z 2 4 bx• 4 ay 2 - 1 


I*.''* 

f>2. ~t*Z 

I - A ij 


contains A (a- + y- 4 z 2 ) — 1 as a factor, and that the remaining factor is indepen¬ 
dent of A. 

Border the determinant, as in Ex. 9, with a first column whose constituents are 
1, Ax, Ay, At; and with a first row whose constituents are 1, 0, 0, 0. Subtract 
then x times the first column from the second, y times the first column from the 
third, and z times the first column from the fourth. In the determinant thus 

altered subtract from the first row(x times the second plus y times the third plus z 
times the fourtl^. 

11. Expand in powers of x the determinant 


0\ + X 

bx 

C\ 

di 

02 

bi 4 x 

Cz 

di 


bz 

*3 4 X 

dz 

Oi 

bi 

Ci 

di + x 


An,. * + (* l + h + e» + d i )x> + {(4aez) +:{aidi) + (aiC3) + (Ml) + (tfl4a) + {e3di) j 

+ { [Hfisdi) + (aiczdi) 4 (aibidt) 4 (axHa )} x 4 {aibzcsdi). 
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12. Prove 


a 

b 

C 

d 

p 

a 

b‘ 

l' 

d' 

a 2 

b 2 

•* 

C m 

rf 2 

a 

b- 

7 

if 

a 2 

5-2 

c* 

d" 1 

a 

T 

c 

d 


13. Prove the identities 


- (be) {ad') (ca ) (.bd ') (ah') (of ) 
abed a' b' c d' 


1 

a 

a 

aa 






1 

0 

0 ' 

00' B 

C 

C 

A 

A 

B 




s 


— 


= 

* 

1 

7 

y 

yV V 

C’ 

C' 

1 

A' 

A' 

B' 

1 

5 

5' 

55’ 







where 

A = (0- 7 )(«-S), . B = ( 7 -a)(/3-5), 6'= (a-/3) ( 7 - 5), 

.4* »(*•-■/)(«-*')» B’=(y’-a)o 3 '-s'), <r=(«'-/3)(y-5). 

Expanding the first determinant in terms of the minor 8 formed from the first 
two columns (see Art. 135), we easily prove that it is equal,to 

A (0V 4 a'5') + B {y'a + 0‘S') 4 C{ a'0' 4 78 ') ,* 
and employing the identical equation A + B 4 C = 0, along with the relations of 
Ex. 18, Art. 27, the result follows. 

14. Prove that the determinant of Ex. 13 is equal to 

1 0y 4 o5 0'y 4 a'S" 

l ya 4 05 y 'o’ 4 /3'5' 

1 a/3 4 75 a'0' 4 yS' 

This follows at once from the relations of Ex. 18, Art. 27. If a', 0 , y, S be 
but equal to a’", 0 m , y m , 5”' in the result, we obtain an_identity which includes 
Ex. 6, p. 52, as a particular case. 

15. Express as a function of differences the following determinant, whose 
vanishing expresses the condition for involution of six points on a line:— 


1 

. » 
a + a 

aa 

A 1 

04 0' 

00' 

1 

7 + 7' 

yy 

Multiplying the determinant by 



a 2 

— a 

1 : 

0- 

-0 

1 , 

0 

y 

-7 

1 
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and then removing the factor (0 - 7 ) ( 7 ~ «) («~ *) irom both sides of the e q" fttio "* 
the value of A is easily expressed as follows: 

A S (a — /?) (0 - 7 ') (7 - a') + (o' - 0) {$' - 7 ) (V “ «)' 

This result may also be derived from the determinant of Ex. 13, whoso vanishing 
expresses the general homographic relation between two sets of four points. 

16. Expand the determinant 

x 0 0 0 <n 


- 1 


a: 


0 


0 - 1 


0 


0 -1 


0 


0 


r 


0 3 


02 


a 1 


<*o 


0 0 0 -1 
This is found to be identical with the quartic 

0 O* 1 + 0 i* 3 + 0 >x 2 + (t*x f <74 ; 


and it is easily seen that a polynomial of any degree can be expressed as a determi¬ 
nant of like form. 

17. Prove 


X 

01 

02 

03 

1 

a 

X 

hi 

h 

1 

a 

0 

X 

C\ 

1 

a 

0 

7 

X 

1 

a 

0 

7 

8 

1 


s (*-«) (r-0)(a--7) (r-5); 


02 , 03 , 4i, bi, a being any quantities. 

This follows hy subtracting a times the last column from the first, /3 times the 
last from the second, &c. The student will have no difficulty in writing down tho 
corresponding determinant of the (n + 1)** order which is equal to the polynomial 
f(x) whose roots are <* 1 , at, as ... a„. 

18. Resolve into factors the determinant 



(a- 

«7 

(0 - 

37 

(a - 7') 2 


A n 

(0- 

«7 

(3- 

0y 

(3-77 

• 


(7 “ 

«7 

(7- 

0V 

(7 - 7') 2 



a : 

a 

1 


1 

— 2a 

a' 3 

Here A = 

0 - 

0 

1 


1 

— 2/3' 

3'* 

% 

7 s 

y 

l 


1 


y' z 


and these two determinants may be resolved as in Ex. 9, Art. 132. 

\ 
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19. Resolve into factors the determinant 

(a - a'; 3 (a - 0) 3 

As| ($— a’) 3 (/3-/3') 3 

(7-«') 3 (7-0T 

Multiplying the two rectangular arrays 


(«- 7') 3 

(3- 7 ') s 

(7 - 7*) 3 


« 3 

a 2 

a 

1 


1 

- 3a’ 

3a 2 

- a' 3 ’ 


/3 3 

0 - 

& 

1 

■ ( 1 ), 

1 

- 3/3' 

3/8' 2 

- 0 3 

• ( 2 ), 

7 3 

7 2 

7 ' 

1 > 


1 

- 37 ' 

3 7 ' 2 

— 7 3 ; 



A becomes equal to the sum of four terms, from each of which we can take out as 
a factor the product of the two determinants 


1 

a 

a 2 


1 

a 

a’ 2 

1 

& 

0' 

9 

1 

0 

0 2 

l 

7 

7 ? 


1 

y 

7 2 


The remaining factor is 

3 {3a/3-y - 2/3 7 2a' + 2/3 V 2a - 3a'j8' 7 '}, 

which can be written also in the form 

3 {(a - a) (0 - 0) (y - y') + (a - 0) (0 - y) (y - a') + (a - y') (0 - a) (y - 0 ')}. 

- 4 20. Prove the expansion 

1 + at 1 1 1 

1 1 + a 2 1 1 

1 1 1 + « 3 1 

1 1 1 1 + <u 

This is easily proved by subtracting the first column from each of the others, 
and then expanding the determinant as a linear function of the constituents of the 
first column. It will be apparent from the nature of the proof that the value of 

the similar determinant of the n ,h orde r is . .. a n 11 4 2 — j. 


( 1111 

= rri«2<73«4 (1+-h-h-1-. 

( a i <72 «3 a\ 


21. Prove the relation 


where 


a 

X 

X 

X 

X 

$ 

X 

X 

X 

X 

7 

X 

X 

X 

X 

S 

/w 

s (* - 

a) (Z 

- £ 
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This can be derived-from the preceding example, or proved independently in a 
similar way. As in the last example, the determinant of this form of the >» f * degree 
can be similarly expressed. 

22. Each of the coefficients of any equation can be expressed in terms of the 
roots as the quotient of two determinants. 

The student can easily extend to any degree the following application to the 
equation of the third degree. 

From Ex. 10, Art. 132, we have 


X 3 

X* 

X 

i 

a 3 

o 

a- 

a 

i 

0 3 

0- 

& 

i 

T 3 

7 3 

7 

i 


= - (£- 7 ) (y~ a) (a-0) (jr-a) (x - 0) ( x-y). 


Expanding the determinant, this identity can be written 


a* 

a 

1 

1 


a 3 

a 

1 

• 


a 3 

a* 1 


a 3 

a 2 

a 

0 2 

0 

1 i 

X 3 - 

i8 3 

0 

1 

x 1 4 

0* 

0 Z 1 

X — 

0 3 

0 Z 

6 

T 

7 

1 


7 3 

7 

1 


7 3 

T 2 1 


r* 

7 2 

7 1 



a 1 

7 1 


from which the above proposition 
■equation whose roots are a, 0, y. 


follows; p 2 , pz being the coefficients of the 


23. Express as a determinant the reducing cubic of a biquadratic , 
ntmg down the equations -which result from the identity 


(*<** + + Ga 2 x 2 + Aazx 4 a t ) = (ax* 4 2 bx + c) (ax*42*'x 4 c ), 

assuming Go** ^ flc'4 ac - 2bb\ and substituting in the following identity 


a a 9 

0 


a 7 

a 

0 


2 aa' 

ab' 4 <Sb 

ac' 4 a c 

b V 

0 

X 

b' 

b 

0 

3 

ab' 4 ab 

2 bb’ 

be' 4 b'c 

e c 9 

0 


c 

c 

0 


a<f 4 a'c 

be' 4 b'c 

2 cc' 


■wc easily 6nd the equation 


«3 + 2rt 0 $l 


ff o «i a-i 4 2a<,$> 

a-i - a<,$ „ s 

as m 


= o, 


wHoh when expanded is fonnd to he identic with the standard redneing enhie. 
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*24. Find the condition that a biquadratic should be capable of being expressed 
as the sum of two fourth powers; and, expressing it in the form 

ax 4 4 4 bx 3 4 6 cx’ 4 4 dx + c = / (j- + 9) 1 + m (x 4 $>)*, 

find the quadratic whose roots are 6 and <p. 

From this identity we have the following equations : — 

I 4 m = a, ^ 

Id + m<p = b, J 

?0 2 +»/4> 2 = c, >, (1) 

10 3 H- m<f> 3 = d , 

Ifr 4 m<p l = e. 

Assuming x 4 fix + vx 2 = 0 as the equation whose roots are 6 and <f>, we easily 
obtain the three equations 

\a 4 fxb + vc = 0, 

\b 4 pc 4 yd = 0, 

\c 4 pd + ve = 0, 

from which we have at once the required condition J = 0; and from the first two, 
along with the assumed equation, we obtain the following quadratic whose roots 
are 6 and cf>: — 


1 


a 


•i 

2 '” 


= o, 


, b c d 

If it were required to express a cubic as the sum of two cubes, in the form 
l ( A . + e )3 + m (i- 4 - <p) 3 t the first four of the above equations ( 1 ) would lead to the 

same quadratic for 0 and <p. 

25. For the biquadratic 

A (x 4- a) 4 4 B (.r 4 B) x 4 C{z 4 y)* 4 I) (x 4 5)* = 0, 

prove 

Jf = 2AB [a - fi)\ 

I = 2 AB (a - B) 1 , 

J = 2 ABC (a - /3) 2 (a - y) 2 (B ~ 7) 2 - 

These expressions are true for a biquadratic written as the sum of any number 
of fourth powers. If it can be written as the sum of two only, J - 0, since only 
A and B remain; and if it reduces to one fourth power, If, I, J all vanish results 

already obtained by other methods. . ... 

26. Discuss the determinant of the fourth order, whose constituents (a- « ), 

(« - /3') 4 , &c. are arranged as in Ex. 19, p. 56 ; and if «, 0, y, *, «. B , 7 . « 
are the roots of two given biquadratic equations, show that the value in terms of 

the coefficients contains as a factor 

ae + a ' e _ 4 (M* 4 b'd) 4 6 cc . 

When the two biquadratics are identical this factor becomes 21. 
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27. Find the condition that the homogeneous quadratic function of three 
variables 

ax 2 + bp + cz- + 2/ye + 2 gzx + 2 lixy 

should he resolvable into two factors. 

Equating the given function to the product of the factors 

(<cr + /3y + 72 ) («'* + / 8 'y 4- yz), 

we readily find 


a 0' 0 


a a 0 


a h g 

/3 0' 0 


0 0 

= 8 

h b f 

7 7' 0 


y y 0 


9 / « 


hence the required condition is that the determinant last written should vanish. 

28. Show that the most general values of x, y, to which satisfy the two 
homogeneous equations 

ox 4 - by + cz 4 - die = 0, (dx 4- b'y 4 - c'z 4 d'w = 0 
may be expressed symmetrically in terms of two indeterminntes A', I' in the fonn 

{ ab ') [ad) (ad 1 ) x = aX 4- «' F, 

(6a-) (bd) (W) y = bX 4- bY' , &c. 

This can be proved by joining to the two given equations the two following:— 

a 2 b 2 e 2 (P a 2 b 2 d 2 d 2 

? x + f » + -.* + ? «-=A, n * + Ty + _ l+ _„, = fl , 

where A, p are indeterminate quantities; by then solving for x, y, c, u-, as in 
Art. 144, and. reducing the determinants ns in Ex. 12, p. 54 ; and finally making 
A = nb'ddK, T = abedp. 

29. If in any determinant r columns (or rows) become identical when x = a, 
then [x — a)**- 1 is a factor in the determinant. 

This appears easily by subtracting in the given determinant one of the r columns 
from each of the others. The resulting r — 1 columns must each contain x — a as 
a factor, since by hypothesis each constituent in it vanishes when x = a. 

30. Find the value of the determinant of the order 



x a a . a 
a x a . a 
a a x . a 


(i . a a , x 


whose leading conatituenta are all equal io x, and the 
equal to a. 


remaining constituents all 
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By the preceding example A must contain (x — n)'» -1 as a factor ; and by a iding 
all the columns we see that it must also contain 2 + (n - 1) a as a factor. Hence A 
can differ by a numerical factor only from the product of these; and by comparing 
the product with the leading term we find 

A = (x — fl)" -1 {x + (« — 1) «}. 

This result can readily be proved directly without the aid of Ex. 29. 

31. The determinant 

! M a ) /-(«) /»(«) 

I /.os) /m fm . 

My) My) My) 

in which /j, /a, fs are any rational integral functions, contains the difference- 
pi oduct (£ — 7 ) (7 — a) (a — /3) as a factor. 

This appears readily by reasoning similar to that of Ex. 29. Determinants ol 
this nature, in which the constitutents of any column (or row) are functions of the 
same form, and the constitutents of any row (or column) involve the same quantity, 
are called alternants. It is clear that the result is general, and that the alternant 
of any order contains as a factor the difference-product of all the quantities involved. 
The determinants of Exs. 9, 10, Art. 132, and Exs. 11, 12, Art. 140, are alternants 
of the simplest form. 

32. Express in the form of a determinant the quotient of the alternant in the 

preceding example by the difference-product. 

Assuming, to fix the ideas, that the functions involved are each of the fifth 
degree (which will include lower degrees by making some coefficients vanish), we 
may write 

J\(a) 22 «ia 5 + ^ia‘ + £i « 3 + d\a 2 + c i a +/i> 

/■•(a) s «>a 5 + bia* + c 2 a? -f did 1 + c 2 a + fi, 

fs(a) s a 3 a 5 + ha* + cjo 3 + d 3 a 2 + c-ja + /j. 

Now taking a, jQ, 7 to be the roots of the equation 

x 3 4- px 1 + qx + f as 0, 

and forming the product of the following determinants:— 


a 5 

a 1 

a 3 

•» 

a* 

a 

1 


d\ 

*1 

C\ 

d\ 

e\ 

fi 

P 

J8* 

/3 3 


J8 

1 


a z 

b> 

C 2 

di 

e> 

h 

7 5 

yl 

7* 

7 2 

7 

1 


as 

b 3 

Cs 

d 3 

es 

A 

0 

0 

1 

0 

0 

0 

f 

0 

0 

1 

P 

1 

r 

0 

1 

0 

0 

0 

0 


0 

1 

p 


r 

U 

1 

0 

0 

0 

0 

0 


! 1 

p 

<1 

»• 

0 

0 


it readily appears that the determinant last written is the required quotient. 

A similar method may be used to form the quotient when the alternant is of any 
order, and/ 1 ,/ 2 ,/ 3 , &c. rational integral functions of any degrees. 



61 


Miscellaneous Examples. 

33. Resolve the following determinant into linear factors : — 


(l\ 

\ 

07 

03 

o* 

05 

05 

o\ 

02 

03 

Oi 

o\ 

05 

'rtj 

V. 

02 

03 

03 

Oi 

05 

o\ 

V 

O'i 

<*2 

03 

Oi 

05 

" o\ 


In all the rows the constituents are the same five quantities taken in circular 
order, a different one standing first in each row. A determinant of this kind is 
called a circulant. It is convenient to write a circulant in the form here given, 
viz., such that the same constituent occupies the diagonal place throughout, J-'.t*.rn *U 

Taking 0 to be any root of the equation — 1 = 0, and adding to the first column lK AU )‘‘ '*•*■** 

the sum of the constituents of the remaining columns multiplied by 0, 0 2 , 0 3 , 0‘, 
respectively, we observe that the following are factors of the determinant: — 




+ a\ + o it 

•MAH 

«1 + 0(72 + 0 ! <73 + 0 S rt 4 + 0‘<7 5 , 
rtl + 0 2 d2 + 0*(73 ■+ Odi + 0 3 <7j, 

(t\ + 0 3 «2 + 0(73 + 0*(7j + 0 2 a S , 
n\ + 0‘(I2 + 0 3 <7j + 0 3 fl, + 0( 7 4 , 

the five roots of * 5 - 1 = 0 being 1, 0 , 9\ 0 3 , 0 »; and comparing the coefficient of 
ai 'i" both expressions it appears that the numerical factor is unity (cf. Ex. 13, 
Art. 140). A circulaut of any order can be treated in a similar manner. 

34. The product of two circulants of the same order is a circulant. 4 ** 4 * 

35. Calculate the determinant of the n ,h order 

<r». l>„ 0 0 0 

— 1 <7„-i i„-i 0 0 

A, ‘ = 0 “ 1 b n .2 0 . , 

0 0—1 i„. 3 . 


1 

in which all the constituents are zero except those which lie in the diagonal and in 

lines adjacent to it on either side and parallel to it, one of these latter sets consisting 
of constituents each equal to - 1. 

. in . ten ” 8 of llle flrst W the following relation connect- 

.ng th« e detenmnanta of the kind here considered svhoae ordere are n - 1 


An — + inAn-2. 
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By aid of this equation the calculation of any determinant is reduced to that of 
the two next inferior to it in the series A,„ A„_i, A„-2, . . . A2, Ai; and the values 
of Ai and A 2 are plainly a\ and a>a i + b-i, respectively. 

Dividing the equation just given by A„-i we have 

A ii b,i 

-— ; 

An-1 An-l 

A ii-2 


replacing by a similar value the quotient of A„-i by A„-z, and continuing the pro¬ 
cess, it appears that the quotient of any determinant by the one next below it in 
the series can he expressed as a continued fraction in terms of the given consti¬ 
tuents. On account of this property determinants of the form here treated are 
called continuants. When each of the constituents b,„ b„_ i, . . . £ 3 , bz (in the line 
above the diagonal) is equal to + 1 the resulting determinant is a simple continuant. 

36. Calculate the determinant of the n lh order 



a 1 0 0 0 

3 a 10 0 

0 3 a 1 0 

0 0 3 « 1 




} 


whose only constituents which do not vanish are a, 3, 1, occupying the diagonal 
and the lines adjacent and parallel to it as here represented. 

The calculation is readily effected for any particular value of n, in a manner 
similar to that of the last example, by aid of the equation 


A„ = aA„.i - 3A..-2, 


the values of Ai and A 2 being a and a* - 3, respectively. 

By examining the formation of the successive values of A, the student will 

readily observe that the terms contained in the result are 

a-^0, a 2r '*3 l > • • • « 2 0 r ''> ^ r > 

when n is even and of the form 2 r ; and 

a 2r * 1 , a 2r -'3i a- r * 3 3 2 , • • . a 3 3 r l , <*0 r . 


when n is odd and of the form 2r + 1. , 

For the purposes of a subsequent investigation, in which the results just stated 

will be made use of, it is not necessary to know the general forms of the numerical 

coefficients- which enter into these expressions; but such forms can be arrived at 

without difficulty, and the following g eneral expression obtained for A,,: — 
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37. When a polynomial TJ is divided by another TJ' of lower dimensio ns, tho 
coefficients of the quotient, and of the remainder, can be expressed as determinants 
in terms of the coefficients of TJ and TJ'. 

The method employed in the following particular case is equally applicable in 
general. Let TJ be of the fifth, and TJ' of the third degree ; the quotient and 
remainder can then be represented as follows:— 

Q = qax 1 + q\x + ? 2 , R = Vox 1 + r\X + r 2 . 

Also, let 

U s dor 5 + a t x* + a >x* + aye- + a t x + a if TJ' ^ fi \>£ 3 + a'\x' 1 + aJ >x + aJ\\. 


From the identity TJ = QTJ' + R 

we have the following equations:— 

do — qoa'o, 

d| = qoa'\ + qia'o, 

«2 = flop's + Jid'i + qza'o, 

d 3 = qoa'i + qia'2 + qza'i + >o» 

di = qrfs + qia\ + n, 

di = tf 2 a '3 + n. 

Solving by Art. 144, j 0 , qi, q 2 are expressed as determinants by means of the 
first three of these equations; and taking the first three with each of the others in 
succession, we determine r 0 , »i, r 2 . For example, to find r© wo have, from the first 
four equations, 


<*0 

0 

0 



(l 'o 

0 

0 

*0 

a'\ 

<*0 

0 

- ax 

= 0, or a oVo = 

<l'\ 

fl'o 

0 

<1\ 

a'l 

a l 

d'o 

— a* 

a\ 

«'i 

d'o 

• 


n\ 

n'\ 

- + r 0 


a* 

a'-j 

a i 

a 3 


38. Find the general forms of the coefficients of tho quotient, and of tho re¬ 
mainder, when a polynomial of even degree 2 in is divided by a quadratic. 

Taking x 1 + ax + p as the given quadratic function, we have the identity 

* s 2 "’ 1 + ***** + • • • + + d 2m .ja: + „ 2>n 

S (q 0 x m 2 + + . . • + ?2m-3£ + q 2 m- 2 ) (* 2 + <UT +/3)+ »•©£ +Jq. 

Writing down the first r + 1 equations, formed as in the preceding example, to 
solve for q 0y ?i, ?i, ... q r , it is easily seen that the value of q r thence derived is 
a determinant.of the r<» order of the form treated in Ex. 36, bordered at tho top 
with the constituents 1, 0, ... 0, a„, and at the right-hand side with <*, 

Expanding flu. determinant in terms of the last column, it is immediately seen that 
anyquotientis expressed by means of a series of the determinants of Ex. 36 in the 

q r -a r - « r -i Ai + a r . 2 As - &c... . T a\ A r -i + A r ; 
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the upper or lower sign to be used according as »• is even or odd. To obtain the 
coefficients of the remainder we have the equations 

Bqzm-z + aq-zm-z + r 0 = asm-i» 


BqZm-Z + r 1 = Il'Zm- 

Expressing the values of qz m - 3 , qt m -z by the formula just proved, and attending 
to the results of Ex. 3G, we derive the following general forms for r 0 and n :— 

»‘0 = Azm-\ + Azm-zB + Alm-bBi 1 + • • • + AzB m ~' + AlB" l ~ l t 

>‘l = (tzm + Bim-lB + Bzm-xB' + • • • + BzB m ~ x + BoB m , 


in which the coefficients A , -Bare all functions of a, the highest power of a in any 
coefficient A or B being represented by the suffix attached to the coefficient. 

39. If the le ading constituent s of a symmetric determinant be all increased b^ 
the same quantity x, the equation in x obtained by equating to zero the determinant 
so formed has all its roots real . 

Let the determinant of the u th order under consideration be denoted by A,„ and 
written in the form 

a + x h y - I 



h b -t x / 

<J f * + * 


Let the determinant obtained from this by erasing the first row and first column, 
i.e. the leading first minor of A,., be denoted by An-i ; again, the leading first minor 
of A. 1-1 by A„- 2 ; and so on, the last function Ai obtained in this way being of the 
form l + x. To these we add the positive constant A 0 = 1, which may be regarded 
as completing the series of minors and obtained by the same process, since A„ is not 
altered by affixing a last row and a last column consisting entirely of zero-elements, 
with the exception of the constituent + 1 in the leading diagonal. We have now 
a series of n + 1 functions— 


in, 


. • • A2, Alt Aoi 


whose degrees in x are represented by the suffixes, When + qo is substituted for x 
the signs are all positive, and when - oo is substituted the signs (beginning with 
A 0 ) are alternately positive and negative. Hence if x be regarded as increasing 
continuously, m changes of sign must be lost in this series during the passage 
from - oo to + oc . Now it appears by the theorem of Art. 149, that a value of x 
which causes any function (excluding An, Ao> in this series to vanish gives opposite 
signs to the functions adjacent to it on either side. Ao retains its sign throughout. 
It follows, exactly as in (2), Art. 96, that a change of sign can never be lost except 
when * passes through a real root of An = 0. There must, therefore, exist » real 
roots of this equation in order that » changes may be lost during the passage of * 

from — co to + co • 
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Any equation in tho series, being of the same form as A n = 0, has all its roots 
real. It is plain also that each of these equations is a limiting equation (sco Art. 90} 
with reference to the equation next above it in tho series ; since, in order that a 
change of sign may be lost between A n and A„.i at the passage through each of 
two consecutive roots of the former, the value of A„-i must chango sign between 
these two values of x. The equation A n = 0 may have equal roots, and by what 
has been just proved it appears that, when this equation has r roots equal to a, the 
equation A„.i = 0 has r - 1 roots equal to a, the equation A,,.? = 0 has r - 2 roots 
equal to a, and so on. 

The determinant here discussed occurs in several investigations in puro and 
applied mathematics. The proof here given of the important property under dis¬ 
cussion is taken from Salmon’s Higher Algebra (Art. 46), to which work tho 
student is referred for other proofs of the same theorem. 

40. If the determinant of the preceding example have r roots equal to a; prove 
that every first minor has r - 1 roots equal to a ; every second minor r~ 2 roots 
equal to a, and so on. 

Employing the notation A, H, G, . . . for the elements of tho reciprocal deter¬ 
minant, we have the equation 

AB~ H i = Au-2 A„. 

» 

Now it is easily seen by proper transpositions of rows and columns that every 
leading first minor contains tho multiple root r - 1 times. It follows from tho 
equation just written that the minor H must contain this root r - 1 times ; an <i s 
may be taken to represent any first minor. 

41. Find the conditions that the equation 

a + X h g 

h b+x f =0 

9 f e + x 

should have equal roots. 

Since each tot minor mnst contain the double root, wo readily derive the 
required conditions in tho following form :— 



of S’ the p Pr “' din f are ‘“’“a fr °“ Dynamics of a System 

oj Migtd Modus, Part xi., Art. 61.] 

S 2 ' Any determinant can be altered so as to have any selected 

clZlrT Zer °’ thG determinant training symmetrical. 

^Consider, for example, tho determinant obtained by putting * = o in the nre 

oedrng example, and suppose it is required to remove thVconstftuent y Multil- 
VOL. II» ti r 
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each constituent of the third column by a (dividing the whole determinant by a at 
the same time), and subtract from the constituents so altered those of the first 
column multiplied by g. Treat now the two corresponding rows in the same 'way; 
the resulting determinant is symmetrical, and in it g is replaced by zero. This 
process may he applied to a determinant of any order, to remove in succession all 
the conjugate constituents of the first row and column, and afterwards of the 
remaining rows and columns, so as to reduce the determinant finally to one, all of 
whose constituents vanish except those in the leading diagonal. 

43. Reduce the following determinant, of any order, to a form in which x will 
appear in the leading constituents only : — 

aix -f- «'i b\x -f b'i cix + c'i 

I 

tt*lX + a 2 biX + b'2 CzX + C 2 

a 3 x + a' 3 b 3 x + V 3 c 3 x + c' 3 


Multiply by the determinant reciprocal to (a\bzc 3 . . . l„). If the given deter¬ 
minant is symmetrical, the determinant derived from it in this way will not be 
symmetrical ; but a different process may be used to reduce it in that case to 
a symmetrical determinant which will have x present in the leading constituents 
only, viz. by removing the coefficients of x from all pairs of conjugate constituents 
in succession by a process exactly analogous to that of the preceding example. If 
the coefficients of * in the leading constituents of the reduced determinant should 
all have the same sign, it may be proved, just as in Ex. 39, that the corresponding 
equation will have all its roots real. 

44. Let a determinant of the order be divided into two rectangular arrays, 
one containing M rows, and the other v rows (where n + v = «), and let sums of 
products be formed by operating with one array on the other as in the multipli¬ 
cation of determinants ; if then such relations exist among the constituents that 
all these sums of products separately vanish, the determinants of order M formed 
from the first array arc proportional to determinants of order v formed from the 

complementary constituents of the second. 

To fix the ideas, we take a determinant of the fifth order, but the mode of proof 

is perfectly general. Let the determinant 


(l\ 

«2 



<*5 

bi 

bz 

*3 

bi 


Cl 

C2 

Ci 

Cl 

Ct 

Xl 

X2 


Xl 


y\ 

y* 


!/* 

y> 
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be split horizontally into two arrays, one of three, and the other of two rows ; and 
let the following six relations exist:— 

2fli3T) = 0, = 0, 2Mi = 0, 2&iyi = 0, 2<?i:ri = 0, 2ciyi = 0. 

If now A be expanded by Laplace’s theorem, and the minor determinants so taken 
(as can readily be done) that the expansion is written with all positive signs, c. g. 
in the form:— 

A s (aiMa) (*4!/s) + («iM0 (**y») + («iMi) (* 5 ^/ 3 ) + (fliMs) (* 3 ^ 4 ) + &c. f 

it is proposed to prove that each minor determinant of the third order formed from 
the first array is proportional to its factor in the expansion of A so written. 

We use for convenience the following notation for the expansion last written— 

A = LL' + MM' 4 MM’ +PP+ &c. 

Squaring the determinant A, making use of the above relations, replacing by their 
values the determinants obtained by squaring separately each of tho component 
arrays, and equating the two values of A 2 thus obtained, wo have 

{LU H MM' + MM' + &c-) 2 = (X 2 + M 2 + M 2 + &c.. .){L ' 2 + M ' 2 + M ' 2 + &c _), 

whence 

{LM' - I'M ) 2 + (LM' - I'M ) 2 + (MM'- M'M ) 2 + & c _= 0, 

from which we have at once 

L_ _ M _ M _ P 
L' ~ M' ~ ~N‘ ~ p = &C ' 

46. Write down the relations which exist among the minors of the second order 
formed from a determinant of tho fourth order divided equally into two rectangular 
arrays in the manner of the last example, like conditions being fulfilled. 

We take the general determinant of the fourth order 


«I 


Cl 

di 

art 

h 

C2 

di 

a-s 

b* 

C3 

dz 

a i 

bi 

Ci 

di 


and fat expand it by Laplaee’s theorem. As the expansion of sueh « determinant 

(*.<•2) MO + (ci<2 2 ) (MO + («!*) (adi) 

+ (M2) (Mi) + (M2) (<*a 4 ) + {aibi y 


F 2 
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By the preceding example, we have at once the relations 


(Aifj) _ (oM _ (<M?) _ (^1^2) _ (M2) 

(<Mi) (Mt) (Mi) (Mi) (f 3 fli) (Mi)’ 


provided the following four equations hold : — 

2rti«3 = 0, Sfliffi = 0, 5fl , 2fl , 3 = 0> 2«2 <ti = 0. 

What is here proved has an important application in geometry of three dimen¬ 
sions with reference to the six coordinates of a right line. (See Salmon’s Analytic 
Geometry of Three Dimensions, 4th ed., Art. 57 b.) 

It may he remarked here that it will he found convenient to write uniformly 
with positive signs the expansion of a determinant of the third order, which occurs 
so often in practical questions. Taking, for example, the determinant obtained by 
erasing the last row and last column of A, we write its expansion as follows, the 
three letters being taken in circular order :— 


(fllMa) s ai (M 3 ) + (f2«s) + (Ms). 

46. Derive the equations (3) of Art. 145, for obtaining the ratios of n variables 
from n - 1 linear homogeneous equations, from the proposition of Ex. 44. 

47. Express by determinants the values of the unknown quantities derived 
from a set of given linear equations by the Method of Least Squares. 

The given equations, which are greater in number than the unknown quantities, 
are supposed to have been obtained as the result of observation or experiment; and 
the numerical coefficients which enter into them, being consequently liable to 
errors of observation, arc not known with certainty. In such cases the most 
reliable values of the unknown quantities are obtained in the manner about to be 
explained by what is called the “method of least squares.” Take, for example, 
live equations of the form a x x + bvj+ e x z = »M, " 2 * + hy + e* - m 2 , &c., between 
three unknown quantities x, y, .. Multiply them respectively by «» * 2 , M 
and add ; again by b lt ft* M M K and add ; and again by ft, *, ft, ft, and 
add. In this way the following three equations are obtained 

x2«i 2 + y2Mi + z2fli^i = 2<n»»i, 

x2«ifi + y2 hr + *2Ml = 2 b x ni\, 
x2aid + y2Mi + 22ci 2 = 2n»»i ; 


from which we have without difficulty 

f»i.M 3 )+ (*iMi)(™iMi) 

X ~ (ajMa) 2 + (rtiMi) 2 +-+ (Wto) 

with corresponding values for y and :, each of these values containing ten terms in 

in * “ iroo which 

result from the elimination. 



CHAPTER XIV. 


ELIMINATION. 

150. Definitions.— Being given a system of n equations, 
homogeneous between n variables, or non-homogeneous between 
n - 1 variables, if we combine these equations in such a manner 
as to eliminate the variables, and obtain an equation R = 0 
containing only the coefficients of the equations, the quantity 
R is, when expressed in a rational and integral form, called the 
Resultant or Elim inant. 

In what follows we shall be concerned chiefly with two 
equations involving one unknown quantity x only. In this 
case the equation R = 0 asserts that the two equations are con¬ 
sistent; that is, they are both satisfied by a common value 
oi x. We now proceed to show how the elimination may 
be performed so as to obtain the quantity R y illustrating the 
different methods by simple examples. It is proper to observe 
that the value of R arrived at by some processes of elimination 
may contain a redundant factor . The method of elimination 
by symmetric functions leads to a value of R free from any 
such factor; and we refer, therefore, to the conclusion of the 

disoussion in the next Article for the precise definition of the 
Resultant. 

Let it be required to eliminate x between the equations 
ax 1 + 2 bx + c = 0, a'x 1 + 2 b'x + c' = 0. 

Solving these equations, and equating the values of * so 
obtained, the result of elimination appears in the irrational form 

_ 6 >/6 r - ac _ V yV'-a'c' 

a a a ' + o' 
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Multiplying by aa we obtain 

ah' - ab = a *y b' 2 - ac - a' */b 2 - ac. 

Squaring both sides, and dividing by the redundant factor 
a and then squaring again, we find 

R = 4 {ac - b 2 ) (ac - b' 2 ) - (ac' + ac - 2 bb') 2 . •>'<-, 

This method of forming the resultant is very limited in 
application, as it is not, in general, possible to express by an 
algebraic formula a root of an equation higher than the fourth 
degree. Other methods have consequently been devised for 
determining the resultant without first solving the equations. 
We now proceed to explain the method of elimination by sym¬ 
metric functions of the roots of the equations. 

151. Elimination l>y Symmetric Functions.—Let two 
algebraic equations of the m th and n th degrees be 

(p (x) = + a l x n, ~ l + a 2 x ’ n + . .. + a m = 0, 

\f, (x) = box’* + b x x"~ l + biX 3 '" 2 + .. . + b H = 0 ; 

and let it be required to find the condition that these equations 
should have a common root. For this purpose let the roots of 
the equation (p(x) = 0 be a ls a 2 , . . . a,„. If the given equations 
have a common root it is necessary and sufficient that one of the 
quantities 

(ai), xp (a 2 ), • • • > ^ ( a »i) 

should be zero, or, in other words, that the product 

xf (ai) xf (a 2 ) Xp (a 3 ) . • • Xp (a m ) 

should vanish. If, now, we transform this product into a 
rational and integral function of the coefficients, which is 
always possible as it is a symmetric function of the roots of the 
equation 0 (x) = 0, we shall have the resultant required. 
Further, if (3 lf /3 2 , ... /3„ be the roots of the equation xp (x) = 0, 

we have 0 . 

Xp (<*i) = bo (fu — j3l) (ai “ Ps) • • • [ a X ~ P«j» 

xp (a 2 ) = bo (a 2 - /3i) (a 2 - 0a) • • • (°2 ~ 

. 

xp(a m ) = bo 3i) (a m - 0a) • • • ( a »>~ 0»)* 
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If we change the signs of the m n factors, and multiply these 
equations, taking together the factors which are situated in the 
same column, we find 

a 0 n \p(ai)\p(a 2 ) • . • t£(a m ) = bo m< \> (/3i) </> (fa) • • • 0 (/W* 

We may therefore take 

72= (-l) mn bc m <^>(/3i) <f(fa) ... <#>(/3«)=«o"^(ai)^(a 2 ) ... ^(«J,(1) 

for both these values of R are integral functions of the coef¬ 
ficients of (f>(x) and which vanish only when iji(x) and 

\p (*) have a common factor, and which become identical when 
they are expressed in terms of the coefficients. 

152. Properties of the Resultant.—( 1 ). The order of 
the resultant of two equations in the coefficients is equal to the sum 
of the degrees of the equations , the coefficients of the first equation 
entering R in the degree of the second, and the coefficients of the 
second entering in the degree of the first. 

This appears by reviewing the two forms of R in (1), 
Art. 151; for in the first form a 0 , nr,, . . . a m enter in the n tK 
degree, and in the second form b 0 , b x ... b H enter in the m tk 
degree. Also it may be seen that two terms, one selected from 
each form, are (- l) m ” bj n a m u and a 0 n b n m . 

(2) . If the roots of both equations be multiplied by the same 
quantity p, the resultant is multiplied by p mH . 

This is evident, since any one of the m n factors of the form 
a p - fa becomes p(a p - fa), and therefore p mn divides the resul¬ 
tant. From this we may conclude that the weight of the resultant 
is tnn , in which form this proposition is often stated. 

(3) . If the roofs of both equations be increased by the same 
quantity, the resultant of the equations so transformed is equal to. 
the resultant of the original equations. 

For we have 

± R = a 0 "b 0 m n (o p - fa), 

where n signifies the continued product of the tnn terms of the 

form a p -fa; and this is unaltered when a p and fa receive the 
same increment. 
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(4). If the roots he changed into their reciprocals , the value of 

R obtained from the transformed equations remains unaltered, except 
in sign when mn is an odd number. 

Making this transformation in 


we have 
R' 

but 


R = a 0 n b 0 »> n (a p - ft), 


a n h m 


(-i) 


mn 


n (ap - p 9 ) 


( a »«2 • • • (ftft ... /3„) m ’ 


= (- 1)’" /3,/3; 1)” p ; 

a o 


substituting, we obtain 


R' = *•" J." (- 1 )"" n (a p - p 9 ) = (- 1)"» 7?. 

From this it follows that iu the resultant of two equations 
the coefficients with complementary suffixes of both equations, 
e.g. a 0 , a„,; a 1} a„,_ h &c., may be all interchanged without alter¬ 
ing the value of the resultant. 

(5). If both equations he transformed bg homographic transfor¬ 
mation , that is, bg substituting for x 

A.r + /x 

and each simple factor multiplied bg X'.v + //, to render the new 
equations integral; then the new resultant R'= (A// - \'fi) mn R. 

To prove this, we have 


0 CO — (l ®u) ip' a -) • . • ( ; ^ ®»i)» 

*// (x) = b 0 {x - / 3 ,) (x - fa) .. . (x - p „); 

also 

x - a r becomes (A - A'a, ) (x - ^ 

X - /3r „ (A - A'/3,) (x - 

Multiplying together all the factors of each equation, 
a 0 becomes a 0 (A - A'a,) (A - A'a.) ... (A - A'a,„), 

b 0 „ K (A - A'/3i) (A - A'/3 2 )... (A - A'/3 lf ). 
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Also, since a r , fi r are transformed into 


far - fjL ffir ~ M 

A - XV X - X'jfr 9 


whence 


a r - fir becomes 


(Xf - A» (flr ~ fir) . 

(A - A'« r ) (A - A'/3 r ) ’ 


ffi/V n (a r - fir) becomes a 0 n b 0 m (Xf - X'/i) mn II (a r - fi r ), 


that is, the resultant calculated from the now forms of <p (ar) and 
\p(x) is 

(Xfi'-X'f m "Il. 

This proposition includes the three foregoing; and they are 
oollectively equivalent to the present proposition. 


153. Euler’s Method of Elimination. —When two 
equations <p (#) = 0, and \p (#) = 0, of the m th and n 1h degrees 
respectively, have any common root 0, we may assume 

<P (*) = (a; — 0) 0! (x), 

\p(x) « [x - 6) \Pi(x), 

where 

(pi (.r) 3 pitf"-' + p 2 x m ~* + . . . + p m 
\pi(x) b + q 2 x"~ 2 + . . . + q ni 

the ooeffioients being undetermined quantities depending on 0. 
Whence we have 

<p(x) xpfx) q \p(x) falx), 

an identical equation of the (m + n -1 )» degree. Now, equating 
the coefficients of the different powers of x on both sides of the 
equation, we have m + n homogeneous equations of the first 
degree in the m + n quantities p 2t . . . p m q lf q it . . . q ni and 

eliminating these quantities by the method of Art. 145, we 

obtain the resultant of the two given equations in the form of 
a determinant. 
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Suppose the two equatious 

ax- + bx + c = 0, ni x 2 + x + ci = 0 
to have a common root. We have identically 

{q\X+ q 2 ) ( ax 2 + bx + c) = (p\X + p t ) (aix 2 + b\X+ Ci), 
or ( q\a - p\ «i) x 3 + (q\b + q 2 a - p\b\ — pi flj) x 2 

+ {qic + qib -pi ci-pi bi) x + qiC-pz C\ = 0. 

Equating to zero all the coefficients of this equation, we have tho four homo¬ 
geneous equations 

q\a — p\a\ =0, 

q\b + qia - p\b\ - pi a\ = 0, 
q\C + qib — p\c\ — pi bi = 0, 
qic - pi ci = 0 ; 

and eliminating pi, pi, q\, qi, we obtain the condition for a common root in the 
form 

a 0 a\ 0 

b a bi ai 

= 0. 

c b Ci bi 

0 c 0 ci 

The student can easily verify that this result is the same as that of Art. 150. 

154. Sylvester’s Dialytic Method of Elimination.— 

This method leads to the same determinants for resultants as 
the method of Euler just explained; but it has an advantage 
over Euler’s method in point of generality, since it can often be 
applied to form the resultant of equations involving several 

variables. 

Suppose we require the resultant of the two equations 
$ (x) = a<tf n + aiX m ~ x + a 2 x m ~ 2 + . . . + a m = 0, 
xP (x) = b 0 x?' + M”' 1 + b 2 x Jl - 2 + . . . + b n = 0, 
we multiply the first by the successive powers of *, 

*"" 1 , ar”- 2 , ... a* 2 , z° 5 

and the second by x" 1 ' 1 , x m ... x , x, x , 

thus obtaining in + n equations, the highest power of * being 
m + n - 1. We have, consequently, equations enough from 

which to eliminate 

'C m+n-1 , a: 

considered as distinct variables. 
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Examples. 

1. Find the resultant R of two quadratic equations 

ax 2 + bx + e = 0, a\x 2 + Ai* + a = 0. 


We have ax 3 + bx 2 + cx =0, 

ax 2 + bx + c = 0, 
a\x 3 + ija: 2 + eiz = 0, 
flUE 2 + b\x + c\ = 0; 


from which, eliminating x 3 , x 2 , x, we get the same determinant as in the preceding 
Article, columns now replacing rows: 

a b e 0 

0 a b e 

R = 

a i b\ c\ 0 

0 <71 b\ a 

2 . Form the resultant of the two equations 

U = a 0 + a\x + a-ix 2 + a^x 3 + aix K = 0, 

F e + b\x + biX 1 + box 3 = 0 . 

Proceeding as before, we easily find 

do «1 rtj <13 ax 0 0 

0 rt 0 «1 (12 «3 0 

0 0 (To (Tj TT3 (?4 

i? == bo bi b 2 b 3 0 0 0 

0 bo b\ bi bo 0 0 

0 0 bo bi bo bo 0 

0 0 0 io Js bo 

It will be observed that R contains the coefficients of V in the 3rd dogreo, and 
those of Fin the 4th degree ; also ao 3 ^ 4 is a term in R (see (1), Art. 152). 

155. Bezont’s Method of Elimination.— The general 
method will be most easily understood by applying it in the 
first instance to particular cases. We proceed to this applica¬ 
tion—(1) when the equations are of the same degree, and 
(2) when they are of different degrees. 

(1). Let us take the two cubio equations 

ax>+b*' + cx + d = 0, aiz* + bix i + c l x + d l = 0. 
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Multiplying these two equations successively by 


* 

^,a\x + b x 

* 

a\x 2 + b x x + Ci 


and a . 

j ' 

„ ax + bj 

„ ax 2 + frr + c, 


and subtracting each time the products so formed, we find the 
three following equations : — 

K-a-ji.-oJ (ab x )x 2 + (aci) x + (adi) = 0, 

(nrc,) x 2 + {(tftf,) + (bc x )\x + (bdi) = 0, 

(ad^ x 2 + (bdi) x + (cdi) = 0. 

By eliminating from these equations x 2 , x y as distinct 
variables, the resultant is obtained in the form of a symmetrical 
determinant as follows 


(abi) (acx) 

(aci) (adi) + (bci) 
(adi) (Mi) 


(adr) 

(bdi) 

(cdi) 


To render t he law of formation of the resultant more ap¬ 
parent, the following mode of procedure is given. 

Let the two equations bo biquadratics, as follows:— 

ax 4 + bx 3 + ex' 1 + dx + c = 0, a X x* + b x x 3 + c x x 2 + d x x + e x = 0 ; 


whence, following Cauchy's mode of presenting Bezout’s method, 
we have the system of equations 

a bx 3 + e x 2 + dx + c 
a x ~ biX* + c x x 3 + d X x + ei 

ax + b ex 2 + dx + e 
a x x + hi c x x 2 +d x x + ei 

ax 2 + bx + c _ dx + e 
a x x* + b x x+ c x d x x + ei 

ax 3 + bx 2 + cx + d £ 
a x x 3 + b x x 2 + c x x + d x ei 
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which, when rendered integral, lead, on the elimination of 
2 : s , x *, x , to the following form for the resultant:— 

(abi) (ac x ) (adi) (aci) 

(ac i) (fff/i) + () (rt^i) + (bdi) (bei) 

{ad}) (aei) + (bdi) (bei) + (cdi) (cC}) 

(aei) (bei) (<* i) (*0 

If, now, we consider the two symmetrical determinants 

(tf&i) (aci) (adi) (ac x ) 

(aci) (adi) (ae x ) (bei) (bc x ) (bd x ) 

(adi) (aei) (bei) (cei) ’ (bdi) (cdi) 

(aei) (bei) (cei) (dei) 

the formation of which is at once apparent, we observe that It 
is obtained by adding the constituents of the second to the four 
central constituents of the first. 

Similarly, in the case of the two equations of the fifth degree 

ax’ + bx 4 + cx 3 + dx 1 + ex + / = 0, 
a#* + b x x l + Ci£ 3 + d}i r* + e x x +fi = 0, 

the resultant is obtained from the three following determi¬ 
nants :— 

(a&i) (<7Cj) (adi) (aei) (afi) 

(aci) (adi) (aei) (afi) (bfi) (bei) (bdi) (bei) 

(adi) (aei) (aj ,) (bfi) (efi) , (bdi) (bei) (cei) , (cdi), 

M (VO (VO (VO (dfi) (bei) (cei) (dei) \ 

(VO (VO (VO (VO (VO 

by adding the constituents of the second to the nine central 
constituents of the first, and then adding the third to the central 
constituent of the determinant so formed. The student will 
have no difficulty in applying a similar process of superposition 
to the formation of the determinant in general. 
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(2.) We take now the case of two equations of different 
dimensions, for example, 

ax 1 + bx 3 + cx 2 + dx+ e = 0, a x x 2 + b x x + c x = 0. 

Multiplying these equations successively by 

a x and ax*, 

a x x + b x „ (ax + b) or, 

and subtracting each time the products so formed, we find the 
two following equations :— 

(ab x ) x 3 + ( ac x ) x 2 - da x x - ea x = 0, 

(ac x ) x 3 + {(^Ci) -da x ) x 2 - {</&! + ca x \x - cb x = 0. 

If, now, we join to these the two equations 

a x x 3 + b x xr + c x x = 0, 

a x x 2 + b x x + Ci =0, 

we shall have four equations by means of which x 3 , x 2 , x can be 
eliminated; whence we obtain the resultant in the form of a 
determinant as follows :— 

(ab x ) (ac x ) da x ea x 

(ac x ) (bc x ) - da x db x + ea x eb x 

a x b x -c x 0 

0 a x - b x - c x 

This determinant involves the coefficients of the first equa¬ 
tion in the second degree, and the coefficients of the second 
equation in the fourth degree, as it should do ; whence no 
extraneous factor enters this form of the resultant. 

We now proceed to the general case of two equations of the 
m th and n th degrees. 

Let the equations be 

<p (x) = a<jX m 4- a x x m ~ l + a z x m ~ 2 + = 0, 

\P (x) = b 0 x n + b x x u ~ l + b 2 3f 1 - 2 + ... + b„ =0, 
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where m > n ; anil let the second equation be multiplied by z"" 1 . 
We have then 

b 0 x m + b x x m -' + b 2 x m ~ 2 + ... + bnX™-' 1 = 0 , 

an equation of the same degree as the first. This equation has, 
however, in addition to the n roots of xf. {x) = 0, m - n zero roots; 
so that we must be on our guard lest the factor a „" (i. e. the 
result of substituting these roots in <{>(x)) enter the form of the 
resultant obtained. From these two equations we derive, as in 
the above case—(1), the following n equations 

a 0 a x x m ~ x + a 2 x m ~ 2 + ... + a m 

F 0 = b x x m ~ l + b 2 x m ~ 2 + .. . + b n x m - n ' 

a<&+a x _ a-jX™- 2 + a 3 x m ' 3 + ... + a m 

boX + b x ~ b*c”'- z + b 3 x m ~ 3 + ... + b u x m ' u ' 


(/ 0 .r ,l ~ 1 + a { x n - 2 + ... + a n -\ _ -t- + ... + a m 

b o.r " _1 + b x x n -’ + . .. + b „_i b n x m ~" 1 

which, when rendered integral, are all of the (wi - 1)* A degree ; 
whence, eliminating .r"' -1 , x M ~’, ... x as independent quantities 
between these u and the m - n equations 

b 0 x m ~' + b x x m ~ 2 + btx”-' + .. . = 0 , 

b 0 x m -* + b x tf"~ 3 + ... =0, 

b 0 x n + + ...+ &„ = 0 , 

we obtain the resultant in the form of a determinant of the m th 
order, the coefficients of the first equation entering in the degree 
«, and the coefficients of the second equation entering in the 
degree m ; whence it appears that no extraneous factor can enter; 
and that the resultant as obtained by this method has not been 
affeoted by the introduction of the zero roots. 
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If R be the resultant of two equations 0 (x) = 0, 0 (#) = 0, 
whose degrees are both equal to m 9 the resultant R' of the system 

\<p (x) + 1 u\p (^) = 0, A'0 (.r) + fx'xp (a.-) = 0 

is (A^u' - \'fx) m R ; 

for each of the minors (a r b s ), which in Bezout’s method con¬ 
stitute the determinant form of R, becomes in this case 


A a r + fibry A 'a r + fj.'b r 
\a s + fib s , A '( 1 ,+fibt 


= (A f/ - A» (a r b.) ; 


whence R' = (Aju - A 'n) m R> since R is a determinant of 
order m. 

156. Other methods of Elimination. —We conclude 
the subject of Elimination with an account of a method which 
is often employed, but whicli has the disadvantage of giving 
the resultant multiplied in general by extraneous factors. The 
process about to be explained is virtually equivalent to that 
usually described as the method of the greatest common measure. 
In forming by this method the resultant of the two quadratic 

equations 

ax 2 + bx + c = 0 , tt\Xr + biX + c x - 0 , 

we multiply these equations successively by a x and a, c x and c, 
and subtract the products so formed. We thus find the two 

equations x . 

(abi) x + = 0, 

x { (aci) x + ( bc x ) j = 0. 

Observing that the value zero for x does not satisfy both 
the given equations wo may discard the factor .r from the second 
of the equations last written, and thus obtain tho resultant 
without any extraneous factor in the form 

(r/c,) 2 - («&i) (&<j) = 0. 

As the degree of this expression is four, and its weight four, 

it is a correct form for tho resultant. 

To form by tho same process the resultant of the cubio 

equations ax 3 + bx 2 + cx + d = 0, a x x s + biX 1 + c x x + d x = 0, 
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we multiply these equations successively by a x and a , o', and d, 
and subtract each time the products so formed. Wo have then 

{abj + (ac,) x + (ad,) = 0, (ad,) .r 2 + (bdi) x + (cd,) =0. (1) 

Now, eliminating x between these two quadratics by means 
of the formula above obtained, we find for their resultant 


{ah i) (ad,) 
(ad,) (cd,) 


(ab,) (ac,) 


(ac,) (ad,) 

(bd,) (cd,) 


(ad,) (bd,) 

\ 7 \ */ i i \'"*/ / 

an expression whose degree is 8 and weight 12, in place of 
degree 6 and weight 9; whence it appears that it ought to be 
divisible by a factor whose degree is 2 and weight 3. This 
factor must therefore he of the form 1 (be,) + m(ad,). We 

proceed now to show that it is (ad,) ; and to find the quotient 
when this factor is removed. 

For this purpose, retaining only the terms which do not 
directly involve (ad,), we have 

.M)K){(tf&i)K) + (ca,) (bd ,)}, 

which is divisible by (ad,), since 

(be,) (ad,) + (ca,) (bd,) + (ab,) (cd,) * 0. 

Expanding the determinants, and dividing off by (ad,), we 
find ultimately the quotient 1 

(ad,) 3 - 2 (ab,) (cd,) (ad,) + (bd,)(ca,)(ad,) 

+ K)* W) + (ab,)(bd,y~ (ab,)(bc,)(dc,), 

Which, being Of the proper degree and weight, is the resultant. 

two V™ ITT m a . Slmilar manner t0 form ‘be resultant of 
two biquadratic equations, by reducing the process to an elimi- 

ation between two cubic equations, we shall have to remove an 

SThe°s U e S V° r °l ‘u f° Urt, ‘ deSree > Whicl1 is ‘be condition 
that these cub.cs should have a common factor when the bi¬ 
quadratics from which they are derived have not necessarily a 
omrnon factor-, and in general, if we seek by this method 

two eliminating between 

extraneous factor of the order 2n - 4. "tWs m^TeXe" 

G 
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is inferior to all the preceding methods; and it cannot be 
conveniently used except when, from the nature of the investi¬ 
gation, extraneous factors can be easily removed. 

157. Discriminants.— The discriminant of an equation 
involving a single unknown is the simplest function of the 
coefficients, in a rational and integral form, whose vanishing 
expresses the condition for equal roots. "We have had examples 
of such functions in Arts. 43 and 68. We proceed to show 
that they come under eliminants as particular cases. If an 
equation f(x) = 0 has a double root, this root must occur once 
in the equation f\x) = 0 ; and subtracting xf (x) from nf(x), the 
same root must occur in the equation nf(x) - xf (#) = 0. 

This is an equation of the {n - l) th degree in ^; and by 
eliminating # between it and the equation f(x) = 0, which is 
also of the (w - l)'* degree, we obtain a function of the coeffi¬ 
cients whose vanishing expresses the condition for equal roots. 
The degree of this eliminaut in the coefficients of f(x) is 2 (n - 1) ; 
and its weight is n (n - 1), as may be seen by examining the 
specimen terms given in section (1), Art. 152. Expressed as a 
symmetric function of the roots of the given equation, the 
discriminant will be the product of all the differences in the 
lowest power which can be expressed in a rational form in 
terms of the coefficients. Now the product of the squares of 
the differences II (a, - « 2 ) 2 can be so expressed; and since it is 
of the 2 (n - 1)"' degree in any one root, and of the n (n - 1) 
degree in all the roots, it follows that the discriminant multi¬ 
plied by a numerical factor is equal to ff„ 2 ( " _1) H («i ~ “»)*• 

If the function /’(*) he made homogeneous by the introduc¬ 
tion of a second variable y, the two functions whose resultant is 
the discriminant of /(*) are the differential coefficients of /(*) 
with regard to z and y respectively. In the same way, in 
general, the discriminant of a function homogeneous ,n any 
number n of variables is the result of eliminating the variables 
from the n equations obtained by differentiating with regard to 

each variable in turn. 


Examples. 
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Examples. 

1. Find the discriminant of 

Go* 3 + Zn\x 2 4 3fl2^ 4 «a = 0. 

We have here to find the eliminant of the two equations 

a^x 1 4 2aix + = 0, 

a\X 2 4 2a 2 x + a 3 = 0. 

» 

The condition for a common root is, by Art. 150, 

4 («o °2 — ai 2 ) (airt3 ~ rt 2 2 ) ~ (ao^i ~ airtj) 2 = 0. 

The function of the coefficients here obtained is lliereforo the discriminant, 
which may also be written in the form of a determinant, as follows, by Art. 154 : 

a 0 2ai a-i 0 

0 a 0 2«i «2 

«l 2fl2 fl 3 0 

0 ai 2^2 fly 

It can be easily verified that this value of the discriminant is the same ns that 
already obtained in Art. 42. 

2. Express as a determinant the discriminant of the biquadratic 

(tox* 4 4<rix 3 4 day*? 4 4ayX 4 a« = 0. 

We have here to eliminate x from the equations 

aox 3 4 3aix 2 4 3 <i 2 x 4 ay = 0, 
aix 3 4 3<*2X 2 4 3a 3 x 4 a* = 0. 

By the method of Art. 154 the resultant is 


«0 

3rti 

3 az 

*3 

0 

0 

0 

<*o 

. 3rti 

3^2 

ay 

0 

0 

0 

a« 

3ai 

3a 2 

ay 

fli 

3f?2 

3^3 

<*i 

0 

0 

0 

a\ 

3 (i% 

3^3 

*4 

0 

0 

0 


3f?2 

3«3 



This must be the same as I 3 - 27 J 2 of Art. 68. 

3. Express the discriminant of the quartic as a determinant by Bezout’s method 
of elimination. 


0 2 
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4. Prove that the discriminant, A m , of the equation 

U = ax m + by' 1 ' + cz m = 0, 
where x + y + z = 0 , 

may be obtained by rendering rational, in the form A m = 0 , the equation 


(bc ) m - 1 + + (fli )"*- 1 = 0 ; 


and calculate in particular the values of A 3 , Aj, A5. 

When z is replaced by its value from x + y + z s 0 the{given*function CTcontains 
two variables, and the discriminant is obtained by eliminating x and y from 



and 



5. Prove by elimination that /= 0 is one condition for the equality of three 
loots of the biquadratic of Ex. 2. 

Since the triple root must be a double root of 


Uz = fiox 2 + \x 2 + 3aix + flj = 0 , 


and therefore a single root of a\x- + 2a 2 x + a 3 = 0 ; andfsince it must also be a 
single root of 

TJ 2 — aox 2 + 2a\x + a 2 = 0, 

it follows from the identity 

Ui = x 1 U 2 + 2x (mx 2 + 2 u 2 x + a 3 ) + a 2 x 2 + 2a 3 x + ai 

that the triple root must be a root common to the three equations 

nox 2 + 2a\x + a 2 = 0, 
a\x 2 + 2a 2 x + a 3 = 0, 
a xx 2 + 2n 3 x + <74 = 0. 

Hence the condition 


*0 

o\ 


«\ 

<n 

*3 

d2 

<73 



6 . Prove that the discriminant of the product of two^functions is the product of 
their discriminants multiplied by tho square of their eliminant. 

This appears by applying the results of Art. 151 and the present Article; for 
the product of the squares of the differences of all the roots is made up of the 
product of the squares of the differences of the roots of each equation separately 
and the square of the product of the differences formed by taking each root of one 
equation with all the roots of the other. 
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158. Determination of a Root common to two 
Equations.— If R bo the resultant of two equations 

U = a m x m + + ... + a 0 = 0, 

V a b n x n + b n - l x’ l ~ l + ... + &„ = 0, 


and a any common root, then 


a 


dR 

dR 

dR 

d«i 

l n 

i-g 

da 3 

dR " 

‘ dR ' 

= dR 

da 0 

1-1 

da 2 



To prove this we first show that functions $ ( x ) and \f, (x) 
can be obtained such that R = U<p (.r) + V\p{. r), namely, when 
U and V are multiplied by <p ( x ) and \p (.r), respectively, and 
added, all terms involving x vanisli identically. Take, for 
example, the form of R given for two functions of the 4 th and 
3 rd degrees, respectively, in Ex. 2, Art. 151. Multiply the 
second column by *, the third by .r 2 , &c., and add to the first 
column, thus obtaining U , x U t x- U, V> x V , x' V, x' V for the con¬ 
stituents of the first column. The determinant when expanded 
takes then the form U$[x) + V-^(x) i where ^ is a quadratic 
function, and \p a cubic function of x. This mode of proof can 
be applied to any two functions; and it will be observed in the 
general case that <p and \p are of the degrees n - 1 and m — 1, 

respectively, the degrees of U and V being m and >*. We have’ 
therefore 


whence 


R s Ucp + V p ; 
dR , x ^ + u »± + v ^ 


da 

4 

dR 
da 


da , 


daf 


= v 


d(j> 




da 


da 


and when a is a common root of the equations U= 0, and V= 0 
we have, substituting this value for * iu the preceding equations,’ 

ilR dR 


a 


da B da 


which proves the proposition. 


P + \ 
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A double root of an equation can be determined in a similar 
manner by differentiating the discriminant A. 

When the equations U — 0 and V = 0 have two roots com¬ 
mon, the first differential coefficients of R with regard to a P) 
dp, i, &c., vanish identically, and it is necessary to proceed to a 
second differentiation. In this case the common roots are given 
as the roots of the quadratic equation 

(PR „ (PR . d*R A 

—- or - 2 -—:— x + - - - 2 = 0, 

dap d(i p da p ,i da p ,i 


as is easily seen by differentiating the value of R above given, 
when the first member of the equation last written is found to 


be equal to 


f d 2 <t> 
da p 


x'-2 


(P$ 


x + 




da p da p , i" da p ,\) \da p da p da p , x da p , v 


an expression which vanishes when either of the common roots 
is substituted for x. 

A similar process will apply if there are three or more 


common roots. 

The examples which follow are given to illustrate the 
principles contained in the foregoing chapter. 


Examples. 


1. Eliminate x from the equations 

ax 1 + bx + c = 0, 
r»= 1. 


Multiplying the first equation by we have, since x 3 =l, 

bx 2 + cx + a = 0 ; 

and multiplying again by x, we have 

cx 2 + ax + b = 0. 

Eliminating ** and * linearly from these three equations, the result is expressed 
as a determinant , . i 



e a 


b 


1 
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If the method of symmetric functions (Art. 151) bo employed, and the roots of 
the second equation substituted in the first, the resultant is obtained in tho form 

(rt + b + c) (aa> 2 + bu + c) (au + bo> 2 + c ). 

2. Eliminate similarly x from the equations 

ax x + bx z + cx 2 + dx + e = 0, x* = 1. 

The result is a cireulnnt of the fifth order, obtained by a process similar to that 
of the last example. By aid of the method of symmetric functions the five factors 
can be written down. An analogous process may bo applied in general to any 
two equations of this kind. 

3. Apply the method of Art. 153 to find the conditions that tho two cubics 

$ (r) s ax 3 + bx 2 + cx + d = 0, 
if, (x) = a'x z + b'x 2 + c'x + d' = 0 
should have two common roots. 

When this is the case, identical results must be obtained by multiplying <p (.r) by 
the third factor of >J/ (x), and i}/ (x) by the third factor of <p (x). Wo have, therefore, 

(A.'* + n') <p (x) o (\x + M)f (*)> 

where A, h, a', fi are indeterminate quantities. This identity leads to tho equations 

Art - A a = 0, 

A 'b + fi'a — A b' — fia = 0, 

A'c + fx'b — Ac' — fib' = 0, 

A'd + n'c — Ad' — fie' = 0, 
fi'd — fid' = 0. 

Eliminating A', fi y \,fi from every four of these, we obtain five determinants, 
whose vanishing expresses the required conditions. There is a convenient notation 
in use to express the result of eliminating from a number of equations of this kind. 
In the present instance the vanishing of the five determinants is expressed as 
follows:— 


a 

b 

c 

d 

0 

0 

a 

b 

c 

d 

a 

V 

c 

d' 

0 

o 

a 9 

b' 

o’ 

d' 


the determinants being formed by omitting each column in turn. It should be 
observed that the conditions here obtained are equivalent to two independent 
conditions only, and itcanbe shown that, when any two of the determinants vanish, 
the remaining three must vanish also. 
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14 3 

4. Trove the identity 

a 2 2 a0 0i 

aa a0' + a 0 00’ = ( a j8* - a'0)\ 

a' 2 2d 0’ 0' 2 | 

This appears by eliminating x and y from the equations 

ax + 0y = 0, ax + 0’y = 0 ; 

for from these equations we derive 

[ax + £y) 2 = o, (ox + 0y) {ax + 0’y) = 0 , (o'x + 0'y) 2 = 0 . 

The determinant above written is the result of eliminating x 2 , xy, and y- from the 
latter equations ; and this result must be a power of the determinant derived by 
eliminating x, y from the linear equations. 

5. Prove similarly 


a 3 

3a 2 /8 

2a0 2 

0 Z 


era' 

a 2 0‘ + 2ad 0 

2a00' + a'0 2 

0'0' 

= M' 

aa' 2 

a' 2 0 + 2ad0' 

2d 00' + a0' 2 

00' 2 

a 3 

2 a'-0' 

2a' 0' 2 

0 ' 3 



G. Prove the result of Ex. 13, p. 54, by eliminating A, n, A', /*', from four 
equations 

\a + H \0 + y. 

Ao + M '’ 0 '\’0 + p" 

connecting the variables in homographic transformation. 

7. Given U = Air + 2 Buv + Or 2 , 

V s A ir + 2 B'uv + O'r 2 , 
u = ox 2 + 2ixy + cy 2 , 

v = o'x 2 + 2b'xy + cy 2 , 

determine the resultant of U and V considered as functions of x, y. 

Since U = A (u — or) (« — 0v), 

V = A' (« - o'r) (u - 0'v), 

if O and f r vanish for common values of x, y, some pair of factors, as u — av and 
u — o'r, must vanish ; whence forming the resultant of it — av and u — av and 
representing the resultant of u and v by It («, r), wo have 

It (u - av, u — o'r) = (o - a') 2 It («, v) \ 

and multiplying all these resultants together, we find 

Jt ( U x , Vz) = A*A * (o - o') 2 {0 - 0) 2 (« - 0') 2 {0 ~ a') 2 [It («, V) } *, 
or 

JR{Uz , Fz) = {H{U, V)} 2 {-«(«, r)}«. 


Since 
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8. Prove that the equation whose roots are the differences of tho roots of a given 
equation f[x) = 0 may he obtained by eliminating x from the equations 

/<*) = 0, +y-( J r) +/'"M + &c. = 0 ; 

and determine the degree of tho equation in y (cf. Art. 44). 

9. Eliminate x, y, z from tho equations 

x + y + z = 0, 
ay: 4 b:x 4 cxy = 0, 
atp: 3 ^ bz'x* 4 cx 3 y 3 = 0. 

Taking the first two equations along with an assumed linear equation with 
arbitrary coefficients, viz., 

\x 4 ny 4 vz = 0, 

and eliminating x, y, z, we easily obtain 

ax 2 4 by} 4 cv 2 4 (« - b - e) yv 4 {b - c - a) vK + (c - a - b) \y = 0, (1) 

which must be equivalent to the equation 

(A*i 4 yyi 4 v:\) (Xx 2 4 yyz 4 vz t ) - 0, (-2) 

where xi, yi, =i, x 2 , y 2 , : 2 are the two systems of values of x , y , z common to tho 
first two of the given equations. Substituting these values in the third of tho 
given equations, wo have 

R = (ar/i 3 d 3 4 b;i 3 xi 3 4 wi 3 yi 3 ) (<?y 2 3 r 2 3 4- fc 2 3 X 2 3 + <\r 2 3 y 2 3 ); 

and reducing this value of It by means of the symmetric functions determined by 
the comparison of the equations (1) and (2), we find 

4R = 4 p'-q 4 q 2 4 27 pr, 

where P = « 5 4 b 2 4 c 2 - 2 be - 2 ca - 2 ab, 

q = abc (a 4 b 4 c), 
r = a- b 2 e 2 . 

10. If U t Yy JTaro three given functions of x of tho degrees m, ti,tn+tt- l, 
respectively, prove that an identical relation exists of tho form 

RJYm U<p (x) 4 r* (x), 

where <p {x) and + (x) are functions to be determined, of the degrees n - 1 and m - 1 
respectively, and It is tho resultant of U and V. 

. "/ K ? enfy th ° rCSuItS ° f Art * 158 b y ^©rentiating the value of It given in 
Art* lot. 



CHAPTER XV. 


CALCULATION OF SYMMETRIC FUNCTIONS. SEMIN VARIANTS AND 

SEMICOVARIANTS. 


159. Warlng’s General Expressions for s m and p m .— 
The mos t fundamental prop erties of symmetric functions of the 
roots of equations have been a lrea dy discussed (Arts. 27, 28, 
and Chap, viil ' Vol. i.). In the present chapter we add some 
misce llaneous proposit ions which may often be used with 
advantage in the calculation of symmetric functions. The 
general expressions, due to Waring, referred to in Art. 80, 
will first be given :— 

(1) General expression for s_^ injerms of the coeffic ients 
Pm P* • • • Pm of an equation of the n th degree . 

We have ** (-1Y 

- log. (1 + p<y + ... + M") = 2 (PV+P>'/ + --- + 

= *,y + \ | W* + • • • + ^ s ^ m + '' • 79)- 

Now, making use of the known form of the coefficient of y m 
in the expansion of (**+*/ + • • • + WT the multinomial 
theorem, and comparing coefficien ts of j g _i n the a ove equa 

tion, we find 

_. (- l)5.»ir (/'i + r 2 + . • • + r »?) 

Sm = Z, 


r(;-, + !) r(r, + l)... r(r„ + l) 


pf 1 pf* • • • pf n > 


in which 


r x + r 2 + r 3 + 


+ r n = r. 


r, + 2r 2 + 3r 3 + .. • + nr„ - tn\ 


and n, r» «•». •••>•» t0 be e iven a11 P° sitive integ0r values ’ 
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zero included, which satisfy tho last of these two equations. 
Also, representing by i\ any of those integers, 

r (>•,- + l) = 1 . 2 .3 ... >■«, 


■with the assumption that T (1) = 1 when >*,- = 0. 

(2) General expression for a nt/ coefficient p m in tenns_of the 
sums of the powers of the roots $i, s 2 , ... s m . 

We have 


1 +p,i/ + ... + p m y"' + ... + Pn!/ n = tr*i 



(Art. 80). 

When the factors on the right-haud side of this equation 
are developed, and the coefficients of y m on both sides compared, 
we find, employing the notation of the last example, 



(- 1 ) r l +r 2 + * 

r(ri + l) r(r, + l) 


l • t r A I’l n !*•» «■ ^ HI 

Wl 01 1 -So * • » * '*til m 

77. r (r» +1) 2' * 3' -3 


~" r > 
. in m 


in which r 2l .. . r m are to he given all positive values, zero 
included, which satisfy the equation 


)\ + 2 r 2 + 3 r 3 + ... + rnr m = m. 


160. Symmetric Functions of the Roots of two 
Equations. —If it he required to calculate a symmetric func¬ 
tion involving the roots a,, a 2 , a 3 , . .. a„, of the equation 

<f> ( x) = a 0 x m + a x x m ~ l + a 2 x m ~ 2 + .. . + a m = 0 , ( 1 ) 

along with the roots /3„ j3 2 , /3 3 , .. . /3„, of the equation 

V' (!/) 3 l, o!/ u + + hpf- 1 +... + £„ = 0, (2) 

we proceed as follows :— 

Assume a new variable t connected with x and \j by the 
equation 

t = \x + w ; 


and let ^_be eliminated by means of this equation from (2). The 
result is an equation of the n ih degree in x whose coefficients 
involve X, /z, and t in the n th power. Now let x be eliminated 



92 


Calculation of Symmetric Functions. 


by any of the preceding methods from this equation and (1). 
We obtain an equation of the mn th degree in 1 , whose roots are 
the mn values of the expression Xa + yj. 3. 

If, now, it be required to calculate i n terms of the coefficients 
of $ (x) and xp (//) any symmetric function such as Sa 7 * /3 7 , we 
form the sum of the (/; + q) th powers of the roots of the equation 
in t. We thus find the value of 2 (Xa + /i3) /,fg expressed in 
t erms of the orig inal coeffi cients and the several powers of jV 
and j£. The coefficient of X 1 ’ f 1 in this expression will furnish 
the required value of 2u /, /3* in terms of tho coefficients of 
0 (x) and \P (y). 

If it were required to calculate symmetric functions of the 
roots of t hree equation s, we should assume 

t = \x + yy + vs, 


eliminate .r, y, z, and proceed as before. This method therefore 
applies w hatever tho numbe r of equations; and by making the 
coefficients a r - b r = c n &e., we fall back on the symmetric) 
functions of the roots of a single equation already calculated. 

1Cl. Calculation by Sums of Powers of Roots.—By 
aid of the following differential equation , connecting a function 
of the coefficients and its value in terms of the sums of the 
powers, symmetric functions can often be calculated with great 
facility :— 

d _ x 1 fdF dF dF 

- F(p u Pu ... P „) = - ; ^ + Pl 


+ 


+ Pn-r 


'r+i 


«J>n. 

x 


To prove this equation, we take the equation (1) of Art. 80, 

Comparing coefficients 


and differentiate it with regard to s r . 
of the different powers of y, we have 

dp r _ I 

ds r 


dp q 


ds r 


= 0, when q < r; 


r 


dp„ k _ 1 . 

- 7 .. l >k 9 

(ISr 


r 


and substituting these values in 

d x dF dpi dF d/h 

we have at once the equation above written 


dF dp n 
dp n dS r 


• • • 


Examples. 
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Examples. 


1. Calculate the value of the symmetric function 2a, 2 a 2 2 a 3 2 a, 2 of the roots 
of the equation 

x n + pi x n ' x + pt x»~ 2 + .. . + p n = 0. 


Cf • 

Knowing the order and weigh t of any symmetric function, wo can write down 
the literal part of its value in terms of the coefficients. Hero 2 is of the second 
order, and its weight is eight; hence 


2 = top* + tip-pi + t* pc Pi + tjps p3 + tip t 2 , 

where fo, fi, ti, &c., are numerical coefficients to be determined. 

Terms such as pcPi*. psPiPn, Pi Pi 3 , &c., although of the right weight, arc 
of too high an order, and therefore cannot enter into the expression for 2. Again, 
2 expressed i n terms of the s ums of the powe rs of the roots is of the form 
F($t, ij, s 6 , $ e ); for, in general, 2aiPa2?a:, r . . ., when so expressed, is made up 
of terms such as s p , s p , q , s ptq , r , . . . n p , ... all of which are sums of even power?? 
when p, q, r, . . . are even ; therefore in this case none but even sums of powers 
enter into the expression for 2. 

Also, since ~ = 0, and ~ = 0, we have, using the formula abovegiven for *— t 

tops -4 tipipi + hp 3 p 2 + ti(p 2 p3 + pi) + 2t i pip l = 0, 
t 0 p\ + tipi = 0. 


From these equations we infer 


*o + *i = 0, tz + t 3 - 0, t 3 + t 0 = 0, ti + 2/4 = 0 ; 
but ti = 1 , since for a quartic 2 = p ?; therefore 

/i=-2, to = 2, / 3 = - 2, / 2 = 2 ; 

and, substituting these values of / 0 , f 2 , t 3 , t i} 

2ar « 2 <X3 2 04 2 = 2^3 - 2 PlPx + 2p 6 pz - 2 Pi p 3 + Pi \ 

2. Calculate 2oi 2 a 2 2 a 3 2 for the same equation. 

Ans. - 2p c + 2 PlPi - 2pzp\ + p 3 2 . (Cf. Ex X 6?Art. 82.) 

3. Calculate for the same equation the symmetric function 2a, 3 a 2 2 aj. 

Here the weight is six, and the order three; hence 

2a, 3 a 2 2 « 3 = < 0 />e + h PiP i + t 2 p iP2 + h Pi p x * + t iP # + + ( sPi p 2j>3 + f 6p% \ 
Also 2, expressed in terms of #, f s 2 , j 3 , &c., is (Art. 78) 


Sl S 2 S 3 — «1 Si — J 3 2 — 82 Si + 2*6. 

Now, diff erentiating these two values of 2 with regard to s 6 , and 
differential coefficients, we have 


comparing 
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Differentiating with regard to s 5 > we have 

to pi + ti pi = osi = - 5pi; 1 1 = 7. 


Differentiating with regard to 54 , 


whence 

and 


to Pi + t\pr + tiPi + Upi 2 = 4s 2 = 4 {pi 2 - 2pz) ; 
to + h = - 8 , ti + ti = 4 ; 
ti = — 3, ti = 4. 


Again, t 6 = 0 ; for 2 vanishes if n-2 roots vanish. And we find i t and t 5 by 
taking the particular case when n - 3 roots vanish ; for in this case 

2ai 3 as 2 as = 01 a 2 as 2a, 2 a 2 = -p3 (-piPi + 3p 3 ) = piPtP* ~ 3M 
and therefore U = - 3, t s = 1; whence, finally, 

2a, 3 02 ' as = - 12^6 + ~PlPi + *P*P* ~ 3p * P'* ~ + Pl pzp *‘ 


162 Functions of Differences of a Cubic. The 

propositions contained in this and the next following Articles 
are most useful in the calculation of certain classes of symmetno 
functions of the roots of cubic and biquadratic equations^ they 
are also of great importance, as will appear in the sequel, m 
reference to the de termination of the num ber of independen t 

invariants and covariants of these forms. 

p R0P . l; _ Every rational and integral symmetric function 

<p (a, 7 ) °f the roots °f tke e 2 uation 

aj? + 3«i^ 2 + 3 a 2 x + (t z = 0 


,chick invoices the differences only of these roots is , «£» ^aUiplied 

bu a<? expressible in the forjn,F{a 01 — °’ ’ 

as t is an eccnorodTfaction of the roots Fiery a 

rational and integral fraction ofa n R, Aand^ngt^^of^ 
It is 6rst necessary to prove the following 

exists no function of R and A which is dms,ble by «, ^ f 

were any such function F, (3, A), then, making <r. vanish, we 

should have . , q., 2,,2 

F [II' A') — 0, where H' = - » A - 4ffi 3 i - » 

*"• r: ise - 5 rsr a 2 

di as well as II aud A . 
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To proceed with the proof of the Proposition Since (p is a 
function of the differences, we can suppose it to be calculated 
from the cubic deprived of its second term (Art. 3G). We 
have therefore 

O («> ft y) = F(a 0 , E , 0), 

in which F is a rational integral function, and j^ whicli cannot 

"2d 

be less than ^ (Art. 81), remains t o be d eter mined . Arranging 
the right-hand side according to powers of G , we may write 

a 0 r <p [a, /3, y) = F 0 (ft 0 , E) + GF\ ( a 0 , E) + G 2 F 2 (a 0 , E) + ... 

Since the weight of E is even, it follows that when <p is 
an even function of the roots (i.e. its weight even) all terms 
involving odd powers of G must disappear, and whenj£_is an 
odd function F 0 and all terras involving even powers of G must 
disappear. Taking out (? as a factor in the latter case, and 
eliminating even powers of G by means of the relation 

G 2 + 4# 3 = a, 7 A, (Art. 42.) 

we have proved that a 0 ’<p is expressible in the form F(a 0) E, A), 
or GF (<7 0 , E, A), according as $ is even or odd. 

It appears therefore that every odd function of the roots* 
of the kind here considered must have as a factor 

(2a — /3 — y)(2fi-y -a)(2y - a-f 3). (Ex. 15, Art. 27.) 

We can suppose this factor removed from <p, with the cor¬ 
responding value in terms of the coefficients from the second 
side of the equation; and it only remains to determine the 
valueofj* in the case of an even function of the roots. Writing 
the relation in the form 

O (a, A y) = F(a„ E y A), 

ananging the right-hand side according to powers of n 0> and 
dividing by a 0 r ~=, we have 

a o*<t> (a, ft y) = F 0 {a 0 y 77, A) + £ - p ^ 

«o P 

where F 0 is an integral function of a 0 , E } A, and £ contains all 
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tlie fractional terms. Now, (p being a sj'mmetric function 
whose order is zj, a 0 ~(p is expressible as an integral function of 
the coefficients](Art. 81); and since, by the lemma above estab¬ 
lished, none of the terms included in 2 can become integral, the 
fractional part must disappear, and the equation assumes the 
form 

( a > P> y) = Fo K> A). 

The proposition is therefore proved. 

163. Functions of Differences of a Biquadratic.— 

The corresponding proposition for a biquadratic is as follows :— 

Every rational and integral symmetric function <p (a, /3, y , S) of 
the roots of the equation 

a 0 x* + 4a + 6 a 2 x 2 + 4 aye + a x = 0, 


which involves the differences only of the foots, is, when multiplied 
by c/ 0 ", expressible in the formJP (a 0 , II, f J) orJIF (a 0 , E, I, J) 
according as (p is an even or odd function of the roots, F being a 
rational and integral function of a 0 , II, I, J, and zj being the 
order of <p. 

The following lemma must first be proved '—There exists 
no function of II, I, J which is divisible by a n . For, suppose if 
possible F p (II, I, J) to be such a function. Making a 0 vanish, 
we have F p (IF, I, J ') - 0, where W = - *»’, I = - 4 a,a, + 3r/ 2 2 , 
J' = 2 a,a 2 a 3 - (t\«\ ~ (the values of II, I, J, when a 0 = 0 ) ; 
but no such relation can exist, since it is impossible to eliminate 
a x , a 2 , a if a iy so as to obtain a relation between E', I, J 

alone. 

Now since, as in the preceding Article, $ is a function of 
the differences of the roots, we can suppose it calculated from 
the equation deprived of its second term (Art. 37). We have 

therefore 

a 0 r <p (a, f3, y, S) = F K, E, I, G), 

in which Fis a rational and integral function, and r remains to 
be determined. Proceeding as before, 

(a, P, y, 8)- F„ (*„ U, I) + GF, («„ II, 1 ) + CPF,(a„ II, I) + 
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Since the weight is even in the case of both the functions 
R and 7, we infer, just as in the preceding Article, that G is a 
factor in the odd functions ; and, eliminating even functions of 
G by the relation 

G 2 = a* {HI - a 0 J) - 47P, (Art. 37) 

we prove that a 0 r $ is expressible in tbe form F(a 0i R , 7, J) or 
GF (a 0y H, 1, J) according as is even or odd. It appears 
therefore that every odd function of the roots of the kind 
here considered contains the factor 


(/3 + y - a - S) (7 + a - /3 - 8) (a + (3 - y - S). 

(Ex. 20, Art. 27.) 

Removing this factor, we proceed to determine r in the case 
of an even function. “Writing the relation in the form 

"o r 0 (o, (3, 7 , 3) = F(a w H y 7, 7), 

and dividing by we have, as in the preceding Article, 

«*<t> («, ( 3 , 7> 8 ) = K K, /, 7) + 2 ~ p (i/> 1 J) . . 

Now since the right-hand side must be an integral function 

of the coefficients (Art. 81), and since, by the lemma above 

established, none of the terras included in 2 can become integral, 
we have 

ft 7. 8) = F 0 (a 0 , 77, 7, 7), 
which proves the proposition. 

Instances of the use of this proposition in the calculation of 
symmetric functions of the roots of a biquadratic will be found 
among the examples at the end of the chapter. 

164. Seminvariants and Semicovarftants. — Let 

°i» ° 3 > • • • o n be the roots of 


i • ^ 


• • • 


+ a n = 0 , 


the general equation written with binomial coefficients. We 
proceed to the consideration of an important class of functions 

VOL. II. „ "- 



l x- 


O 5<<^ihV • 


•) Ct - 


*■"«■ ft - S>szct>a^, ; ^-»w= 

= J.(-)--SJ l\) Si "^? _^i- *•*■*• »»- 

IL 'Y*b' ••• *'• . 

rvo /"Y ..7 i.. j. * - _r cy.i../. rr /• « 
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kj^) i wu-i/V/U'C'U'&twC' vj hjyuiuvisi/iiis u/Cis LiAJUO • - 

-• "" <■*«•. nj 

of .c w hich may be derived from given symmetric function of 
the roods. . - 


In me two preceding Articles we have been occupied with 


- /- tr-4 tS'“ ? the* rcjbts which contain the differences only of these quantities 


certain sq^ec-ial kinds of homogeneous symmetric functions of 


(cf. Art. 36). Such functions may be called (for a reason 
which will appear in a subsequent chapter) semi-invariants , or, 
as it is usually written, seminvariants. Being symmetric func¬ 
tion^ of the roots, they are expressible (when multiplied by a 
power of af) in a rational and integral form in terms of the 
coefficients. 

We may use in like manner the term semicovariants to denote 
similar functions of the differences of the quantities x>_ fll) ^2)* • • 
sucli that when they are arranged i n powers of x the successive 
coefficients of x are Expressible in a similar manner in terms of 
thd coefficients. 

I We proceed now to show h ow semicovariants may be 
generated, and then expanded in powers of x, when expressed 
either "in terms of the roots or in terms of the coefficients. 

From any relation such as 


a Q *<p (ai, a-, ... a ,,) = F(a oi a u a 2) . . . a ,,), 


Where <p is an integral function of the order w, and F the cor¬ 
responding expression in terms of the coefficients, we may, by 
diminishing each of the roots by .r, and consequently changing 
afiy coefficient a r into U r (see Art. 30), derive the following 

equation :— xi * <u. 

| «o*<i> («> ~ x » 02 ~ x > • • • Un ~ ^ = F (^ * ( 1 ) 

ibus obtaining two forms for a semicovariant, one expressed in 
terms of the roots, and the other in terms of the coefficients. 

' To expand these forms in powers of .r, we have, for the first 
member of the equation, by Taylor’s theorem, 


“TVj ^ n - f- <<- - 2- 

11. Sr. __ >»*■*• •* * r ,0t 

■ rfriT^ 


x 1 

<t>( ai -x, a 2 -x t ...a n -x)=<p o + x$<po + ^ + * ‘ ‘ 

/• _ . 


( 2 ) 


% J 
V -t 


I V V . 


i v 


r- v~n -Ip ~x- Y 

-■•mc. «-> i:~ v ■ 

^ n ■ >< d»i **/*y* rA (if*t*- - 


*. J -4^r 


( A o J •* P. ^ 
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where 


and 


00 — 0 (®1) ° 2 ) • • • a n)> 

*_<*<* , ^ c f r* u '' *'*«•(*•(&.) (T-'<«>>? 

0 “| ' , ■•••*. * 

UC2| ufl2 u((/j 


Again, omitting all powers of # higher than the first, the 
second meiliher of the equation becomes 


F(a 0 , ai + tfo-r, a 2 + 2a { x, ... a n + na H - t .r), 
or, when expanded, 

I 

where / 

K — F(a ot a lf a 2 , . • • a „), i«. c*—*-. T 2 .it 


jF 0 + ;ri)Fo + &c., 




and 


7 7 , A. 

n _ o d d 

B °da x 2a \hS* a \h +'-' + m ''’ x d^,; ***’- = **■«-* f,ol V 

2. t a_c ( 2 .^ 



Comparingjhe two expanded forms, we have 

( Q i> o 2 , ... a„) = BF(a 0 , a u .. . tf„), 

uently, by successive applications of the opor.alnr« 

Saifd D, 

tf o c S r 0 («„ »/,, .. . a„) = D r F(a oi «„ ... a n ); 

Svhence we iufer from the expansion (2) 

* ^» * * * F 0 + xDF 0 + D*J0 o + &c_ 

By the aid, therefore, of'the two operators-S in terms of 
the roots, and D in terms of the coefficients-we can expand at 
pleasure either side of the equation (1) in powers of x. By 
means of the successive operations of S we obtain a series of 

functions of the roots; and, by means of Z>, their equivalent 
values in terms of the coefficients. 

. ^ Ue ” 8ults uow arrived a t are equally true iftYie function 0 
involves the roots of two-orm ore equations. F being the corre- 

spondmg va!ue in terms of the coefficients of these equations, 

and i) and S being replaced by the sums of the similar operators 
relative to each equation. 


h 2 



i-6<* F. 
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It is important to observe that when va nishes identically , 
so also 

§ (S<£ 0 ) or 8 2 <p 0 = 0 , 8 3 0 O a 0 , &c., 

and therefor ?x disappears in the expansion of the first member 
of equation (1). Now this can happen only when <p is a function 
of the differences of a 2 , • •. ««; whence we conclude that if 
F K, a lt ... «») is a seminvariant 

BF(rr oi (t\y • • • o,ij = 0 * 

This identical /relation is oft en su fficient to determine the 
numerical coefficients in a seminvariant when the order and 
weight are k now p . If there should be two or more serain- 
variants of the same order and weight, the operation of B will 
not supply equations enough to determine all the assumed 
coefficients, as/will appear from the discussion in the next 
Article. If n 6 seminvariant exists of the required order and 
weight, the coefficients will all vanish. 

165. Determination of Seminvariants. —The problem 
of finding tl/e seminvariants of a g iven orde r w and weight k of 
a quantic is /t he same as that of determining all such solutions 
of the differential equation 

I d<P r/< t> (t<& * 


r/‘I> 


(1<1> 


M e „ o _ + 2«, ^ + ... + <7 - 


= 0 . 


( 1 ) 


To solve this equation when possible assume 

<t> = Xl</>1 + X 2 0 2 + • • • + X;-0,J (^) 

where are all_ilm_pa ssible combinati ons of 


where ^ ... are " 

«o, a l9 a tt . . • On of the order « and weight <c, and Ai, X 2 , ... A r 

arbitrary multipliers. . ,. n . _ n 

Now, substituting this value of <J> m the equation Bl 

we have as the result 

+ L& 2 + • • • + L p yp P - 0, 

where +„ *, jfe • • jfa. <™ aJUhedMinetiSims of! th. 

aud wifernrand £„ L»... L„ are linear functions of 

A„ \ A,, which must all vanish when -h is a seminvaunn . 
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To determine A„ A 2 , A 3 , .. • A r we have 

Xi s / n Ai + / 12 A 2 + . • . + /lrAr = 0, 

Li = / 2 iAi ti 2 A 2 + . • • + tir^r ~ 0) 
Lp — /»iA 1 + Ipi Aj +... + tpi -A r = 0 




( 3 ) 


There are three distincFcases to be now considered :— 

(1.) When r_J .s greater than ;; T there are not sufficient 
equations to determine all the quantities A,, A 2 , A 3 , ... A r ; but 
any p of them can he det er mined as linear fu nct ions of the rest. 
For this purpose we can proceed as follows :—Introduce r-p 3 j 
arbitrary multipliers defined by the equations 


WuAi + w?] 2 A 2 + ... + ;«, r A r = Ai, 

nhf \ + nia X 2 + ... + w 2r \r = A 2 , 

. 

wi/iAj + nij t A 2 + ... + iiijr A r = a j. 


( 4 ) 


Solving the'equations (3) and (4) for A„ A 2 , .. . A r , and sub¬ 
stituting in equation ( 2 ), we have the following value for < 1 >:— 

$ — A]2i + A 2 2 2 + A3S3 + ... + A .j'Sjf 

and therefore 


= A.DS, + A 2 Z)S 2 + ... + a jLJ.j = 0, 
whence is, = 0, iS, = 0, ... is,- = 0, 

since Aj, A 2 , ... A j may have any values whatever. 

We conclude, therefore, that in this case there are r- p = j 
linearly i ndepende nt s eminvariant s. 

(2.) When /ms equal to r or g reater tha n r the equations y* 

X, = 0, L 2 = 0, ... L p = 0 

cannot, in general, be satisfied, and there are no seminvariants 
of the quantio of the order © and weight k. 

(3.). When p = y - 1 there are just sufficient equations to 

determmc the ratios of A„ A.A r , and consequently only 

on ejjemin variant exists. J 
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Examples. 

US' 5 w -1 - K. 

1. Determine for a cubic a seminvariant whose order and weight are both 

three. 

Assume <p = Aao 2 (t 3 + Bfioiiim + Ctoi 3 , 

these being the only tSee terms which satisfy the required conditions. It is 
evident from the form of 2) that the operation is performed by applying to the 
suffix of any coefficient a r the same process as in ordinary differentiation is applied 
to the index. Thus Da r = i, and therefore 

£<p = (3 A + B) a 2 + (22? + 3(7) a i 8 a 0 = 0. 

Hence « *-• 

3A + B = 0, and 22?+ 3(7=0; 


and putting A = 1, we have B = - 3, and C = 2; whence, finally, 

<p = fr 0 2 - 3tfo «2 + 2«i J = G. (See Art. 36.) 

^ - A 

For a quadratic n o such seminvanantTcan be formed. t , 0 

2. Investigate seminvariants of a quartic whose order and weight are both four. 
Assuming 

d> = Aav 3 (ii + Bao 2 a\n% + Cajay + Da^ayaz + Ea\ x , 
v a ' t£: 

we readily find s ' 

J)<p = (4^ + B) a-o&s +- (32? + 4(7-+ 22)) <to 2 *i« 2 + (22) + 45) a 0 ai 3 - 

Wc have now only thf ee conations mans the assumed flve coefficients, whose 
ratios cannot consequently be determined completely. Expressing B, C, and 2) m 

terms of A and E, we /are easily >> * -ie 

/ c * >A-r e 

<p = rfy (ffoffi - 4 «i« 3 + 3rt 2 2 ) + 2?(«oW - 2 «o«i 2 «2 + «1 4 )* 
viz., / <p = Aa*I+EH\ 

where rf and / may have any values. We may say therefore that there are in 
this case two independent fundamental seminvariants of the required order and 
weight viZT^I aud 2F; and f rom these may be derived anj n.lofinitp num k 
ZtlZLl of the same order and weight by assigning to and J d.fferent 

numerical values. 

3. Determine for a cubic a seminvariant whose order is four, and weight six. 
Assume 

•V- <p = Aajay + W + <7rW + DayaJ + Ea^a^.m, 

TSTj* - («A + E) + (8« + 3£ + 20) «.W + (**+ 42)) a,hr, 

«*--i +- (3(7 + 25)flo«i 2fl 3 — 0. 

Now lot .3 = 1, whence E— •; •!» »*+«-«• giving £= 4 ; and 
30+ 42) = 0, giving 2 ) = - 3 ; and from 62! + 32T + 22) = 0, we have finally S- 
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Hence <p = floW 4- 4a 1 ifl-,i 3 + 4«3 «i 3 - - Ga 0 rti«2«3. 


Compare Art. 42, where the value of <p is given in terms of tho roots. 

4. Determine a seminvarinnt of a quin tic whose order is three and weight 
five. 


It is easily seen that the only terms of the required order and weight are 
aynaz, and «\<ty. Proceeding ns before we find that the 

ratios of the assumed coefficients are determinate, and tho seminvarinnt is found 


to be 


t+i. 

P * ftn m (i c — 


/y - » f O /l - /? . 




5. Determine for a quartic a seminvariant whose order is throe and weight six. 

Ans. dani a i + 2aiffiff3 - fluffy - nyfli - « 2 3 = J- 

6 . Investigate for t he general equation the seminvariants whose order is three 
and weight six. 

It is easily seen that t he only terms which can enter into such seminvariants 
additional to those which occur iu the preceding example are and ayiia b . 
Writing down the function tp consisting of seven terms with indeterminate coef¬ 
ficients, and applying the operator D, we find that there are only five equations 
among the assumed coefficients. Wc obtain therefore, as is easily seen, semin¬ 
variants of the form 

\A\l {ffilfle — + I5tf2<7l — 10rt3 2 ) + flj, 

in which \ and p remain undetermined, their multipliers in this expression being 
two fundamental seminvariants of the required type. 

It may be observed that aoffe — — IO 03 2 is an invariant of a 

sex tic. This function can be readily found directly by investigating seminvariants 
whose order is two and weight six. Invariants being, ns well ns seminvariants, 
symmetric functions of the roots which contain the differences only arc obtained by 
the present method of investigation ; and any function of tho coefficients so 
obtained which is an invariant for n quanticof one particular order will be a semin¬ 
variant for qunntics (written with binomial coefficients) of all higher orders. Tho 
function obtained iu Ex. 3 is an invariant of a cubic, and J is an invariant of a 
quartic. It must be carefully noted, however, that most seminvariants, as e. < 7 . those 
obtained in Exs. 1,4, are not invariants for quantics of any degree, ns will he seen 
from the definition of an invariant and its properties discussed in the next chapter. 

7. Investigate for a quarti c seminvariants of order four and weight six. 

The only terms a dditional to those of Ex. 3 a ro aya-ia^ and Adding 

therefore Kayayu f Mortal 2 to the value of <p iu Ex. 3, and operating by I), we 

find, after expressing tho remaining coefficients in terms of \ and A, tho following 
value of 0 , 

<P — \ — cwifii 2 + 3tfotf2 3 + — 3r?r«:j 3 — 4<?ortiaoa 3 ) + A a 3> 

where A 3 is the function obtained in Ex. 3, viz. the discriminant of tho cubic. 
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Observing that the multiplier of A is the product of the functions E and 7, and 
substituting for A 3 its value El - a Q J (Art. 42), we have 


<p — El + fi a 0 J. 

For a quartic, therefore, the functions El and oqJ are two fundamental semin- 
variants of the required order and weight. 

8. Investigate seminvariants of the same order and weight as in Ex. 7 for 
quantics of the sixth and higher orders . 

It will be found that there are in this case two equations less than would be 
required to determine the ratios of the assumed coefficients, and there will conse¬ 
quently be three fundamental seminvariants. It may be easily shown that all 
seminvariants of the required type ean be represented in the form 

<p = A«o 2 — 10f?3 2 ) + /mEI + ya n J. 

9. Prove that any seminvariant of the equation 

ui 

("o, a h . . . l) r = 0 

is also a seminvariant of the equation 

& 

(tf0> 0\y 9 •• (lr • • • tfy| ) {Xy 1) M = 0| 

n being g reater tha n r. 


It was Cayley who originally stated the theorem that the 
number of linearly independent seminvariants of order zj and 
weight k is r - p, where r is the number of terms of this order 
and weight, and p the number of terms of the same order and 
weight k - 1, which can be formed from the coefficients 


O 0 y Ct\ y 0% • • • • 

In the discussion above given, it is assumed that L x , L 2 , . . • L p 
are linearly independent, and it should be observed that if 
certain l inear relations connec ted them, f or eacl i such relation 
the number p would be red uced by on e. Cayley himself gave 
no proof of the independency in general of these quantities; 
but proofs.have been supplied b£ Sylvester (Cref/c, vol. 85, 
p. 89) and by Prok Elliott (Algebra of Qualifies, Art. 128). 


Examples. 
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1. Trovo directly that 

£ F(U 01 Ui, U 2t ... U n ) = DF{U ot Ui, Ui... U n ). 

(IX 

This follows readily from the equations 


DVr 






2. Expand F {U u , V i, U 2 , . . . U„) by Maclaurin’s theorem: mid henco 
prove 

F(U 0 , Ui, .. . Un) = F U + xLF 0 + — 2>-F 0 + &c. 

where F 0 = F (fl 0> «i» « 2 > • • • «»»)• 

3. Determine <p i, <p 2 , . . . tpj, . . . <p,, from the equations 

<P\ + <p 2 + . . . + <p P = To, 

$»0i + <p 2 9 2 + . . . + <Pi,6p = Ti t 

<Pi6i 7 + <p 2 6 2 2 + . . . 4 - <pp0j. 2 = T 2t 


+ <p 2 9i >>-» 4 ... 4- = T p . i, 

This is an extension of an example already solved (F.x. 1, p. 38), and it will he 
readily found by applying the method there employed that <pj is given as a function 


of the (p — 1) ,A degree in 

Oj by the equation 



1 

0j 

of . • 

8jP' x 

•PJ 


«o 

Si 

52 . . 

V i 

To 


Si 

• 

S2 

53 . . 

s p 

Tv 


&p~ 1 

*P 

• • 

5p + j . . 

• ♦ 

S2p-2 

• 

where s* = + 6 2 l 4 03 k + . 

• • + Op** 




4. Prove that 


n s «o 6 (0 - y )* (y - «)* (« - /9) 2 (a - 8) 2 (0 - 8) 2 (y - 8) 2 = IP + mj\ 
where m = - 271. 

We make use of the proposition of Art. 163, and express the given function of 
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tho roots, whose order is 6 and weight 12, in terms of a 0 , II, I , /. From the 
table— 



Order. 

Weight. 

II 

2 

2 

I 

2 

4 

J 

1 

1 

3 G 

1 


it is easy to see that II cannot enter, for the terms of the sixth order containing II, 
viz. 27 3 , II-I, HI 2 , have not the proper weight. Therefore n must be of the form 
II 3 4- »iJ 2 , where l and m are numerical coefficients. 

Now put <j 3 and n j equal to zero, and n will vanish, since in that case the 
quartic will have equal roots ; hence, employing the reduced values of I and J, 

0 = /(3rt 2 2 ) 3 + mi (- «a 3 ) 2 , and therefore m = - 271. 


In applying this method to obtain the values of symmetric functions, the rule 
to be followed in every case is—Retain those terms of weight k whose order is not 
greater than vs, and make the whole homogeneous by multiplying terms whose 
order is less than zx by suitable powers of a n . 

5. Calculate the symmetric function of the roots of a biquadratic 

2 ($ - y)' (y - a) 2 (a - <8) 2 . 

Since the order of thin symmetric function is four and its weight six, we may 

«o 4 2 ($ — y) z (y - «) 2 (a - £) 2 = + maoJ. (1) 


The values of l and >n may be found by putting a 3 = 0, = 0, as in the pre¬ 

ceding example, and calculating the value of the reduced symmetric function (when 
y — o, 5 = 0) in terms of the coefficients of the quadratic equation 

dox 2 + 4 ti\x + Gff2 = 0. 


Identifying then this value with the reduced value of 1HI + ma Q J, we obtain two 
simple equations to determine l and »». Or we may proceed as follows by taking 
two biquadratics whose roots are known, and calculating in each case the sym¬ 
metric function by actually substituting the roots, and then comparing both sides 
of the equation when II, I, J are replaced by their values calculated from the 

numerical coefficients. 

First we take the biquadratic equation Gx* - 6* 2 = 0, whose roots are 0, 0,1, - 1, 


whence 


2 = 8, JT= - 6 , 1=3, J= 1. 


Substituting in equation (1), we have 

1728 = - 3/ + «». 
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Proceeding in the same way with the biquadratic equation 

z 4 - 6x 2 + 5 = 0, whose roots aro ± \Zs, ± 1, 
we find _ . .. 

2 = 768, S=- 1, 1=8, /= -4; 

whence 

- 192 = 21+tn, 

and 

l = - 2 x 192, »» = 3 x 192 ; 

and finally, __„ „ ^ 

a 0 j 2 = 192 (- 2HI + 3a<tJ). 

6. If a, p, y, S be the roots of the equation 

<7 0 a: 4 + 4 aix 3 + + 4<rj2: + <*i = 0, 

calculate in terms of a 0 , IT, I, J the value of the symmetric function 

ao 6 2 (3« — P — 7 - 5 )* (3/3- 7 - 8 - o ) 2 (3y - 5 - a - 0) 2 . 

This may be solved by the same method as the two preceding examples, or w< 
proceed as follows:— 

- A-** A A'*' - ? _ 2 


may 


where cj, c 2) r 3 , m are the roots of the equation 


z 4 4- G27z 2 + 4&z + do 2 I — 32T 2 = 0. (Art. 37.) 

Hence, by Ex. 2, Art. 161, 

Avs. 4 7 {- 7-ff 3 + ao'HI - 4^o 3 /}. 

7. If F{ao, «i,.. a n ) is a seminvnriant of the equation (flo, «i, . • tf,.) (*, l) w = 0, 
prove that tho same function of the sums of tho powers of the roots, viz. 
P(«o> «i, « 2 , . .. «„), is also a seminvariant. 

This follows by operating on the first function by D, and on the second by — 5, 
and observing that Da r = ra r .\ and - 5s r = »«r-i. We thus obtain results identical 
in form; and if one vanishes identically so must tho other. 

8. Calculate tho determinant 


A - 


$2 




S2 


S3 


*2 


* 3 


in terms of the coefficients of a qunrtic. 

By the preceding example, this determinant is a function of tho differences of 
the roots ; we may therefore remove the second term of the quartio before calcu¬ 
lating it; and if tho equation so transformed bo 



y* + Fiy 1 + P 3 y + Pi = 0, 


4 0 - 2P a 

0 -2P 2 - 3P 3 

-2 P t -3P 3 2Pa* — 4P* 


= 4{8P s P 4 -2Pa 3 -9P 3 2 }; 
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but (IqPi = 62T, fl 0 3 P 3 = 4G, aJP k = a 0 2 I- ZH 2 . 

Substituting for P 2 , Pi, Pi these values, we have 

rt 0 4 A = 192 (- 2HI 4 3 a 0 J): 

the same result as in Ex. 5 (cf. Ex. 7, p. 35). 

9. If o, 0 , 7 , 8 he the roots of the equation 

+ 4«ia : 3 + 6azx 2 + \aix 4 a k = 0, 

express B„ I„ J„ G, of the equation 

5 0 ar‘ 4 isix 3 4 Ci 2 S 2 4 is3X 4«i = 2(^4a)' = 0 
in terms of H, I, J, G. 

. H. , n /. 48iT 2 - G. ,G' 

AhS. c2 - 3—, c , - > ,3 3 < 7»3 ’ 


So' 


«0 So - 


a o’ 


<V 


nnd by the aid of the relations 

G 2 4 4IT 3 ■ flo 2 (#/ - « 0 /)» £. 2 + 4 - ff * 3 - s 0 2 (-2.7, - so/.), 


192 

J, = — T (3n 0 J-2HI). 


10. When p is even, prove that 

2 (ai - a 2 )P = s 0 Sp-psis p _i 4 \p{p - 1) *2*p-2 “ &c. 

Since 

2 [x - a)P = nxP - psi xP~ l 4 —|-52 XP - 2 - &c. ... - /?S ^1 a: 4 s p , 

changing x into ai, a 2 , a 3 , . . • a„, in succession, and adding the results on loth 
sides of the equations thus obtained, we find 

p . p — 1 

22 (ai - ai)P = s 0 s p - pHSp-i 4 ——jj" Si s p -1 - ... - ps\Sp-\ + s o s r» 

where all the terms on the right side of this equation are repeated except the middle 
term. Thus 

2 (ai - a 2 )* = 5 0 Si - 45153 4 3s 2 2 , 

2 (ai - a 2 ) 6 = 5 0 s c - 0sis s 4 155 2 si - 105 3 2 , &c. 

11 . Form the equation whose roots are <p'(a), <P'(y)> <P (5), where 

a, 0, 7 , 5 are the roots of the equation 

<p (x) s a 0 x l 4 4«ia : 3 4 6a,x 2 4 4aja: 4 «i = 0. 

, 32 G .. 96 (2UI — Za 0 /) 256 (/ 3 - 21J 2 ) _ 

Am . 4,- + ^ +-jy- * 2 + -5-° - 


12. If 


2 (a - P ) 2 (£ - 7) 2 (7 ~ «) 2 (* “ 5 ) 4 » 

when expanded, becomes 

4 4KiX 2 4 GK*x 2 4 ±KiX 4 Ki ; 
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prove that 

K„afiy + K\ (37 + ya + «3) + JTj (a + 3 + 7) + -^3 _ * 1G ^A ^ 

(3- 7 ) ( 7 -«)(«-3) ” < 

where 

A = P - 27J 2 . 


13. Prove that 


<7 0 4 2 (3 + 7 “ « - 8) 3 (3 - 7) 3 (« " 5) 2 = 192 (3^ - 27T7). 

14. Prove that 

<2 (3 + 7 - a- 8) 1 03 - 7> 2 (a - 8) 2 = 512 K 2 / 2 - 3Gff 0 ZZ7+ 127T 2 /). 


15. The quotient of a simple alternant (ono, namely, in which each element 
is a single power) t by the diffcrcncc-product (see Ex. 31, p. 60) can ho expressed 
as a determinant whose elements are the sums of tho homogeneous products of 1110 
quantities involved. 

We take a determinant of the third order, and propose to provo 


aP a1 a r 


rip n 7 rir 


1 a a 2 

(3t> fir 

s 

rip-i n^.i rir-i | 


1 » F 

yp y? y r 


rip.-> n 7 _ 2 n r -2 


1 y 7 2 


where T\ p , IT ? , &c., are the sums of the homogeneous products of a, 3, 7 , as defined 
in Art. 83, Yol. I. The method employed is perfectly general. Take tho following 
identity, which is easily proved:— 


* y * 


x 3 

Ip J 3 


1 

a 

n 

a v 

z — a y-a z - a 


* 2 

p s 2 


1 

3 

3 2 

'c 


X 

y c 


l 

7 

7- 



X-y y~y z-y 


{x-a)(x-$){x-y)(t,-a)(!/-fi)(!/-y)(;- a ){3-P)(:~y)' 


write {x - a) (j: - 3) [x - 7 ) as a divisor under each of the elements of the first 
column on the right-hand side, (y - «) (y - 3) (y - 7 ) under those of the second, 

and (s - a) (z - 3) (e - 7 ) under those of the third, aud substitute from the follow¬ 
ing and similar equations (Ex. 1 , Art. 83) 

—~ = 1 + «*' + «V* + . . . + oPx’p + ..., 
x z 

■{*-«){*-fl)(»- T ) = 1 + n,a: ' + + • • • + n >*'' + &e.. 


where 


? 
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The identity written above becomes then 


1 + ax + .. . + aPx'P +. , . 


l + nir + n 2 r"-i-... + n,,a> +.,. 


1 o a 1 

1 + fix + . . . + fi p X P + . , . 

= 

x' + nia;' 2 + ... + n p -iz'p + .,. 


1 fi fi 2 

1 + yx' + ... + 7 px'p +.,. 


x >2 + . .. + Hp-i/p + ., . 


1 7 7 2 


where the second and third columns of the determinants here written cau be sup¬ 
plied by replacing x by y' and s', respectively. Comparing coefficients of tfvy'*z T 
on both sides, we have the required result. It should be noticed that when the 
difference-product determinant is written in the form used above (viz. with ascend¬ 
ing powers in the order of the columns) the sign to be attached to the product is 
always positive, since the product of the two determinants, containing the term 
n P n a -in r --.-iS 7 2 , must contain the term of fry. Note also, in applying this calcula¬ 
tion to particular examples, that n 0 = 1 , and 11 / = 0 when,/ is negative. 

10. Prove, by the preceding example, 


1 a 2 a 5 


n 0 n 2 n 6 


1 a a 2 

1 fi- fi b 


o n, n, 


1 fi fi l 

1 7 2 7 5 


o n„ n 3 


1 7 7 ? 


The quotient, therefore, of the given determinant by the difference-product is 
riiri3 - rii, which may be shown to be equal to 2 a :, £ -t 2 afi- + 2 2.a-fiy. 

17. Prove, by the method of Ex. 15, 


1 

ai 

ai 2 

. . «i w ’ 2 

ai w 


1 

ai 

ai 2 .. • 

ai ,,_ * 

1 

02 

«2 2 

.. « 2 m ' 2 

a.«* 

♦ 

1 

«• 

2 

c 

III 

1 

02 

02 2 • • • 

a*"" 1 

• 

• 

• 

• • 

• 


• 

• 

• • 

• • 

1 

CLil 

a,i 2 

• . 0|| ,, ‘ 2 

O ,," 1 


1 

a,i 

2 

On • • . 

a,,"- 1 


where mi = or > n. 

This result may be derived directly from Ex. 1, Art. 83 

18. Determine a seminvariant of a sextic whose order is t^ee and weight 
eight. 


’ Am. « 0 ^o- SWi + 

•'■‘r f L*——- * 7 " A j 


f • • 9 * 3> * J)6j 

O’ 

. V-., w* rJ5 


* 


* ^ 

Lhit 


--'xlTS % o r - x --nS r ‘ To-I ' , O * h 

:A (i/t-=rii|0fl.->o|.. - , O 0 \ .O^-S » 

^ o,-*- ,- r ^ ^^ D 

:p£; : • a a: 1 * 

p„ »*---• 

■ -xo.f».)s - )•* . . 

A e-OKi* - «.,u., f _<-f - r r! 

4 • . a« •• pf 4>* •'* I 


■* ?Cl, £L » V». - .t y f ' L7 » '*“•*-■* * ^ . _S^* • **t Y | f p v 


*» 




1 


4*4*' •* 




1<C * h*-z.u^r<. O , <^. £ O O L> j. j 

w"** oei . j P bI 7 x *\4 ; 

—* ** •• V j • , _ # j^-Ol TU.z_2ji?! 


A.O - y( n ** < 


*_ o^—s a 


*o 


,) o^'s 


*c« 


— s-'- fr —-4 ^ = ^ 

i>«-.r~5 *«-&*** f «-~V-. c '*tt"l *° a>*— Cr'* 7 - 211 ?; 

TWf.~ r *VJ* ^^.r;Vi Jn = if 4 /nc; £ *?'- f><P: -»*’ jiv -.« - 2i :^c 

e,tr^ “ 1 . 


• C'Aut 



V 1 


/- - 


«4t Jr 


~ £- . 

- p-(/u* — 

c ( c . C\./ f . L 01 * " *t •'*<- 1-^ ** 

r^(.. •- . --•%•*■*)• f— f^k: £ ^ ^ 

' ^ • M «K1« «4>.\ ( T **4 
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C0\\AUIANTS AND INVARIANTS. 


166. Definitions^— In this and the following ohapters the 


notation 


\ 


K \ii ( h) • • • (in) (a*, y) n 
will he employed to represent the quantic 


aX + m^'y + — ^ a^'Y + . .. + na H . { .ry"~' + a„ y\ 


\ 


a homogeneous function of .r xind y, written with binomial 
coefficients. If we put y = 1, this quantic becomes U„ of 
Art. 35; and the same notation 'maj' be used to denote the 
homogeneous quantic written in x and y. 

Let 0 be a seminvariant (as Refined in the preceding 
chapter), of the order sr, of the root\ a„ a 2 , « 3 , .. . a„ of the 
equation U n = {a 0 , a lt a 2> ... a H ) {x y 1)» =\0; then if 


1 


\ 


> j • * • 

**l “■ £ Q 2 u„^d 


be substituted for a„ a 2 , .. . a „, respectively,\the result multi¬ 
plied by U n a (to remove fractions) is a covatHant of U„ if it 
iuvolves x y and an invariant if it does not involA .r. 

From this definition of an invariant we inay\infer at once 
that x 


««.ai 


« 0 °<P («1, «2, a 3 , . . . a„) 




is an invariant of U n when <p is composed of a numbe\of terms <*.«> „ 

Qh the same type , each of which involves all the roots 
root in the same degree zj. 




s (X. ... T 1 


is 


*7 “% * 4 ' ** 
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These definit ions, may be extended t o the case where <p (the 
function of differences) involves symmetrically the roots of 
s everal e quations TJ P - 0, U q = 0, TJ r = 0, &c., the roots of these 
equations entering <p in the orders zy, zj', zy", &c. . . . respectively. 

We may substitute for each root a, -as before, and remove 

a — X 

fractions by the multiplier TJpUq'U V s ". . . . &c. If the result 
involves the variable x> we obtain a covariant of the system of 
quantics U p > U q , U n &c.; and if it does not, <p is an invariant 
of the system. 

167. Formation of Covariants and Invariants. —We 

proceed now to show how the foregoing transformations may 
be conveniently effected, and covariants and invariants calcu¬ 
lated in terms of the coefficients. With this object, let the 
seminvariant be expressed in terms of the coefficients as 
follows 

flo’fp (ai, a 2 , . . . a„) = F(« 0 > «\, ( h, • • • a »)' 


Now, changing the roots into t heir reciprocals, and conse¬ 
quently (t 0 into a,,, &c., a r into (t H -n (that is, giving the 
suffixes their complementary values), we have 

(to 3 ip (ai, a 2 , . . . a „) = F[(l n , a n~\, • • • 

where p is an integral symmetric function of the roots, and 
F the corresponding value in terms of the coefficients. This 
functionjs called the source* of the covariant derived therefrom. 

Again, substituting m- ar, a 2 -a-, ... a,, -_xioj_^, a 2 , ... «n, 
and consequently U r , &c., for a r , &c. (Art. 35), we find 


a*P (a, - .r, x, . . . a n -x) = F( U n , Fn-x, • • • F l} U Q ). 

Thu^ytwo'stepT we^derive a covariant from a function 
of the differences, and find at the same time its equivalent 

calculated in terms of the coefficients. 

To illustrate this mode of procedure we take the example in 
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whence, changing the roots into their reciprocals, and a 0i a u a ly a 3 
into a 3i a 2i a lf a 0) we have 

tf„ 2 2« 2 (0 - y) 2 = 18 (* a # -<&«,). 

Again, changing a, 0, y into a -a?, 0 - x, y -x f and /r,, a iy a 3 
into JJ i, Ui , Z7 3 , respectively, we find 

r/ 0 2 S (13 - y ) 2 (a? - a) 2 = 18 (£7 2 2 - ft ft). 

The second member of this equation becomes when expanded 

U\U 3 - U 2 = (a 0 a 2 - a*) x 1 + x + (<7,«t 3 - ff 2 2 ). *i|~* 

This covariant is called the Emutn of ft. We refer to it 
as H xy since II is its leading coefficient. 

As a second example we take the following function of the 
quartio :— 

tf 0 2 2 (0 - y) 2 (a - Sf = 24 -*4a,rt 3 + 3tf 2 2 ); (1) 

whence, changing the roots into theirreciprooals, and a oi a lt a 2 , a 3y a i 
into a iy a 3y a 7 , a ly a 0y we have 

ff 0 2 S (y - 0) 2 ($ - «) 2 = 24 (afO 0 - ia 3 ai + 3<7 2 2 ). 

These transformations, therefore, do not alter equation (1) : 
again, since in this case yf, (a, (3, y, S) is a function of the diffel 
rences of the roots, ^ is unchanged when a - x, f3 - Xy &c. 

are substituted for a, (3, y, 3. We infer that * 0 a, -4^’+ 3r/. 2 * r 
is an invariant of the quartic ft. 

We observe also, in accordance with what was stated in 
Art. 166, since 

7 )* (“ - S ) 2 + (y - a) 2 (0 - S) 2 + ( a - /3) 2 (y - 

that any one of the three terms of which <p is made up involves 
each of the roots in the degree which is here equal to 2. 

In a similar manner it may be shown that 

*•’{ {y ■ « )(/3 - S) - (“ - ft(r - [ (« - m - 8) - (0 - y) (a - 8) j 

x l(0~7)(a-S)-(y-a)(/3--$)) 

^ + 2r7 i<7 2 <7 3 - a 0 a 3 ' - afa - a , 3 ) 

is an invariant of the quartic. 

VOL. II. 
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There is no difficulty in determining in any particular cas e 
whether 0 leads to an invariant or covariant, for if 0 leads to an 
invariant, <f> = ±\p, that is 0 is unchanged (except in sign, when 
its type-term is the product of an odd number of differences of 
the roots, i.e. when its weight is odd) when for the roots their 
reciprocals are substituted, and fractions removed by the simplest 
multiplier (a ia: a 3 ... a„) 3 . An invarianhwhoso. weight_ is odd is 
called a skew invariant .*-*- 1 * 7 

168. Properties of Covariauts 'aud Invariants.— 

(•) Since 0 is a homogeneous function of thev roots, the covariant 

derived from it may be written under the rorm 

\ 

U n . f x x x \ 

-rf) [ % 5 • • • V” ]> 

z* r \a\ — x a 2 -x a 

where ts is the order, and k the w r eight, of 0 . ^ 

«) Also, as 0 is a function of the difference s, \ve may add 1 to 

each constituent, such as -■, thus obtaining -t- —. Again, 

a r — x a| 4 

multiplying each constituent by x, the covariant becomes 


a iX 


a 2 x 




Cln ~~ X 


Employing now the notation x , a >, a 2 , &c., for \he iecipro- 
cals of ar, «„ «„ &c.; and denoti^y U’ tliT function whose 

roots are a',, a' 2 , . . . a'„, viz. I 

TJ’ = a n x" + na n _ x x"-' + &c., ... + na x x f + a 0 = 0,; 


since 


1 __ ~ a,x 

a r — xf a,- — x 


a r — a ur * i 

and V = a n x u (x' - cm) (x - a' 2 ) ... (x - a „) = x W , j 
the covariant above written is easily reduced to the form 

. f i i __l_v \ 

(- 1 )“^"“ {7^? 7^2 "" «'»- x ’)’ \ 

whence it is proved that the covariant is unaltered when for 
x, a„ a 2 , ... On their reciprocals are substituted, aud t e resu 
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multiplied by (- l) K x n ^ K . This transformation changes a,, into 
a n . n that is, each coefficient into the coefficient with the com¬ 
plementary suffix. 

('") Now if any covariant whose degree is m be written in the 
form 

(B 0i B h B 2) ... B m ) (x, l)”*; (1) 

changing a 0 , a lt . . . a n , x, iuto a m , r/ M _„ . . . a„ -, we have 


another form for this covariant, namely, 

( 1 \ m 

p l 

and as this form is an integral function of x of the same type 
as (1), we have, by comparing the two forms, 

m 7 = (- l)* C m , .. . B r = (- 1)* Cm^r ; 

thus ^determining the degree of the eovariant in terms of the 
ord e r and 1 weight of the function ^,/and showing that the 
conjugate 'coefficients [i.e. those equally removed from the 
extremes) are related in the following way:— 

If F {«o a 2f . . . (i n ) be cfuj coefficient of the eovariant, 

(- 1)*-F(a n , a n _ 2y . . . a 0 ) is its conjugate. 

Tin s propert y is characteristic of covariants, and is uot 
ppssessedb^semi covariant s, although the two classes of func¬ 
tions agree m the mode of formation by the operator D } as will 
appear in the \Article which follows. 

From the Expression for the degree of a covariaut in terms 

of zj and k, namely, nzs - 2k, we may draw the following 
important inferences 

° (*)• If is an invariant , nzs = 2k. 

For, in this ease <j, and xf, are the same function, and conse¬ 
quently their weights k and iro - K are also the same. 

(2). All the invariants of qmMes.^dlJ^eetare of even 
oiaet. 

For if H be odd, it is plain from the equation = 2 K that 
73 must be even, and k a multiple of n. 

i 2 
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Mo (,j). All covariants of q ualities of even degrees *are of even 
degrees. 

For in this case im - 2k is even. 

(4) . Covariants of q ualities of odd degrees 'are of odd or even 
degreeaccording as the orderof their coefficients is odd or even . 

(5) . The resultant of two covariants is always of an even order 
in the coefficients of the original quantic. 

For, the order of the resultant expressed in terms of the 
orders and weights of the covariants is 

zs (nv/ - 2 k) + w' («w - 2 k) » 2 (nW - W - «'«)• 

169. Formation of Covariants by the Operator D.— 

■c- r “* c M ‘^ron^Art. 164 we infer that the expansion of F (J7„, TJ n . i, • • • V 0 ) 

may be expressed by means of tbe Differential Calculus in the 

form j. 

Fo + x df„ + ~ D'F 0 + ... + • • • • 

where F 0 is the result of making x = 0 in F(U„, U n -u • • • cr »)> 

V17I* t^/ \ 

= F\((ny 1j • • • ^o/> 




vr = 


<-1 


In forming a covariant by this process, tbe source R with 
which we set out is altered by the suc cessive opera tes D, each 
operation reducing the we ight by one, till we arrive at th 

original function F[<U, ■ • • «») from whlc, ‘ the “T W “ 

formed. Since this is a function of the differences, the ex- 

nression resulting from the next operation D vanishes, and the 
P 'nnf is completely formed. The corresponding operations 

T “ in L roots by one each step, the final symmetric function 
SSfning the differences only. Thus by successive operations 

roots, and the other in terms of the coefficients. 
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The degree m of the covariant is plainly equal to the number 
of times B operates in reducing ^/ 0 to <f> y i.e. equal to the difference 
of the weights of the extreme coefficients. And since 

, , v A 1 1 

TO — * * * U ») a< P l > J • * • 

T \«i a 2 a„ 

the weight of ^ 0 is mu - k , where k is the weight of </> (ai,a 2 ,.. • a w ); 
hence the degree of the covariant whose leading coefficient is 
a 0 *<p is ntj - 2 k, the same value as before obtained. We add 
some simple examples in illustration of this method. 





Examples. 

1. Form t/ie Hessian of the cubic 

<i 0 x 3 + 3(11*3 4 Za 2 x + d 3 = 0. 

% 

Taking the function H = d 0 ff 2 - di 2 , we find, as in Art. 167, 


d 0 2 2a 2 (0 - 7 ) 2 = 18 (« 2 2 - a,a 3 ). 


Operating on the left- hand side by 5, and an the right -hand side by wc obtain 

** /• « . 

* ft** - ^ “■ tl. ^ » 


- d 0 l 2 2 a {& -,y) 2 =18 (fii<72 - : 

' 

and operating in the same way agjfin, / 

1 2*.*- -♦ - » 

<2 2(3 - 7 ) 2 = 3 b (a, 2 - rtyfls). 


• 


The next 
required covariant 


. / : i > *. 

operation causes both sides pfrihe equation to 
riant is, as. In Art. 167, l 


vanish. Hence the 


(rtiaa - d 2 2 ) + (doffs - diffs) * + (doffs - dr) . , 

M- y w «- .v \\ 2 < J v ^ (( 

^ e find at the same time the corresponding expression in terms of * and the 
roots. 


(o 


2. Form the Hessian of the biquadratic 


do* 4 4 4di* 3 4 6a 2 * 2 + 4ds* + m = 0. 

The covariant whose leading coefficient i s II = a 0 a z - ai - is called the Hessian 
Of the biquadratic. Its degree is 4, since sj = 2, and k = 2 ; and nm- 2 k ~ 4. 

anging the coefficients into their complcmentnries, the source of the covariant is 
d4d 2 - d 3 2 , and we easily find 

H, b (dod 2 - dj 2 ) z* + 2 (d 0 d 5 - <n« 2 ) x 3 4 (d 0 ff4 4 2did 3 - 3d 2 2 ) ** 

4 2 (dia t - a 2 a 3 ) * 4 (a 2 d 4 - a 3 2 ). 


$ 
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3. Form for a cubic a covariant whose leading coe fficient is the sem- 

.ior‘ ' ' 

invariant Gj_ 

Changing the coefficients in G into their complementaries, we get t he source 

— 3<73«2<ii + 2* 2 3 , and op erating with D we easily obtain the covariant in the 
following form :— • 

(rt3 ? flO - 3tf3rt2fll + 2*2 3 ) + 3 {(I3fl2«0 + — 2<73<7l 2 ) X 

— 3 (tfoffifls + avai — 2a 0 «2 2 ) z 1 — (<7o 2 fl3 - 3rTofli« 2 + 2ai 3 ) x 3 . 

In this the conjugate coefficients (Ai 4\" 468) differ in sign as well as in the inter¬ 
change of complementaries, the weight of G being odd. The student will have no 
difficulty in expressing this covariant i n terms of x and the roots by the aid of the 
value of G given in Ex. 15, Art. 27. 

170. Theorem. — Any function of the di fferences of.the roots 
of a covariant or s emicovariant is a function of the differences of 
the roots of the original equation. 

Let the covariant or semicovariant he 


<t> (.r) = (x - pf) (x -pi) ... (x - p p ). 

Since ^ is a function of the differences of x , cti, a 2 , . . . a„, 
we have 

— - %d> = 0, viz., <p'(x) + 2 (x - pi) (x -pi) ... (x - p p ) dpi s 0. 
dx 

Now, substituting for x in this identical equation each root 
p„ p 2y ... in succession, we have • 

(p'(pi)(l + dpi) = 0, (f)'{p 2 ) (1 + fy> 2 ) = 0, &c., . . ., 

whence _ , A 

$Pi + 1 = 0 , Sp 2 + 1 = 0 ,... 8pj +1 = 0 ,... 

and consequently 

S [pj ~ pk) = 

which proves the theorem. 

In the preceding pages manzisstances have been given in 
which the roots of covariants or semieovariants are expressed 
in terms of the roots of the original equation; and the student 
will easily verify that the result of the operation of 8 on any 
such expression is - 1. The roots of tho covariants in Exs. 1 
and 3 of the preceding Article are given m Ex. 25, p. 67, and 
Ex. 13, p. 88, Vol. L, respectively; and roots of semieovariants 

will he found in Exs. 10, 11, p. 87, and 12, 14, p. 88, Vol. • 
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Double Linear Transformation. 

The theorem here proved is clearly true abojor any 
function of the differences of the'roots of two or more cova¬ 
riants or semicovariants. 

171. Double Linear Transformation applied to the 
Theory of Co variants.— Hitherto we have discussed the 
theory of covariauts and invariants through the medium of the 
roots of equations. We proceed now to give some account of a, 
different and more general mode of treatment ,. by moans of 
which this theory may be extended to quantics homogeneous 
. in more than two variables, such as present themselves in the 
numerous important geometrical applications of the theory. 
Although this enlarged view of the subject does not come 
within the scope of the present work, we think it desirable to 
show the connexion between the method of treatment we have 
adopted aud the more general method referred to. With this 
object we give in the present Article two important propo¬ 
sitions. 

Prop. I.— Let any quantic 

TJ» = afx - agj) [x - a 2 y) ... (x- a n y ) 

be transformed bn the substitution 

.Stf- (MAT l<-) f f t 

X = X/ + V = XV + M H ; 

then if I and T be corresponding invariants of the two forms U n 
and U'ny we have 

&• J' ~ (X// ~ 

To prove this, let 

I = <r 0 *2 (d! - ai)" (a 2 - a 3 ) 6 ... (a! - a,,)*, = a.. n 

each root 1 entering every term of 2 in the degree za. When 
any faotor of U n , e.g. x~a x y } is transformed , we find 

a* >•- d - •*; >. *•- •. 

x-a 1 y=(\-\'a l ){x'-a\f), where a\ = ~ ; 

{ A-Aai 

XT n = a' 0 (av- a if) {x - a 2 f) .... {x - a„f), 
a o = a o (X “ X 7 ai)(X — X cti) .... (X — X^j).* f A>AV C J 


hence 

where 
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Making these substitutions for a\ and for all the differences 

of roots in the denominators of the fractions which enter by 

the transformation disappear, and we have 
- tr^ * 

r= (X/ - AT.)-/. 

Prop. II. —If $ (x, y ) be a covariant of the quantic U n , the 
new value of <p, after linear transformation t is 

[Xfi - \'n)* <j> [x, y). 

The proof is similar to that of the preceding proposition. 
We have 


finally 


0 (•*’» y) = af'S, (ai - af) a («2 - a 3 ) b . ... (x- a,//) p (x- a 2 y) q . . . , 


where each root enters in the degree zs. 

Now, transforming, as in the previous proposition, the value 
of 0 (x } y) thus derived; since the factors A - A 'a Xf A - A'a 2 , . • . 
all enter in the same degree zs in the denominator, they will all 
he removed by the multiplier a'f, and the transformed value of 


0 (*> V) is 



^2 -R (*•-*:>') 


(Xy - \ f) K (p (x, y). 


a* 


The determinant - AVc, whose constituents are the 
coefficients which enter into the double linear transformation, 

nc, iH 

is called the modulus of transformation, 

Without any reference to the roots of the equation U n = 0, 
we can suppose the transformation of x and y to be applied to 
the quantic in the form 

U„ = a^c n + na x x? l ~ l y + —:— a 2 x’ l ~ 2 y 2 + ... + a„y 

1 . v 


The propositions^here proved with respect 
covariants regarded as functions of the roots v 


to invariants and 
ill still hold good 
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when these functions arc expressed in their equivalent forms in. 
terms of the coefficients. We may t herefore now restate the 

Propositions in the following form w <*<•; 

Prop. I .—An incSnant Is a Junction of tlic coefficients of a 
quantic, such that when the quantic is transformed by linear trans¬ 
formation of the variables, the same functionofthe new coefficients 
'is equal to the original function >mdti]>UH ft P°w tf lhc 

of transformation. * 13 

Prop. II— A covarianij s a function of the coefficients of a 

quantic , and also of the variables , such that when the quantic is 

transformed by linear transformation , the same function of the note 

variables and coefficients is equal to the original function multiplied 

bifa power of the modulus of transformation. 

The definitions contained in the preceding propositions are 

plainly applicable to quant.ics homogeneous in any number of 

variables, and form the basis of the more extended theory of 

covariants and invariants above referred to. We give among 

the following examples a n application in the case of a quantic 

inv olving three variable s. 






(r- / 



1. 

if 


Examples. 

Performing tho linear transformation 

x — AX + nY, y = AjX + m Y, 

ax 2 + 2 bxy + of = AX + 25X1' + CY-, 


prove that 


AC - 5 2 = (A^r - Aim) 2 (« “ &*)• 


2. Performing the same transformation, if 

(a, by Cy dy e) (Xy = [Ay By Cy D, E) (X, 7)*, 

prove that 

AE — 4 BJD + 3 C l = (Ami — Aim) 4 ( ae - 4W + 3c 2 ). 

«»** 

3. Performing the same transformation, if 

a* 2 + 2bxy + cy- = AX 2 + 25X1'+ 6’P 2 , 
and 

«ix 2 + 2h xy + c l y* = A l X i + 25»XF + C\F 2 , 

prove that 

A Ci + A\C — 252?i = (Ami — Aim) 2 (<wi + flic — 266j). 

This follows from Ex. 1, applied to tho quadratic forms 
(« + k<ii) **+ 2(6+k6.) xy + (c + kci) y 2 = [A + k^i) X 2 + 2(5 + «5i)Xr+ (5+ fcCi) F 2 , 
by comparing the coefficients of k on both 6ides. 



1 

I 
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Whence we may infer that, if two quadratics determine a harmonic system , the 
new quadratics obtained by linear transformation also form a harmonic system. 
For their roots being a, 0, and «i, £ 1 , we have 

mil {(a - ai) ($ - $i) + (a - 0 i) (0 - ai)} = 2 («ci + aic - 2 bb\). 

4. If the homogeneous quadratic function of three variables 

ax 1 + by 2 + cz 2 + 2 fyz + 2 gzx + 2 hxy 

be transformed into 

AX 2 + BY 2 + CZ 2 + 2 FYZ + 2 GZX + 2 HXY 
bv the linear substitution 

x = \\X +n\Y + v\Z, y = Asif + nzY + i> 2 Z, z = A 3 X + /izY + V 3 Z; 
prove the relation 


A 

n 

G 


a 

h 

9 

II 

B 

F 

= (Ai/x 2 v 3 ) 5 

h 

b 

f 

G 

F 

c 

t 

9 

f 

c 


where the determinant (Ai /xzvi) is t he modulus o f transformation. 

This is easily verified by multiplying the proposed determinant of the original 
coefficients twice in succession by the modulus of transformation written in the 
form 


Ai 

\2 

A3 

Ml 

M2 

^3 

v\ 

V2 

t /3 


and comparing the constituents of the resulting determinant with the expanded 
values of the coefficients of X 2 , Y 2 , &c., in the new form. 

It appears therefore that the determinant here treated is an invariant of the 

given function of three variables. 


172. Properties of Covariants derived from linear 
Transformation. —We proceed now to show, taking the/ 
second statement of Prop. II. in Art. 171 as the definition oj a 
covariant, that the law of derivation of the coefficients giv^n in 
Art. 169 immediately follows; that is, given any one coefficient , 

all the rest may be determined. ✓ 

For this purpose, performing the linear transformation 

. x = X + hY, y = OX + Y,' 

whose modulus is unity, the quantic 


(a 

where 


a l9 a 2 , ... a n )(x, y) n becomes {A<, A lt A 2 , ... A„)(X, Y) n , 
A 0 = a 0 , Ai = + a 0 h, A/= a 2 + 2 aji + a Jr, &o. (Art. 35.) 
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now, if ♦(*,«, • ■ •«». *. u) a ”y covariant of tbi8 

quantic, we have by the definition 


(ff 0 , "i, //) = ^ yl ‘> X> 


or 


<P K> «*» • • • a »>• r > art = ‘ 4, » * 4, • • ‘ A * //y ’ 


Expanding the secondr member of this equation, and con¬ 
fining our attention^ the terms which multiply h : observing 

atso that ( -j/~ =yfa r -\ when terms are omitted which would be 
(In 

multiplied-Tn the result by h\ h\ &o., we have 


/ ^+h (-y^+J)^ + A*( ) + &c-= ^, 

4 ' / 


which must hold . whatever value h may have ; hence 

y ( lt =/a\ + 2 a x ( j- + 3(72 ~£' + • • • + ,w »- 1 ^ ’ 

# _ I 1 w' 


( 1 ) 


and, substituting for <p the value 


we have,’ 


(B 0 , 2?i, ^2, . • • B m ) (•**> y) 


t» 


\ mB v v m ~ l y + m (m - 1) + . • • + mB m . x y 

^DB^ n + mDBxf'y + ... + DB„ t y m ; 


whence, comparing coefficients, we have the following equations. 


DB 0 = 0, DBi = B„ DB 2 = 2 B u ... DB m = mB m . Xi 


whioh determine the law of derivation of the coefficients from, 


c l- Mat *-<- 


the source B m ; the leading coefficient B 0 being a function of 
the differences, since DB 0 = 0. 

The calculation of the coefficients is facilitated by the fol- 
lowing theorem which has been proved already on different 

principles:— 

Two coefficients of a covariant equally removed from the extremes 
become equal (plus or minus) when in either of them a 0i a x> . . . a n 
are replaced by a n> a n -i 9 . . . ffo, respectively. 


1 * 'P * ^ ^ f 4^ rj ^ if" 1 


r.^KC- 

*■ -. itit •• .. .. T -.RT_, S \/i 

m^V - - isSS. "* ” * - .. ° 


'*.4 


T R. « 


in 
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To prove this, let the quantic be transformed by the linear 
substitution 

<\Sr . 

# = 0 X+Y, y = X+0Y, whose modulus = - 1. 

Thus 

(tfo, aij a 2i .. . <7 n ) (.r, //) 1 = ((7„, (t n - i> • • • ^o) (-X> 1 ) M > 


and, by definition, any covariant 

0 K> ^H-2, • • • rt'oi -3T» F) = (- 1)* 0 (<7o, ^1, a2 • . . y) 


s (-1 Y 0 [a 0 y ( 1 \> a 2 f ... a, n 7, X ); 


whence it follows that the coefficients of the covariant equally 
removed from the extremes are similar in form, and become 
identical (except in sign when k is odd) when for the suffixes 
their complementary values are substituted. 

It is easily inferred in a similar manner that a covariant 
satisfies the differential equation 


4 V 

X -r- s a 


d<f> 0 d(f> d<t> 

Y + -r^-+ 3<7 m . 2 — 


+ 


• • t 


+ n(l1 da* 


— »l f I fj-l , « ; 

(I(l ;j_i d(( ;j- 

as well as the equation (1) already given. 
nt-i Again, if 0 («, r/ 2 , .. . a n ) be au invariant of the quantio, 

the former transformation of the present Article gives, employ- / 

ing the definition of Art.^ 171 , / 

0 (ff 0 > a lf a 2f ..,)*») = $ (A 0 , A lt A 2 , ... A„); 


/ 


and proceeding as before, ii^the case of a covariant, we profe 
that an invariant must satisfy both the differential equations 


JXcp * 


d(b _ d<p 0 (!<p d(p _ 0 / 

a ——i- 2^71 —— + 3^2 + ... na n _\ , > 

0 da i da% da 3 ««n 


0 r 


(Id) 


+ 2 a 


/i-i 


d< ^ + 3^,-2 +*• • • + ^ “ °> 


-- da n -2 ' da„-3 

either of which may be regarded as contained in the other, since 
if we make the linear transformation x = F, y = X (whose 
modulus = - 1), we have from the definition of an invariant 



% (‘ 


Z e I --~ c c 


1^- 2 - 


G>«Sz 

** < •''f o «.'■ O 


AO -0 T -A 
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proving that an invariant is a function of the. coefficients of a 
quantic which does not alter (except in sign if the weight ho 
odd) when the coefficients are written in direct or reverse order. 
The relation between invariants and seminvariants, cova- 


A.L1 XJ .. w<--- * 

riants and semicovariants, is now clear. Invariantg of the 
quantic (a„, a l9 ... *„)(•*, y) n satisfy both the differential equa-^~ 
tions last written, whefeas Beminvariants of (ff 0 , a Xi • • • a„)(.r y 1) f 
satisfy only the first of these equations. In like manners *- 
semic/variauts of (a„ a lt ... *•)(*, 1)" satisfy only the first of 
the/differential equations (1) and (2) above written, whereas 

* . HAT 1 

Jjoth are satisfied by covariants. 

Having now explained the nature of Covariants and Inva¬ 
riants of quantics, and the connexion between the two modes in 
which these functions may be discussed, we proceed to prove 
certain propositions w hich are of wide_ application i n t he forma ¬ 
tion of the Covarian ts and Invariants of quantics transformed 
by a linear substitution. The student who is reading this 
subject for the first time may pass at once to the next chapter, 
where the principles already explained are applied to the cases 
of the quadratic, oubie, and quartic. 

K-ic. \ 

173. Prop. I .—Let any[homo(jencous quanticjof the n th degree 
f[x y y) become F(X y Y) by the linear transformation 

x = \X + fx F, y = XX + fi Y ; 

also let any function u, of x y y become U by the same transformation ; 
then ice have 

nrn Jdu du\ -(dU dU\ 

Mf [Ty'-d;) = F {dY'-dx} 

- V - 

where Mfs the modulus of transformation. 

To prove this proposition, solving the equations 

x = \X + y.Y, y = XX + y F, 


a) 


we have 


whence 


MX = fx - yy f MY = - Xx + \y ; 


M 


d_X 

dx 


/ 


M 


dX 

dy 


..dY __rfF 

-|U, M — = - X , M —r— 
dx dy 


= x. 
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du dJJdX dJJ dY 
Again ’ Tx = dXlh + dY~&, “ 



du^dUdX dJJ dY _ }^( _ ( tC 
d~y" dX~dij + Jflhj ~ M\ fl dX + cirj’ 

which equations may he put under the form 

du_ (ldU\ ( 1_dU\ 

dy K \MdY) +,1 \ MdXJ’ 

**-*( 1 -±.* 1 V 

-Jx~\\MdY) MdXJ’ 

\ 

and since » ■ 

/(AX + ) uF, \'X + r'Y)-F(X,Y) i 

changing X and Y into an( * ~ MdX* res P ec ^ ve ^» 

the proposition is proved. . _. 

In an exactly similar manner, changing A and i into 

1 J*. _L — 

M dY ’ M dX’ 


it may be proved that 






The results 7lV and (5) may he applied to generate cov a^ 


riants and invariants, as we proceed to show. 

Suppose /~(.r, ;/) and u to he covariants of any third quantic r, 

where * may become identical with either as a particular case; 
also, denoting by F^X, F),and ^the^am.covariants ex¬ 
pressed in terms of the X, Y variables and the new coefficien s 
of v after linear transformation, we have, by Prop. II., Art. 171, 

the identical equations 


M”F(X, Y) = F c (X, Y), and M“U • U c \ 



« 


Linear Transforma tion . 
whence, substituting from these equations in (1), 
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U'/ip, - = F tdU ‘ 

• 1 (It/ dx 


dU, 


dY’ </x)’ 


proving that /^, - ^ is a covariant of v. 

And in a similar manner it is proved from (2) t hat 

■ii -£)" 

leads to an invariant or covariaut of i\ according as it is of the 
n th or any higher order. 

We add some applications o f this method of forming inva¬ 
riants and co variants. 




It.K *•>)*" L««((ri)(l^| C 

/ ^ . 1 "Examples. 

/- $ %•* ^ d d 

K **' - 1. If —, - — be substituted for .r and y in the quartic (a. b , c, <l, c) ( x , y) x = U, 

and the resulting operation performed on the quartic itself, show that the invariant 
/is obtained. 

We find */**««•) A u (rlM l>■) + *. ( +,) 

(a, b, c, d, e) XJ- 48 («c - 4 Id v 3c 3 ). 

2. Prove, by performing the same operation on II „ tho llessian of the quartic 
. (Ex. 2, Art. 1C9), that tho invariant J is obtained. 

Here we find 

(a, b, c, d, c) Z7* = 72 (ace + 2 bed - a<l- - cl- - c 3 ). 

3. Prove that 

(a, b, c, d) , - — j G x = — 12 — Qabcd + 4<ic 3 + ib 3 d - 3b : e-), 

where G x is the cu bic covjuiant o jthe cubic (a. b, c, d) {x, y p (Ex.*3, Art. 169). 

4. Find the value of 




where w = (a, b, c, d) {x, y)\ 


Ans. -9 HI 
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174. Prop. II .—If <f) (tf 0 , a lf a 2 , . . . a„) be an invariant of the 
form (r/ 0 , a 2 , . . . a n ) (x, y) n > and u any quantic of the n th or any 

higher degree , 

/ d n u d"n d n u d n u\ 

^ \dx n ’ dx >l ~ l dy > d.t H ~ 2 dy'’ ’ dy n ) 

is an invariant or covariant of u. 

To prove this, let 

* = AX +/iF, *' = AX' + ^r, 


y = A'X + f F, y' = \'X' + fY'; 

and transforming, as in the last proposition, *”,*2x1 


, </ / x^/ ^ , T7' 

# t + y t = x-^+x 

c/.r 


</X 


rfF* 


# 

also transforming ?/, we have U = u; whence 


jr-L+r£f 


dX 


dY 


dx 


( 1 ) 


/ 


and writing this equation wlnfn expanded unM- the formj,^ ^ 

(A, A, A, . • • D„)(X\ far = (rf„, rf.> V- • • /)"> 

we have, from the* definition of an invariant, ‘ ^ 

0 (A, A, A, • • • k) = ^ rf - rf *> • ■ • rf ")> 

showing that $ K, rf.. *./ • • rf ») is / inTariant or “variant. 

When r, y, and x, ?/ are transformed similarly, as in the 

present proposition, they are said to he cognf SLSSk 
And in general, f or any numh jfr of var ia b les, when the coeffi¬ 
cients which enter into the transformation of one set are the 
same as those which enter in/o the transformationjif Ae other, 

the two sets are said to be ^ogredieut. 

The functions which/ccur in the equation (1) are called 

cnanants; the expressio/on the right-hand side of the equation 
being the n th emanant of u. 1,0 




hat i xi 


j 


,V ‘tifr 
*«»*<*- ; *». 

i.A'.ta •!..>.<z 


*fj 


- 7 »f . 

- * **C tyj 


_a 

®* 


’a/ 




0 4 -', 
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4 



\ 


1. Let the quadratic 


aox 2 + 2a\xy + a^y 1 become AoX 2 + 2AiXY + AzY 2 . 
We have then, as in Ex! 1, Art. 171, 

AqAz — Ap = M 2 {ffoffj — fli*). 


Now since U-t& ? 

* dJP + 2XT dXdf +Y dY>- X 


(Pit n , , (Pit (Pit 
*?- + ^ + ' J ' dy- 


it follows from the last result, considering X’, Y' and xy’ as variables, that 

Sr y<r 


Vr Vcr 
**** %-r 


(PC ( PU 

fd-uy ir . 

j (/•« rf 2 /* 

/ r/- M \ 2 1 

" f/A'- rfT 2 “ 

(rfAr/r) 

j^ 2 rfy 2 



This gives an i nvariant of a quadratic, and a covariant (called the Hessian) of 
any high er quantic. 

2. When u has the values 


(a, b, c, d) ( x , y) 3 and (a, b, c , d, c) (*, y)*, 

what covariants are derived by the process of the last example ? 

(Cf. Exs. 1, 2, Art. 169.) 

Ans. (1). (ac - i 2 ) x- + (ad - be) xy + (bd - c-) >/. 

(2). (ac - $*) x l + 2 (ad - be) xhy + (ac + 2 bd - 3c 2 ) x'y 2 

+ 2 (be - cd) xy 3 + (cc — tP) y 1 . 

175. Prop. III .—If any invariant of the quantic in x, //, 

U + k {xy - x'y)” 

be formed, th e.coefficients of the different p owers of Ic . regarded as 
homogeneous functions of the variables x\ f, arc covariants of II 

For, transforming U by linear transformation, let 

* - • K, « 2 , ... a n ){x, yY = (A„ A lf A 2 , .. . J„)(X, Y) n ; 
also, if x, y and x', y' be cogredient variables, 

» (i ) ( A'x '-*x \‘) ^ax'^y'Ju* X 

xy' - ilf (17' _ X'Y). 

(ao, «i, « 2 > . . . ff„) (a-, y)" + A* (#/ - x'y) n 

K 


Whence 
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becomes when transformed 

(A, A, A, • • • A m ) [X, 7) n + Mf- (IF - X'Y) n ; 

and forming any invariant 0 of both these forms, we have 

(*, <*>„ . *p) (i, w =jp (*. Mntc y< 

proving that 

V fr-M'Qr, 

or that <p r is a covariant. 

When (.r// - xy)" is replaced by (6 0 , b it b 2 , . . . b„) (x, y) n , we 
have the following proposition which is established i n a simi lar 

manner :— 

If ^ ( ffo> atj, a 2 , ... o„) an invariant of{a M a u a 2 ,.. . a n )(x, y) n , 

all the coefficients of k in 

(p ( a 0 + kb 0 , a x + kb Xi ... a n + kb u ) 

are invariants of the system of two quantics 

(fl 0 , fli, • • •«») ( x > y) n > ( b °' b " b *’ • • * b *> ’ 

or, which is the same tinny, 

(h A+ h x ^- + ... + b n -£-\ <p, &c., &c., 

ore invariants of the system. 

This proposition may be extended to any number of quant i c s 
of the same degree in any number o f variables . . . If, further, 
U be replaced by a covariant V of the p a degree, we may 
generate new covariants b y forming any invariant of 

V+k (xy’ - xyf- 

P 76 . Prop. IV._//>(*, y) and if,(x, y) are(jtomogeneom- 
auantics, the determinant 

X . . 7. ^ , 2 (| fi )»^ L 


r(<p, yft) 2 


d<p 

d<p 

dx 

fid 

dxp 

dip 

dx 

fid 


a covariant of these quantics. 
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For, transforming <p and i/» by tlie linear substitution 


we have 
giving 


x = XX + fiY y y — X'X + jl P", 



*(X, Y)=-+(x, y) % 



d$> 

Whence 



dy (ty 

dY ^ dx 






d<& 

d< I> 

\ 

dX 

dY 


dy 

dy 


dX 

dY 



^ </* , d<p 

A ^ +A ^ 

(ty d<P rfii ,<ty 
A S + A Jfr* ' , A + '* 


which reduces to, »» *» ’ *V-~ V-', *t r? r 

4 a A • . ^ 


. 1 / ['£ ^ - 


dtp dxfj 


dx dy dy dx 



and the proposition is proved. 

This covariant is called the Jacobian of (p and \p } and is often 
written under the form J(<j>, </,). The Jacobian of n functions 
in n variables is a determinant of similar form, and can be shown 
to be a covariant by an exactly similar proof. Ac 


177. Derivation of Invariants and Covariants by 
Differential Symbols.-If *„ y x ; * 2 , y 2 ; *„ y,;...*., y n be a 

series of cogredient variables (such as, for example, the c o¬ 
ordinates of n points), the functions (x,y 2 - xyy,), ... [x p y q -x q y p ) 

are unaltered by linear transformation ; and since —, - £ 

are transformed by the same linear transformation as y t (see 

AH 173), we derive a series of symbols of differentiati on, which 
combined as above give the following 


d d 

.dx 


(d, 

\ dy 2 dx 2 dyj* ' * * 


jL 

dx p dy q 


d d 
dx q dy. 


|, &o. 
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These symbols may be denoted simply by (1, 2), ... (p, q)> 
&c.; and by their aid a complete calculus can be constructed 
for, deriving and comparing i nvariants and covarian ts. For 
example, the Jacobian of I may be written in the form 

(1, 2) 01 

where <p\ = <P ( x u r J\)i = ^ 2 )> 

the suffixes being omitted after the differentiation has-been 
performed. Similarly, expanding the symbolicform ( l, a )>^ . 
we obtain the covariant 

dx 2 dif 1 dxdy dxdy dif dx 2 ’ 

the distinction between the variables being removed after the 

differentiation has been performed. . , , 

In the investigation by this method of the invariants and 

covariants of a single quantic, the^esult is obtained under the 


symbolic form 

( 1 , 2 )«( 2 , 3)0 ( 3 , 4 )*... (p, q) K UiThTh." TJ v XJ qy 

„h.,, v„ fee example, i. u«d t. den... .1. qmmti.jtol™! 

Sjrssrf .*-; su; - £ 

r: For example, the formula 

Vi J J * Cf.. VTA. ^ 

u„ u., &c. In like manner from the formula 

(12)*"* (23) 2m (31) 2m UxUiUz 

««•»*«“ °!m ,r.» 0/!!» 

degree 4 m, the operation (laJ) V*) t > 
quartic yielding the invariant 

«„a 2 «. + - a °"' ' Ui "' - 
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It-sb^Wri)e noticed that this interchange of variables may 
be accomplished formally by means of a differential operator ; 
for instance fit.*) 

(x — + u _1Y Uj- 1.2.3 ... nU, &c., &c. 

V d*j (I'JjJ 

The method here explained of forming invariants and 
covariants is due to Prof. Cayley. 

The above method of calculating invariants and covariants 
oan be easily extended to ternary forms ; for, if x 1 y l z u x 2 y 2 z 2 , 
x-ij/zZi be cogredient variables, it appears readily by the rule for 
multiplying determinants that 



r* 

-2 

r* 


becomes, after transformation, a similar functi on multiplied by 
the modulus of transformation ; whence, by*Art. 173, we derive 
a series of symbols of differentiation, as follows :— 




d 

± , 



d 

d 

dx i 

dyi 

tfs, | 


dx p 

dy P 

dz p 

d 

d 

| 

, . . . (pgr) = 

d 

d 

d 

dx 2 

df/i 

dz 2 

dx q 

d'Jq 

dZq 

d 

d 

d 


d 

d 

d 

dx 3 

dy a 

— 

dz 3 


dx r 

dy r 

dz r 


We now conclude this chapter with some examples seleoted 
to illustrate the foregoing theory. The student is referred for 
further information on this subject to Salmon’s Lessons Intro¬ 
ductory to the Modern Higher Algebra; to (Jordan’s Vorlesungen 
uber Invariantentheorie ; and to Clebsch’s Thcorie dcr binaren 
algebraischen Formen , where a symbolio method is adopted 
throughout. 

* CUbitK 
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Examples. 


1. The riisrriminant o f any quantic is an invariant. 

2. The resultant o f two quantics is an invariant of the system. 

3. From the definitions, Art. 166, prove that all the invariants of the quantic 
U (, xy' - x'y) are co variants of U, the variable being x : y. 

Hence derive the covariants of a cubic from the invariants of a quartic expressed 

in terms of the roots. 

4. If ft, ft, ft, ... In be the same invariant for each of the quantics 

<p(x) <p{x) <p(x) <p(x)_ 

x — a\ z — <12 x — a3 x — a u 

of the order zj, where ai, 02 ,.. . a„ are the roots of <p (*) = 0, prove that 


fall 


2 Ir(x- Or) 3 

is a covariant of cp (#)• r ° l 

For example, using ft to denote the J invariant composed of the four roots 
« 2 , a3| 04 , 05 (Art. 167), with similar values for ft, /a, ft, ft, ™ have the follo ' v * 
ing covariant of a quintic :— 

Ji (x - 01) 3 + Jz (x - o ?) 3 + ft {x - 03) 3 + J*(x- o 4) 3 + ft (*- «j) 3 - 
5 . If 01, 02, 03, . • • an be the roots of the equation 

((to, (tly G 2 f • • • a n) (x, l) fl — 0 , 

(«P <p\ <Pl • • • <P m = F ( a °> ai > a2 > ’ * # 

,. h ere are all the values of a rational and integral function of some 

or all the toots obtained by substitution, find the equation whose roots are the 

m 


and if 


UU IUV * VVVW J 

values of - P, given = 0. (Cf. Exs. 12, 13, 14, p. 88, Vol. I.) 

5<t> Am. F(Uo, U\y V*, ... U n ) = 0. 


G. Express t he identical rela tion connecting thrfie^nadmtks 
invariants. 

Let U = <7i x 2 + 2b\ xy + e i j/ 2 , 

V = <7 2 x 2 + 2bzxy + cty-, 

JfX = a 3 x' + 2 hxy + e»y 7 ; 

multiplying together the two determinants 


<7l 

<73 


bi 

b 2 

b 3 

-xy 


Cl 

c* 

C3 


0 

0 

0 

0 


Cl 

C2 

C3 

•>•2 


2*1 

2*2 

2i 3 

2xi/ 


<» 1 
02 

<73 

..2 


0 


0 


0 


0 
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•4-1(0 


we have 


4 


In 

In 

/l3 

17 

In 

1 22 

/23 

F 

In 

1: 3 

1 33 

W 

U 

F 

jr 

0 


s 0, where 


2Jpq = tl,,C q + «<f v - 2h,f,. v 


Expanding this determinant wo have 


(IrJn - J 23 2 ) U 2 + (IyJn - / 31 2 ) F 2 + {hxte - I\S) W- + 2 (/ai/i* -lute) V\V 

+ 2 (Iain — telsi) TPU + 2 {/ 23/31 — tehz) UV =0. (1) 


There are t wo particular cases worth noticing : — 

(1) . When the three quadratics, arc mutually harmoni c. —In this case te = 0* 
/31 = 0 , /12 = 0 ; and the identical equation assumes the following simple form :— 

\^Juj Vv/«; Vv/ 33 / 

(2) . When one of the quadratics W = 0 detet mines the foci of the involution of 
the points given by the other tiro, U = 0, and F = 0.—In this case In = 0, and 
In = 0 ; and making this reduction in the general equation ( 1 ), wo have 

(iu 2 - lute) W 2 = teitelP - 2 InUV + /ill' 2 ): 

but from the equations Ji 3 = 0, and J 23 = 0, wo find 

«3 = k {«\fa), -2 bi = k (c!rt 2 ), cs = k (fac 2 ): 

whence 

4 (rt 3 C3 - fa 2 ) = K 2 {4 (<7li 2 )(iic 2 ) - (Cl<7 2 ) 2 }, 
or 

te = k 2 {iii/tt — T12 2 }, 
and reducing, when k = 1, or W = J{U, V), 

- {J(v, v)¥ = teu*-2inW+ter*. 

7, Determine the invariants of the quartic 

\\ (X - Oi) 1 + A 2 (X - Ol) 4 + . . . + A„ (X - On) 4 . 

Jins. /= 2AiA 2 (ai — a 2 ) 4 , J = 2AiA 2 A 3 V (ai, 02 , a 3 ), 
where v (ai, a 2 , ... o r ) represents the product of the squared differences of 

• • • CIf. 

8 , Prove that the condition that four roots of an equation of the n th degree 
should determine on a right line a harmonic system of points may bo expressed 
by equating to zero an invariant of the degree £ (;i - 1 ) (ti - 2 ) (w - 3 ). 

9, If <p (< 7 0 , a») he any seminvariant of the quantic {a 0 , a\ 9 .. . a„)(x , 1 )» ; 

d<p 

prove that -— is also a seminvariant. 
aa n 


136 


Co variants and Invariants. 


10. Prove that the seminvarinnts 

Oo(l 2 — rti 2 , — 4f?i«3 + 3«2 2 , «o 2 fl , 3 — 3ffo'*l«2 + 2«i 3 , 
of the quantic (rt 0 , «i, 02 , . .. «..) (*, j/)" g ive rise to covariapts of the degrees 

2n — 4, 2n — 8, 3n — 6. 

11. Prove that the coefficient of the p enultimate term in the equation of the 
s quares of the difference s of any quantic leads to a covariant of that quantic of the 
fourth degree in the variables. 

12. Prove that the product of two covariants of the same quantic whose sources 
are </> and may he written under the form 

x 2 

<pif/ + xD (tptj,) + -—^ 1- (<p\p) + &c.. . . 

Mr. M. Roberts. 

13. Prove in particular that the m th power of the quantic 


{a«, ai, ai,... <i n ) (x, 1)" 

may be represented by __ 3 

+ xD (<I»» m ) + & (On”) + --y-g 2> 3 (o,r) + &C. 

Mr. M. Roberts. 

14. Prove from both definitions of a covariant that any covariant of a covari ant 
is a covariant of the original quantic or quantics. 

' 15. If ai, « 2 , ... am, and fit, . • • fin be the roots of the equations 

(a 0 , ai, 02 , ... a m ) {x, l)" 1 = 0, and Fa ( b 0 , b 1 , b 2 , ... b„) (x, 1)” = 0 ; 

it is required to derive a covariant of the system U and Y from the simplest function 
of the differences of their roots, viz., 2 {a,, - p q ) s »2a - m 23- 
This question will be solved if we express 

uv ^ ap —— 

(x - op) [x - P q ) 

in terms of the coefficients of U and V. 

For this purpose we have 

^ a„ - P q sr “ < _i_S' — S' —; 

2< x -pZx-a 

and if Fand V be written as homogeneous functions of * and y, 


1 _ d log U 

2m X -ay dr. * *4 


d log U 


x -ay 


, &c. 


Whence, substituting these values in the last equation, we ha\e 


dU dV dU dV 


a P — Pq _ ^ ; 

UV 2*(x- a„y) {x - p q y) dx dy dy dx 

which is the Jacobian of U and V. It should he noticed also that the leading 
coefficient of J {U, V) is «o h - «i bo. 
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16. Prove that the c ommon factor s of two quantics arc double factors of their 

Jacobian J(l 7, F), when the quantics are'of the same degree n . 

Let v _ y = where P^lx\ my. Forming J(U,V), we find part of 

it divisible by T% and the part which apparently has only P as a factor may be 
written as follows (using Euler’s theorem of homogeneous functions, and omitting 

a numerical factor) :■— 



and this is identical with (lx ■+ my) J(<p, 

17. Trove that the 2 (u - 1) double factors of \ V + obtained by varying 
\ and fi, are the factors of J(U, V), where U and Fare both of the »i* degree. 

18. Find the resultant of two cubics Fand V by eliminating dialytically between 


19. If 


[7=0, 


r=o, 


dJ(U, V) 
dx 



dJ(U, V) 



(^o> A\ } A 2 } . . . A P ) (x, yY, 


(B 0 > Bi, El* • • • Eq)(x f t/Y 


be two covenants of prove that the leading coefficient of their Jacobian is 

pq [AoB\ — AiBo). 

20. If 

(Aot A\ } A'ly • . • Ap) (x, j/)^ 

(Boi B\ } Bzy • • • Bp) (x, t/)p f 
(Co, Ci, C- 2 , . • . C p ) (x, 

be three covaiiants of V n9 prove that the determinant 

xio A i A 2 

Bo Bi B 2 

1 Co Ci C 2 


is a seminvariant. 


' r\ 


'f Sy T ^*«l c r * f * ! ** ^ • • * P*W # ‘^* f 

t n ^•"-*-( **• >***«-* 7(o. #; 5J * 

} r. i *f- *c /*•*-•(- A* " “ *',’*“ \ A Ir-* £,* = ° rVc -' 

U f «f. >tKiKV - I* 

) *f «*V- °-‘ *'- 5 J • . 

2{ A? i -* a.. -<« "*'•* 

••-'r *—'^ v V*7 
*« >l[y„SO : 5, 

>—*M ^P (WI •' 
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CHAPTER XYII. 


COVARIANTS AND INVARIANTS OF THE QUADRATIC, CUBIC, 

AND QUARTIC. 


178. The Quadratic. — The quadratic has only one inva ¬ 
riant , and ) io covariant o ther than the quadratic itself. 

For, if a and /3 be the roots of the quadratic equation 

( £ .,(,, l |/. l i) 1 : U = ax 2 + 2 bx + c = 0, 



the only functions of their difference which can lead to an 
invariant or covariaut are powers of a - ft of the type (a- ft)‘ p ; 
the odd powers of a - ft not being expressible by the coefficients 
in a rational form. ‘Whence, expressing (<") 


-t» u = a#* 1 - «.<.j 

Cf. M2 

aw- a.- 


i 

) 


) 



v 






M- 4 *•(<.*•-«c) 




by the coefficients, we conclude that the quadratic has only the 
one distinct invariant ac - b 2 , and no covariant distinct from U 


itself. 

179. The Cubic and its Covariants. —In the present 
Article the covariants of the cubic will be discussed as examp les 
of the principles a lready explained, and in the following Article 
the definite number of covariants and invariants will be deter¬ 
mined. . 

In the case of the cubic a covariant is obtained from a 

function of the differences of the roots mos t - ^np ly by sub¬ 
stituting * „ „ . o 

fty + ax, ya + ftx, aft + yx for - a, ft, y, 

and thus~avoiding_|ja^^g|j i £ 01 '> transforming « - P, ™ have 

1 ' 1 ‘" _ - ( By + qj ) + (v* + M . 

^ ~ P-z A j (z-aHx-m* - y) 




The Cubic and its Covariants . 
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and when fractions are removed we arrive at the above trans¬ 
formation (the order being equal to the weight,in the case of 
either function of the differences H or G ). This mode of 
transforming functions of the differences will now be applied 

to the covariants of the cubic. 

(1) . The Quadratic Covariaut, or Hessian Jl x . 

Transforming both 

o-P 2 ci Q - (a + wf3 + u> 2 y) (« + w 2 /3 + 9 — U 0 a 2 ), 

we have —-r_/~ - -- 

a 2 {(« + u>/3 + w'y) x + (3y + coy a + to 2 a(3 } 

HI 

x {(a + (o 2 f 3 + wy).*' + (3y + lo'ya + ioaf3\ = 9 (Uf ~ U 3 U\) \ 
thus showing that 

Lx + L\ and Mx + J/, (Art. 59) 

are the factors of 

H x = (V'2 " «*) & + K*3 “ a i°t) x + " ***)> I’ V 

where l * * - p + r m **♦«-*<* ‘ ‘ J 

X! = f3y + ury« + to 2 a(3, M i = /3y + w 2 ya + wa|3. 

-££(£-/■ I* <**■•* I *■. 1(3 

From the form of the Hessian in terms of the roots in Art. 167, 
or from the relations of Art. 43, we conclude that when a cubic 
is a perfect cube each of the coefficients of the Hessian vanishes 
identically. \, ^ 

(2) . The Cubic Covariant G x . 

We have, as in Ai't. 59, 

« 0 3 { (a + wfi + w 2 y) 3 + (a + u) 2 j 3 + ioy) 3 \ = - 27 (a 0 2 a 3 + 2 ad - 3a b a l a 2 ). 

Transforming both sides of this equation as before, we find 

a 0 3 {(Lx + L l ) 3 +(Mx + M l ) 3 } =-27 (C 2 C 0 + 2U 2 3 - 3U X U 2 U) 

= 27 G„ 

where G x denotes the covariaut formed from the funotion of 
differences G\ and operating as in* Art. 169 on the source 
derived from G (the sign being changed in order that G may 
be the leading coefficient), we easily obtain (see Ex. 3, Art. 169) 

G x = (a 0 2 «3 - 3tf 0 a x a 2 + 2a , s ) ar* + 3 (a 0 a x a 3 + a?a 2 - 2 a 0 a 2 ) x* 

- Wa 9 - 3a 3 a 2 a x + 2a 2 3 ) - 3 ( a 3 a 2 a 0 + a 2 *a x - 2a 3 a?) x. 



fcC *\ 
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Resolving [Lx + X ,) 3 + (Mx + Mf, we may obtain the factors 
of G x ; or, more simply, since the faotors of G are (3 + 7 - 2«, 
7 + a - 2/3, a + /3 - 2y, the factors of are 


1 1 

+ 


1 1 

+ 


2 . 


f3-X + y-X a - x’ y - X + a - X (3 - X a - 


+ 



X (3-x y - X 

wjieu fractions are removed. 

B 

We have obviously the following geometrical interpretatio n 
of the equation G x = 0 :—If three points A, B, C determined by 
the equation 27 = 0 be taken on a right line; and three points 
A', 27, C\ such that A' is the harmonic conjugate of A with 
regard to B and (7, B' of B with regard to C and A, and C' 
of C with regard to A and B ; the points A\ B', C are deter¬ 
mined by the equation G x = 0. (Compare Ex. Id, p. 88 , Yol. I.) 


(3). Expression of the Cubic as the (inference of two cubes. 


This can be effected, bv means of t he factors of the Hessi an, . 
as follows:— 


/ 


q.cx> 


(Lx + L,y-{Mx + M l ) 1 = 27U 


JA 


/ 


““ 


3 


r' 


/ 


/ 




For, as in Ex. 6 , p. 116, Yol. I., we have 

D - DC = J^27 ((3 -y)(y- a)(a - ft). 

/ 

Transforming this equation as before, the first side becomes 

(Lx + Z ,) 3 - (Mx + 


and the second side,^ (.\-y- + •***'• 

J~^27 (p - y) (y - «) (a - (3) (* - a) (® - P) ( x ~ ')')■ 


% ^ 

Substituting from previous equations, we have _ 

rf \ _ U Ja 

(Lx + L,y - (Mx + JT,) 3 = 27^ Jo * + = 27 

t < * 


(4). Relation between the Cubic and its Co variants. 


The following relation exists:— 

^ h'— -t •' + ££ C t-Ul . jr 3 a TTZ 

‘ f ...v • G * + A ^ • 

t. Yi-rj 

^ h — I-** A e . 

.Cj -r 4 #1- i t . ' = o ^ 




/ 


eur 4/^.r f-t 


c f- j “ *+>*+ 


. * r # r . 






3 
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< 




/ 


/ 


4 

' 



For, from Ex. 6 , p. 116, Yol. I., 

«o 8 0-7) 2 (7-«) 2 («-/3) 2 = -27(^- + 4^) 
* 

and transforming this equation as before, 

- yf(y - a) 2 (a - (5) 2 (x - «)''{x - /3 ) z {x - y)' = 

^whence ^ ( £j[p)= G x 2 + 4 HI. 

(5). Solution of the Cubic. 

The expression 

(Uj& + G x )t-o r y 


-~27rCX 
27 ((?, 9 + 4 ///); 


is a linear factor of JJ. 

For from the. relations in (2) and (3) we have 

. ' ' ' 2aJ(Lx + Xi) 3 = 27 (Uj* + G,), 

- 2(2& + if,) 3 = 27 ( UjA - O x ); 

and since 

{Lx + L x ) - [Mx + Hi) 

i£a factor of U , the proposition follows. 

This form of solution of the cubic is due to Prof. Cayley . 
180. Number of Covariauts and Invariants of the 
Cubic. —Before proceeding to the discussion of the quartic we 
take up the problem referred to in^rt. 162, viz. the deter¬ 
mination of the number of i ndependent covariants and inva¬ 
riants, for which purpose we have in the case of the cubic the 
following proposition:— 

The cubic has onlu two covariants. their leading terms being 
H and G; and onh/ one invariant , viz. t he discriminant A, where 


a 7 A = G* + 4ZZ 3 , or A = a\l 7 + 4ac z - 6 abed + 4 db 3 - 36V. 

The proof of this can be derived immediately from the 
proposition of Art. 162. Let 0 (a, (3, 7 ) be any iutegral 
symmetric function of the differences of the roots (of order ®) t 
expressible by the coefficients in a rational form. It is proved 
in the proposition referred to that <z*0 is of the form 

QF{a, E , A), or F(a, E> A), 

according as 0 is an odd or even function of the roots. It follows, 
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therefore, in the first place that there cannot be an invarian t of 
an odd degree i n the roots, since GF[a , H, A) does not remain 
the same function when a , b, c , d are changed into d } c , 6, a , 
respectively ; and the o nly invariant of an even degree must be 
a power of A, since if F(a , H y A) contained a or H besides A, 
it could not remain the same function when the coefficients are 
similarly interchanged. 

Again, the cubic has only two distinct covariants ; for it has 
been proved'tliat eve ry seminvaria nt a*<p is of one of the forms 

F(a, H, A), or GF(a H, A) ; 

and therefore the corr esponding covarian t, formed from the 
seminvariant as leading term, must be expressible as 


F(U, A), or G X F(U, H z , A); 

that is, ft vftry covarian t is expressible in a rational and integral 
form”in terms of H x and G n along with U and A ; or in other 

_ , . . • . • (** I fa* ”»• ; 

words, there are ouly two distinct co variants. 


181. The auartic. Its Covariauts and Invariants.— 

We have shown already that the quartic has two invariants,. I 
and J {&. 167). From the functions H and G of the dif¬ 
ferences of the roots we can derive two covariants H x and G x , 
whose leading coefficients are H and G ; for from the relation 

do S (a - /3) 2 = 48 (a^-aS) 

we derive, by the process of ^Irt. 167, 

ai S (a - /3) 2 (x - y) 2 (* - S) 2 = 48 ( UC , - W) 5 - " t? 

and, expanding JJU 2 - U 3 2 , we have 

(u 0 a 2 - «, 2 ) x 4 + 2 (a 0 ft 9 - a x (h) x 3 + (flWh + 2a,a 3 - 3a 2 2 ) X* 

+ 2 (fliCTi - (hd 3 ]) x + (tfaffi ~ rt 3 2 )' 

In a similar manner, sinoe <ol' ? 

G ^ + 2a x 3 - 3 a Q a x <hy 



Quadratic Factors of the Sextic Covariant. 


148'«' Th 


we obtain the covariant 

-G^ U 2 Ux + 2U 3 3 -SUU 3 U 2 , 

which reduces to the sixth degree; and if it be written as 
follows:— 

G x = A 0 x° f + A* r* + A 3 .v 3 + A t x 2 + A& + A Cy 

we find, by expanding the above, or more simply, by forming 
the source A 0 , and performing the successive operations of 
Art. 169, the following values of the coefficients:— 

. A c = - 01 % + 3a 4 a 3 r/ 2 - 2 a 3 \ ,'A S = - a, 2 a 0 - 2a i a i a l -(ia 3 2 a 2 + 9aj« 2 3 , 
/ • 

•' A k = - 5a i a 3 a l o ~ 10rt 3 2 «i + 15(7ifl 3 «i, A 3 = - 10 a u a 3 2 + 10a,v/„ 

V- A 2 = 5a 0 fiiai+ lOa^r/ 3 - lda 0 u 2 a 3 fA, =a 2 a l + 2(( 0 a l a 3 +6r{ l 2 a 2 - 9«^ 2 2 , 
\ 

'A 0 = a 2 a 3 - \%a x a 2 + 2aj 3 . 


Here it will be observed that, when ^4 3 is determined, 
A 2> A u and A 0 may be obtained from A h A s , and A G by 
changing the suffixes into their complementary values, and 
altering the sign of the whole, in accordance with what was 
proved in Art. 168. 

We proceed in the following Articles to discuss the leading 
properties of these two covariants of the quartic. 


182. Quadratic Factors A of the §extic Covariant.* i «*"*•*** * 

As the quadratic factors of G x enter prominently into the fol¬ 
lowing discussion, we proceed in the first place to find expressions 
for those factors in terms of the roots of the quartic, and to 
deduce their principal properties. 

Since the factors of G, expressed in terms of a, /3, y, S, are cf.z mo 
ft + y - a-S, y + a-ft-$ f a + j3 - y - 8, 
the factors of G x ‘are' obtained from these by substituting 

7^3* ~y> for a > ft y, 8, respectively, and mul¬ 


tiplying each faotor by ~ to remove fractions. 


• See a Paper by Prof. BaU, Quarterly Journal of Mathematics, yol. vii. p 368 
containing a full and valuable discussion of the various solutions of the biquadrahV 



« 


2 i.t* u =(i.-v*-K c 
/' v 
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Whence, denoting these factors by w, v, w, we have 

1111 


<7?^ = U 


2 - 3 ' X - y x - a X - 8/ 


av = TJ 




aw = TJ 


x ~ 7 

1 


x - a x-/3 2-8/ 

mm * * 

\ 

1 1 


+ 


1 I 


( 1 ) 


( 2 ) 


K X - a x - ($ x-y x- 8/ j 

which values of w, v, ic , arranged in powers of x, are 
U = (/3 + y-a-S):r 2 -2(/3y-aS);r + /3y(rt + S)-aS(/3 + y), 

V = (y + a - (3 - S)x 2 - 2(ya - (3tyx + ya(fi + 8) - (38(y + a), 
w= (a + fi-y - $)x 2 -2(af3-y<fyx+af3(y + S)-yS(a + fi) J 

i 

and ^consequently, 32 G x - ahitiw. 

From equations (1) we easily find 

V = (a- S) (x - /3) (x - y) - (fi - y) {x - a) (x - S), 

w = (a-S) (2-13) (X-y) + (/3-y) (x - a) (x - 8); 

and from these and similar equations we have 

v - w _ vr - u _ it - v _ ^ u_ 

H — v v — X X — fi (l 

where X, /u,Vhave the usual'meaning (Ex. 17 ,^Art 20; and 
consequently, 

(n — v) u 2 + (v - X) v 2 + (X - fi) w 2 = 0 ; 
whence _ _ _ 

-(fX-v) U 2 = (icJX -/x + vj\ - V) (wj\ -fX-vJX- V ). 

Sinoe, as this identical equation shows, the factors on the 

second side are bqthjjerfect squares, we may assume 

0 _ _ 

u'J X - ju + t'J\ - v = 2u 2 , 


( 3 ) 


tcJX - m - vj\ - v = 2 m 2 * ; 
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we have, therefore, 


Ja - ^ = i<i* + u 2 \ 

rj\ - v = ?/, 2 - « 2 2 , 


u Jv - n = 2 n 1 « 2 ; 

from which values we conclude that //, i\ w, the quadratic factors 
of G Xi are mutuallu harmonic. 

For the g eometrical interpretation of the equation G x = 0 
see Arffl>5 . 

Expression of the Hessian by the Quadratic 
Factors of G x .—Since 

_ 48 ~r = 2 (« - fiy - y) 2 (•* - $) 2 ; 


combining the terms 


in pair^and^noticing that 

W-y) («'-%% 0,... 


s (a - (jy (* - 7 )«(* - sy - ^ 

-a( 0 - 7 )(.-a)(*-«) +(«-*)(«-/3) (* _ T ))C"-_ 

the quantities betwetn^raSetsbein^’'A 

- 48 -y = t< ! 4 ei* + w’, 
a 2 _’ 

which is the required expression for E z . 

184. Expression of the Quartic itself by the Qua¬ 
dratic Factors of From equations (3) a symmetrical 
value may be obtained for U; for, substituting in those equa¬ 
tions in -place of A, v their values in .terms of the roots 
Pa pit p 3 of the equation 4 p* - Ip + J = 0, we find 

« 2 (v 2 - w*) = 16 {p 2 - P3 ) TJy a 2 (w* - w*) = 16 {p 3 - p,) U f 

fl 9 (W S - ?>*) = 16 (p, - p 2 ) JJy 

from which equations, by means of the value of H x in the nre 

{auf = 16 ( Pl V - H x ), H*-16(p,V-2rj, ’ 

(««)*- 16 (p,U-H x ). 

L 



£ d 
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"We now make the substitutions 

if « A,Z 2 , v 2 = A 2 F 2 , if - A 3 Z 2 , 

where A„ A 2 , A 3 are the discriminants of it, v, ic ; thus replacing 
it, v, ic by three quadratics X, Y, Z whose d iscriminants are 
each equal to unity . By means of this transformation the 
forms of the quadratics are further fixed, and the identical 
relation connecting their squares (see (1), Ex. 6 , p. 135) is 
expressed in its simplest form. Calculating the discriminants, 
we find wtw 

A i = (j3 + 7 - a - S) {fiy (a + S) - aS (fi + y )} - fiy - aS) 2 , 

with similar values of A 2 and A 3 ; whence we have 
-A, = — (A — yu) (A — v), A 2 = - (fi-v)(p- A), A 3 =- (v-\) (v - p). 

Making these substitutions, the preceding equations become 


(pi - pi)(p\ - pf) X 2 — JB. X piU, 

(p2 ~ pf)(pi ~ pi) I' ~ H* ~ P*C, 

(p3 - pl)(p3 - pi) X = Hx - pitjf 


(5) 


from which we "easily deduced the following values of TJ and 

_ _ . • • i • TT Tr ^ . 


liv/ux ” ~ — j • 

H r , and the identical equation connecting X, Y, Z:— 


X-*- 

nr .-ax 


B, = Pl 'X> + M 

y --T TL. -w~r tt. x.r- <72 «- w< 

: . L -27= piX• + p z Y- + piZ 2 , = 2 aT 

x*-= h *• ’ - - --- 


( 6 ) 


I T - F l - - TJ V >« _ r - - -—- L -- 

* (f*^») A 172 ^ 2 . ii y !——--7j r — . 

I r-r r < -y-. o = Z 2 + F 2 + Z 2 ; «= ^ V- r*"r* 

where, as has been proved, Z, 7, Z are three mutually harmonic 
quadratics whose discriminants are reduced to unity in each 
case/The value of O x may be expressed in terms of Z, Y, Z - 
as follows. Since 3 2G X = (fuvw, and 


*KtA 


we find 


G, 27 j-’.xrz. 
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185. Resolution of the Ruartic.—From the equations^) 

- U = p\X 2 + pi F* + pjZ~, 

0 = X 2 + Y 2 + Z\ 

we find 

U ={p\~ pi) Y 2 + (pi — pi)Z‘, U= ( pi~pi) Z + (pi ~ pi) X t 

U - (f>3 “ Pi) X 1 + (p 3 ~ pi)^ 1 , 

where X\ F 2 , Z 2 have the values determinedly equatiaQsfo)^ 
and breaking up these values of ?7into thei/'factor’s, ^wo nave 
t hree ways of resolving U d epending on the solution of the 

rt \ ,*«*■ 0 («(. JV ) 

equation <i <u 

4 p* — Ip + J - 0 . 

The resolution of the quartic has been presented by Pro¬ 
fessor Cayley in a symmetrical form which may bo easily 
derived from the expressions already given for U and H z , 
For, since in general 

l (a^ + 2b x xy + cpf) + m (a 2 . t 1 + 2 b % xy + c 2 >f) + n (a 3 x* + 2 b 3 xy + cyf) 
is a perfect square when 

S/ 2 (a,c, - hi) + Sww (a 2 Ci + a 3 c 2 - 2Mj) = 0, 

IX + m Y + nZ i s a perfect square when P + m 2 + n 2 = 0, 

X, F, Z being mutually harmonic, and the disoriminants each 
reduced to unity. 

The resolution of U is therefore reduced to finding yahi^s n f 
l , m t n such that the general quadratic IX + mY + nZ , or^l 

ljp 2 ~ pa JH Z - p x U + m Jp 3 - pi J.ff x - p z JJ 

+ » Jp i ~ Pi JH X - pi U t 

■zktA being- a perfect square, J -may- vanish when U vanishes; wun*ia6^ 
to satisfy the two equations ^ 

I 

tjpz - pi + *» Jpi - pi + njp i - pi = 0, P + w 2 fn* = 0. 

Y 

l m n 


These equations are plainly satisfied if ( > r. 


Jpj ~ p3 Jps - pi Jpi - 

L 2 



ky K r ♦+ 

. 
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•whence, finally, the squares of the four linear factors of TJ are 60 ; 


p 3 )JH x - p\U ± (p 3 -pi)jE x -p 2 U ± (pi- pi) JSz-piU, 




w hich expression when rationalised becomes A U 2 . 
q«^-. If it he required to resolve the quartio kTJ- \E X , it appears 
' P flint C** ;, 5 *\r**'- f » y,c , 

1 -=-' P—*-' I 


in a similar manner 


Ktr- M4„ = o 


/ Jp2 - pi Jllz - p\C + m Jp3 - pi JE X - p2 TJ/j. C 


K*- * - Jfc 






being a perfect square, must vanish when k U - \H X vanishes ; " 
or, values of 1. m, n must be determined so as to satisfy the 
equations 

P + m* + n 2 = 0, 


/ J(p2~ pi)(* ~ PA) + m Jp3 ~ p0 (* “ P2^) + W J(P» “ P*) ^ * P 3 ^ 

These equations are plainly satisfied if 
l 


= 0 . 


m 


n 


J(p2-pa) (iC-piA) J(p3 - pi) (k - P2^) J(pi " P*) (* ” P 3 ^ 

whence _ __ 

- (p 2 - pa) Jk - piX JiT* - pi £7"+ (pa — pi) J K “ P 2 X J-Sx - p 2 ^ 


+ (pi - Pi) Jk “ p3^ Jfiz P*C 


is the square of a linear factor of k 27 - \H X . 

18^- xiie Invariants and Covariants of kU - \E X . 
—Employing the equations (6) of Art. 184, 

X s + F ! + X 2 by F, we may, by adding - -g 

reduce it to the form i?,X a +lij' + E,P, where if, + R, + if,= 0- 
When this is done we have the following re duced va Iues_of 

-Zf„ E» if, :— . , 

- 1 -- = K. V * K( \ /n \ 

3Ri = K (2 pi - Pi - Pi) + x (2 W 3 - p 3 p 1 - pipab 

3i? 2 = k( 2^2 -P3-P«) +X(2p3pi -P 1 P 2 -P 2 P 3 ), 

3i?3 - * (2p 3 - p. - P 2 ) + X (2p,p2 - p 2 p 3 - p 3 p.) • 
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On account of tlie similarity of the forms 




_tr. p,Z- + p 2 7 ! + piZ 2 and * * 

arVo^r^*'ty'pe,"wC ^alculato tho invariants and 

_ , ^ i _~ ^. f ~\into 


H 


WlilULi cue tuu WJ f ~ - A . _ , 

covariants of kJJ - AH* . — 

jg t< j^o, JR 3 in the expressions for the invariants and covariants 

of U. 

Therefore, since ^ 

J = | {(p 2 - p 3 ) 2 + (p 3 - p .) 2 + (pi - p »)*U J = - w*®» 

and * . 

R 2 -JR 3 ={p 2 - p,) (k - Xpi), - -R. = (pa - pi) (« - A P*)> 


i?j - ie 2 = (pi - p 2 ) (k - a p 3 ), 

we find the following values for the invariants of kU - A H x : . 

- <\Z- t X'-i»I * v - <J “1 X 

J M^ Ik ->WkA+ A, t _ |<x / ,, l.twiv 




/wl- - 6 rSX + T kV -516 x ‘- 


we form the oovaritm^s g (<|X) , and 0 |«. X ), of Q, where 

*(* it * 4^ " {5i,^ “ . , t \ t r \ i 

. • . 4G s 4 k 5 - AX 2 + J\ 3 

*<*».> i 


(t he reducing cubic rendered homogeneous in k, A), we find, as 
M. Hermits has remarked, 


I( K ,\) = - 12IT ()ti x), J M = 4(? ((ti x). 

Again, to calculate the Hessian of kU - A H Z} we reduce 

RfX* + R?Y 3 + RfZ* 


hy the substitutions „ 


pi 3 X 2 + p 2 3 x * + p%Z 2 ^ - \IU, 

pSX* + P 7K+ p, 4 z a J= 1 (AS* + <7H), 


whioh are obtained from the equations 
i ' ls -rM^e*)- nr* 

p\ = p2p3 + J/, p2 = p S p! + \Iy p* = plpj + £/, 


by multiplying first by p x X 3 t p a F\ p»Z 2 t respectively, and 
secondly by p 2 X 2 * p 2 2 Y 3 , f> 3 2 Z 7 y and adding. 
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In this way we find the following form for the Hessian 
of kTJ - \JI X :— 


1 

4 


H x [ 4 K * - l\A - U 


which may be expressed in the form 





which is a multiple of the Jacobian of kU - A H x and £}, the 
variables being k and A. 

Again, since I 6 - 27 J 2 = 16 (p 2 - p 3 ) 2 (p 3 - pi) 2 (pi -/o 2 }*, 


and G x = iJP-27J 2 . XYZ ; 

transforming p 2 , p 3 into ii 2 , lt 3 , we find 

P(., X) - 27</V A) = Q 2 (i 3 - 27P), Off* 

We have therefore expressed the invariants and covariants 
of *17- AITr in terms of the invariants and covariants of U. 

18& Bfumber of Covariants and Invariants of the 
Quartic*. —We proceed to prove the following proposition, 
which determines the number of these functions :— 

The quartic has only the two distinct invariant s I and J , and 
two distinct covariants whose leading coefficients are H and G. 

This proposition asserts that every invariant is a rational and 
integral function of I and J , and every covariant a rational and 
integral function of U, E Xi G x , I, J. The following discussion 
is founded on principles similar to those already employed in 
the case of the'oubio. It is proved in the proposition of 
Art! 11 !63, if <j> («, /3, y, S) be any integral function of the dif¬ 
ferences of the roots expressible by the coefficients in a rational 
form, that a* $ (a, (3, y, S) may be expressed by the forms 

GF(a, H /, J), or F(a, H, I, J), 
according as 0 is odd or even. 
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Now, if F(n, H , /, J) be an invariant, a_ and ff must 
disappear, since if they were present this function could not 
remain the same when the coefficients are written in direct or 
reverse order. Similarly, no odd f ■unction such as GF{«, II, I, J) 
can give an i nvariant. It follows that every invariant is a 

function of I aud J. 

Again, the quartic has only two distinct covariants; for we 
have pro&d that every function of the differences rr<p is of one 
of the forms 

F(a, IT, J, J) or QF{a, H, /, J). 

Now, considering these forms as the leading coefficients of co¬ 
variants, it has been proved that every covariant is expressible as 

F ( U, E„ /, J) or G t F[ V , IT Xi /, J ); 

that is, every covariant is expressible in terms of II X aud O' x , 
along with U, /, and J ; and this is the proposition which was 
required to be proved. 


Examples. 


1. If U bo any cubic , and G x its cubic covariant, prove that the Hessian of 
\C r + fxG z has the same roots as the Ilessian of l T , A nnd y. being constants. 

2. Prove that any cov ariant of a quantic, whose roots are ai, o>, ■ • • a,„ 
satisfies the equation 

_ d(b (id* 

2a 2 — - Z38\<p = X T , 
da dy 

where to is the degree of <p in the coefficients of tbe quantic, and si = 2a. 

3. If a quantic have a square factor , prove that the same square factor enters 
its Hessian. 


4. If a quartic have a square factor, the covariant G x has that factor ns a 

quintuple factor y vj«^ v*lt. i—co« ^ 4i) 

5. Prove that the sextic covariant G x of the quartic <p (j) may bo written under 
the form 

1 11 (x- a) 2 

6. Applying the principles of Art. 187, determine without calculation the form 
of the sextic covariant of the quartic X V + yM x . 
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1. Calculate the values of E, I, G, J for the Hessian of a q uart™. 


A ns. 


TTI __ HI _ 7 2 
12 ’ ~ 12 * 



54J*-i 3 
216 * 


/ o 

.S. Find tho t wo condition s that the Hessian in the preceding question should 
be a perfect square , and show that both contain / as a factor. 


JG = 0, a 0 J(2HI - ZoqJ) = 0. 

9. A seminvariant of the equation 


(«o, «i, (i 2 , . . . n») (x , 1)'» = 0 
arranged in powers of a n being 


<p — Ap + pAp„\a„ + 


P-P~ 1 
1.2 


Ap.ia n 2 + . . . + A 0 OnP ; 


prove that DAj = — na„. \jAj.\ , and hence show that if \f/(( ?o, b\, 02 , . . . o T ) is a 

seminvariant so also is \p (A 0 , A 1 , A 2 , . . . A r ). 

1 ■*- 

Mr. Hence show how the final coefficien t of the equation of squared differences 

can he found for any equation when it is known for the equation of next lower 

order. 

/y 

Jl. If 

< p{fln ) = (Aq, A\, A 2 , • • • Ap) (tin, l)**, 


'!'(<*>,) = (Bo, B\, B 2 , . . • Bq) (a n , 1 )« 


be two seminvariants of TJ n arranged in powers of a,„ prove that any seminvariant 
of the system <p(x) and \f/(x) is a seminvariant of 17, 1 - 1 . 


A2. If 


I\ = (Aq, A\, A 2 , • • • A p ) (a,„ l) p , 


Ii = (Bo, B h B 2 , ... Bq) (Bn, 1 )« 

be two invariants of U n = (do, <i \, • • • «n) (*> y) n » prove that the resultant of 

/, and I 2 when is eliminated is the leader of a covariant of U n .\ of the degree 

(m + 1 )pq -pir 2 - q* 1 

in the variables, m and being the orders of h and I 2 . 

£ 5 . If the discriminant of a biquadratic be written under tho form 

(An, A\, A 2 , A‘s)(a\, l) 3 , 

prove that the discriminant of this cubic is 

27 2 G 2 A 3 \ 

where As is the discriminant of («„, n, n) (*, l) ! i a" 11 kn0 ' rin 8 Al ’ 6011 
A 2 , Ai, and Ao . 
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1 3 <4_fvv-Lj 


* O 


^iyS «r- **i 




c^-j^ * ic*v- 


Examples. 


t ^ 1 

>r; Form the equation whose roots aro 

\ <p (ai), <J>( 02 ), <?>(«3), • • • <t>M, 

where „,, !,«,... 0 ™ the roots of/M = 0, the resultant JJ of/W and <t> M 

bel ”chlgo \he lest coefficient S m of * <*) into 4.„ - p, and substitute this value for 
b m in the equation R = 0. 


15. Prove that CL and S x expressed in terms of «i and « 2 of Art. 182 arc both 


of the form I _ .. . , 

I (A, B, A) (Mi*, ^ t _ # ( : 

r,AT v- $*■ Pr0 ™ that the quartic *■ v 1 V: 

/(,, j,) =(«,», c, « 6 x f.,_- ’ 

ma r ^ ,‘^:^.! J L 1 i -'!° e “r. t ”'i! f .srj u . a l 1 . 0 °i, % ° - s + (u i'~ j 4| -;" J . r. CP~2. 

form \ /( A, v> x* + /t* rt r* + opJfV r. 

where \ 4 p 3 - ip+/=o, jt= v-A l ■v^snrjsesfta; 

\ V 1 x ' M Tk.. A“- 

4t. Retaining, the notation of the last example, prov| that - and are the * ~ - *J*y, 

roots of one of the factors a, i', to of the sextic covariant of the iuartic. kVy l • ■ i * *'< - T ‘"' 
J&" Prove that \ ! / 

\ 5^ = 60(tt*F.-lU7 s *), j ! 


the reducing cubic oft Art. 65 {cf. Ex. 5, p. 132, Vol. I.J. 

A&. Prove that \ / 

pvvX 2 + piPY~ + p&Zr — n ,,-2 21 x "~i n ; >-i r, 

where |lp-i, n^ 2 are s ums o f homogeneous products . I 

J&. If \ Urn? +7) 4 + 6»i£v/ , 


where 


i c/ = ^ i T > / 

+ M, 1J = Vx + mV. dr = V - AM; 


prove that 


Ih. If 1 (l + 3in*), J * M *(»>» - >” 3 h 


,1/2 = 7 11^!, 4( Mhn)' - + J=l 

I in - m 3 / 


= jf*{w(e* + ij 4 ) + (i - 3 >h-kv},' 
<?, = JP(l-9m*) {„({<-„*). 







188. Combined Forms. — Id the present chapter we pro¬ 
pose to illustrate the theory of the covariants and invariants 
of systems of two or more quantics (Art. 166) by the simplest 
cases, viz.—(1) two quadratics, (2) quadratic and cubic, and 
(3) two cubics. We give in each case an enumeration of the 
forms which have been shown to be fundamental by the inves¬ 
tigations of Clebsch, Gordan, and Sylvester; showing how these 
forms may be obtained, but without attempting the reduction 
of all other forms dependent on them. In estimating the 
number o f covariants and invariants of a combined system, the 
independent forms which belong to each quantic by itself are 
counted among the total number belonging to the system. It 
will be found convenient to use the term special to designate 


those forms which belong to the two quantics regarded as a 
system (and which therefore contain the coefficients of both), 
as distinguished from those which belong to the quantics takeu 


separately. c 

Invariants and covariant^co^both includedMnder the name ^ „ 
concomitant , which is applied to aSytrmetimw ^s^-elations to 
the quantics are independent of linear transformation. c* < ’“ UA * <r 

189. Two Quadratics. —Let the two quadratics be 


U - *** + 2 b x xy + cpj\ V = + 2 b 2 xy + c 2 y\ 

This system has one special invma ant, and one special covariant. ^' 

The invariant may be obtained by forming the dJscrimi^Loi 
\U+ nV, which is found to be(x*.-»^^ ( 

= A 2 (c/xc, - 6, 2 ) + A y. (a t c 2 + a 2 c x - 21A) + ^ (<*& ' ***)» Zm * 1 r ^ 
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2 - 

2. 

* 


s 

3 


Two Quadratics. 

all the coefficients^X :^J)emg invariants (A$. 175) ; whence 
we have the special invariant i^) 

^7^2/ta. (Ex. 3, Xrl. 171.) 

The vanis hing of this function oT ^coefficients is the 
condition that the pencil of lines VV = 0_should BeU iarmomc ,. 
the rays represented by one equation being conjugate to those 

represented by the other. 

The special covariant is t he Jacobian of the system, viz. 

a x x + b x y biX + coj 


a 2 x + b^j b 2 x + c 2 y 
which may be written in the form 

f -**J 


= J(U t V), 


(»r ky .-.Cjf X'Z) 


.1 


,2 


«l 


lx 


Ci 


a 2 b 2 

.74 


*V 


obtained by eliminating dialytically* the variables'' from the 

quantios Z7, F, {xy' -Vy) 1 , the form xy'- x'y being a univer sal 

concomitant of all binary quantios (Art! 175). This form for 
*'j{l7 , F) can also be arrived at by eliminating X and fx from 

the equations obtained by comparing the coefficients in the 

identity ^X TJ + yV = {xy - xy ) 2 . 

,The square of Jjs c onnected with V and F by the following 

.im portant relation : — 

- <P{U, V) = & - 2IuUV + InV 1 , ( 1 ) 

which may be derived immediately from the equation 


’ Y * V >7* T ‘ 


. y 1 - xy x 1 


2 xy if 


0 V V 

a x 6 t c, 


C\ - 2bi a x 


U 21 XX 21x2 

(?2 b 2 c 2 


c 2 - 2h a 2 


V 21x2 21 22 I 


Again, it is easy to see that J( JJV) gives t he double lines 
of the system X U + /i F, for when X U + y. V is a perfect square 

- 'X 2 Ill + 2XjU-Tl2 + 22 = 0, 
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and eliminating A : /j. by means of the equation \ U + fxV = 0, 
the double lines are determined by the equation 

InU* - 2I U UV + I U V 2 = 0, 


or J 2 (U,V) = 0. 

Every concomitant of a system of two quadratics may be 
expressed in terms of the six forms £7", V, J(U, V), In, In, In, 
all of which are constituents of the formula (1) written above. 
The resultant of U, V . for example, is 

70 

4 (Inin-In 2 ) (Art. 150.) 

which is also the discriminant of J(U, V), and the dialytic 
eliminant of U, V, J (U, V). 

190. Quadratic and Cubic. —Let the two quantics be 



the covariants of U being denoted as usual by H x and G x . The 
system has one special oubic covariant , the Jacolaian of U and V, 
or J( U, V ); and one special quadratic covariant, viz., J(H X , V )• 
In writing down the remaining covariants it will be found 
convenient to adopt the following notation . We use U with 
suffix D to denote the result of substituting in U the differential 

i t\ d n - d 

symbols D y , - JD X for x , ij , respectively, where D x 3 ^ D y ~ 
hence 

U D a {a, b, c, d) ( Dy , - l) z y, Vn = (a, b', c') - D,)\ 

with a corresponding notation in other cases. 

There are four linear covariants, which may now be written 

as follows:— 

V D (U), Vn{G x ), C D (V 2 ), G d (V 2 ). 


The first of these written at length is 

(ad - 2bb' + cd) x + (bd - 2cb' + dd)y. 



Two Cubics. 
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There are three speoial invarian ts. The first is thojntey- 
mediate invariant of the system of two quadratics E ; and 

viz* 

— {ac - b 2 ) c' - {ad - be) b' + {bd — c 1 ) a =■ I 2 1 » 


where tfe'notation I M is used to signify that the invariant is 
of the v th degree in the co efficients of U and the g th in the 
co efficients of F The second invariant is the resultant It o£ 
jj and V. It is of the second degree in the coefficients of U , 
and third in the coefficients of V, and may be expressed in many 
ways by the methods of elimination of Chap. XIV. The genera l 
form of any invariant T^of this type is 

I 23 = IE + m {ac - b' 2 ) 


/ and m being any numbers. 

The third invariant is of the type Z^and may be obtained 
by operating with F three times in succession on the product 
of JJ and G x ; it can be written in the form 

V D * {TJG X ). 

There are, t herefore , nine special forms belonging to this 
system ; and if to these be added U and F, and the independent 
covariants and invariants of each, we obtain the c omplete lis t 
of fifteen forms, viz., three cubic, three quadratic, and four 
linear covariants, and five invariants. 

191. Two Cubics. —Let the cubics be 


U s {a, b, c, d) (; x , y)\ V= {a', b\ c\ d') (x, y)\ 

the covariants of U being represented as before by H x and G xy 
and those of F by H x ' and G x . 

Of this system there is o ne quartic covariant , the Jacobian 
of U and F, viz., 

J{ JJ, F) e (a6')a? 4 + 2 (ac') .r*y + {+ 3 {be') ] x 2 y 2 

+ 2 {bd') xy 3 + {cd')y i ; 
and two special cubic covariants, viz.:— 


J{U y H' x ) y and J{ F, H x ), 
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There are four special quadratic covariants. If we form the 
Hessian of XU + fiV, i.e. substitute Xa + fid, Xb + fib', &c., for 
a, b, &c. in E x , we find 

X z H x + XfiK x + fdH' x . 

The intermediate Hessian K x here obtained is the first special 
quadratic covariant; and the remaining three are obtained by- 
taking the Jacobians in pairs of H x , K x , and H x '. 

There are s ix linear covariants which may be written as 

follows:— 


H n (V), Ho {G' x ), E' D {U), E' d (G x ), U d {H'z), V d {H\). 

It is easily seen that E r n {U) and E D (G x ) vanish identically, 
for U and G x may be brought by linear transformation to the 
forms ax? + (hf, and ad {ax* - dif), respectively, and H x to the 
form adxy (cf. Art. 179). 

There are in all seven invariants , five of which may be 
obtained by_forming the discriminant of XU + nV , the coeffi¬ 
cients of the different powers of X : fi being invariants. If the 
discriminant is 

X‘A + 4X 3 /J0 + 6Xy<t + 4 X/j s 0' + fi' A', 

we obtain in this^wpy three special invariants 0, 4>, 0', the 
extreme coefficients^being the discriminants of U and V. The 
two remaining invariants are of odd orders i n the coefficients o f 
<^h cubic. They are denoted by P and Q, and may be defined 

as follows:— 

P*‘hU D (V) = (ad') - 3 (be'), (1) 

27 Q = P 3 - R, 

where R is the resultant of U and V as obtained by Bezout’s 

method (Art. 155), viz. ^ 

R = {ad') 3 - 18 {ab') {cd') {ad') + 9 {bd) {cd) {ad') 

+ 27 {ca'Y {cd') + 27 {ab'){bd'Y - 81 {ab') {be )(cd). 

Substituting this value of R in (2), we find 

_ Q = {bc'Y + {cdY (• cd> ) + ( ab ‘') ( hd 'Y ~ ( bc 'f ^ 

- 3 {ab'){be){cd') - {ad'){ab'){cd'). 


Comb inants. 
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Any invariant comprised in. the formula /P 1 + mR, where l 
and m are numbers, being of the type 7^, might have beon 
selected instead of Q as the fundamental invariant of this type ; 
reasons will appear subsequently for the selection which has 

been made (see Ex. 4, p. 160). 

If to the special forms enumerated be added those which 

r 2_* -tcu 

belong to each cubic, we have in all twenty-six fundamental 
forms, viz. one quartic, six cubic, six quadratic, and six linear, 
covariants; and seven invariants. 

Several of the covariauts and invariants enumerated in the 
preceding Articles will be found expressed in terms of the roots 
of the two equations of the combined system among the examples 
which follow on the next page. 

192. Coiubiuants.— Combined forms of the same degree 
give rise to a series of invariants and covariants whose coeffi¬ 
cients are e xpressible by determinants of the form [a r b s ) i such 
as occur in the resultant obtained by Bezout’s method (Art. 
155). These concomitants are unaltered, save by a factor of 
the form (A// - AV) r , when the quantics Cj V_ are changed 
into A U + n V y \'U + u V. Such invariants have been called 
combinants , and the corresponding covariants may be termed 
in like manner com bining covaria nts. Of the former we have 
examples in P and Q of the preceding Article ; and Jacobians 
in general are examples of the latter class of concomitants. 

It may be noticed that the I and J invariants of the bi¬ 
quadratic in A : g. of the preceding Article, viz. the discrimi¬ 
nant oiXU + ^V, are combinants of the system of two oubics ; 
for in fact a linear transformation of A and fi is equivalent to a 
transformation of U and V of the kind considered in the 
present Article, and therefore any function of the invariants 
A, 0, <f>, &c., unaltered by such transformation must be a com- 
binant. It can be verified that these invariants may be ex¬ 
pressed in terms of P and Q as follows (see Salmon’s Higher 
Algebra , Art. 218) 

P= 3P (P 3 - 24Q), J = -P 6 + 36P 5 Q - 21 6Q\ 
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Examples. 


1 . If a , 0, y, and d, 0' are the roots of the equations 

U s ax 2 + 3 bx 2 + 3c.r + d = 0, Y = dx 2 + 2b'x + c' = 0 ; 
express in terms of the coefficients the function 

(0 - y) 2 (a - a') (a - 0') + (7 - «) 2 (0 - a) (0 - 0) 4 (a - 0 ) 2 (7 - a') (7 - 0'). 

Denoting this function by <p, we easily find 

- «V <p = 9 { «'(W - c 2 ) - - be) + c (<ic - b -)}. 

The given function of the roots is an invariant of the system, for it involves all the 
roots of the cubic in the second degree, and all the roots of the quadratic in the first 
degree. If, in fact, we make the substitutions of Art. 166, and multiply by V 2 l 
to make the function integral, the result will not contain *, and is therefore an 

invariant (Art. 190). . , .. v 

The geometrical interpretation of the equation <p = 0 is that the quadratic V 

should form with the Hessian of U a harmonic system. 

2. Using the same notation as in the preceding question, find the condition that 
one pair of roots of U= 0 should form a harmon ic range with the roots of U= 0 . 

Aiis. li + 9 (aV - b' 2 ) h\ = 0. 


3. If a, 0, 7 , and a', 0', y be the roots of the cuffics 

ax 2 + 3 bx 2 + 2cx + d = 0, ? = dx* + ZVx 2 + Zc'x + d' = 0, 

express the following funetion (when multiplied by aa") in terms of the coefficients, 
and prove that it is an invariant of the system 

(«-«') (3 -s')' (y - V) + («-«(»- I'M? " - y "> iB ~ a,) iy ~ ^ ’ 

% 

or, differently arranged, 

(u - «') (3 - y> (T - « + (« - 0) (f> - «’) (T - T - ) + (« - V) 

Am. 3P, where P = («<f - tfrf) - 3 (W - Vc). (Art. 191.) 

4 Retaining the notation of the preceding example, prove that if « can be 
determined so as to make F±«F a_ J! erfec^ube, the foUowrng relatron extsts 

among the roots of the two cubics 

(3 - y) + (7 - «> VW) + t« - « = °' 

where * (*) = F, and a, 3, 7 «re the roots of U= 0 ; and prove that in this ease the 

‘"ThTlelton alngTe h roots is obtained immediately by substituting a, 3, 7 
for ^ theidentity V \ a F S «r + -)•. and eliminating a, /. - front the resulttng 

equations. 
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Rationalizing, wo have 

f (»-»■» M + (y - m- W±M j 1 ’ - 27» M » M » M = o. 

I (0-y) 17 -«) («-0) ) 

Suhstituting for <p (a), <p (0), <p{ y); introducing the relations obtained by comparing 
the different powers of A in the following identity':— 

2 (a + A ) 3 (0 - 7) 3 s 3 (a + A) (0 + A) (7 + \) (0 - 7 ) (7 - a) (a - 0) ; 
and expressing the result in terms of the coefficients, we find 

{3P} 3 - 27R = 0, or Q = 0 (Art. 191). 


We now give several different forms under which the invariant Q presents 
itself. Since Z7 -t kV is a perfect cube, wo have (Art. 43)— 


a -f Kd 1 b + c + kc 
b + kV c + kc' d + K(l‘ 

Equating these fractions separately to - wo find 

a + Krt' + K.'b + KK'b' = 0, 
b + Kb' + KC + Kit'd = 0, 
c + kc + tid + KK'd' = 0 ; 


( 1 ) 


( 2 ) 


and solving for k, k\ kk', we may eliminate them, and find the condition in tho 
form 



a 

b 

C 


V 

6 

d' 


a! 

v 

e 


b c 

d 

Q m 

a' 

b' 

d 


a 

b 

c 

— 

a 

b 

c 


(1 

c' 


b' 

c' 

d' 


b 

c 

d 


b 

c 

d 


v e 

d' 


Again, eliminating k and k 2 from the equations (1) without introducing k , wo 
obtain another form for Q, viz., 


ac — b 2 

ac' + dc - 2 IV 

a'd - b’ 2 

ad— be 

ad'+ a'd- bd - b'c 

a'd'- b'd 

W-«* 

bd' + b'd - led 

b'd' - d 2 


This form of Q can be readily obtained also by expressing the condition that 
the Hessian of ACT + (Art. 191) should vanish identicaUy-a condition which is 
fulfilled when A U + /xY is a perfect cube. 

Finally, writing the equations (2) in the form 


a + Kb _ b + k'c C + K.'d 
+ Kb' ~ b' + KC ~ d~+ Kd'* 

and eliminating k and k 2 , we have a third form for Q, viz., 


(ah') 

(ac 1 ) 

(be 1 ) 

(«0 

(«<f) + (ie r ) 

(bd 1 ) 

(*) 

(bd') 

(cd') 


M 
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The constituents in this form aie the same minor determinants which occur in 
Bezout’s form of the resultant, and it may be easily verified that this value of Q 
agrees with the expanded form written in Art. 191. 

5. Find the condition that the roots of two cubies should determine a system 
in in vol ution. 

The condition in terms of the roots is expressed by equating to zero the product 
of six determinants of the type 


1 

a + a 

ad 

1 

0 4/3' 

00' 

1 

y + y 

77 


we find in this case 


6 . Express the condition of the preceding example in terms of the coefficients 
of the cubics. 

The x-oots of one cubic being conjugates to the roots of the other, the two are 
reducible to the following forms :— 

U= ax? 4 3 ft * 2 4 3 ex 4 d, 

V = dx z 4 3 kcx 2 4 3k 2 ft* 4 K 3 a ; 

and writing the discriminant of p U 4 V in general in the form (Art. 191)— 

p*A 4 4p 3 © 4 6p 2 4> 4 4p©' 4 A', 

0' = k 3 ©, A' = k 6 A ; 

whence the required condition 

A©' 2 - A'© 2 = 0. 

7. Express in terms of the coefficients of the cubics of Ex. 3 the following 
covariant of the system i 

ad*{ 3 (/J- 0 ')( 7 -V)+ 3 ( 0 -‘/) (7-0') + (0-7) (*“V)}(*-«)(* *"“'>• 
Aus. 18 { (ad 4 dc - 2ftft') x 1 4 {ad' 4 a'd - bd - b'c) x 4 («' 4 b'd - 2ed)} . 

8 . To reduce t he t wo cubics 

u S {a, b, c, d) (*, y) 3 , V a (o', b', d y d’) (*, y ) 3 

to the forms x dF i dF 

U= l dX* V ~idY’ 

by means of a Unear transformation 

z = \X + fiY y y = \'X + /x'Y, 

the coefficients in which are to be determined in terms of the coefficients of the 
given cubics. 

Let F = (A, B, C , F, E) {X, F) 4 ; 

TJ s (a, ft, c y d) {x, y ) 3 = {A, B , C, D) (A, F) 3 , 

V= ( d , ft', d, d') {x, y ) 3 = (B, C, B, E) (A, Y)\ 


then 
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by No®, substituting the differential symbols D v , - B K or x, and — .Ok, —— Bx 
for X and Fin the Hessian of both forms of U, we find the operational equation 


bU 




B*x* 

Bay 

By* 

a 

b 

c 

1 

A 

D 

C 








b 

c 

d 


B 

C 

B 


whence, operating on both forms of V, we have 



a' 

b' 

c 


b' 

d 

d' 

4> (*> y) - 

a 

b 

c 

x + 

a 

b 

c 


b 

e 

d 


b 

c 

d 

Similarly, 

a 

b 

c 


b 

c 

d 

<p (*, y) - 

d 

V 

c 

x + 

d 

b' 

d 


V 

d 

d 


b' 

d 

d' 



y = 


JY 

M* 


JX 

MY 


where <p and «|/ are covarianta of U and V, and J is the ternary invariant of F. 
Again, since 

<p (D v , - B t ) = ^By, and -*(D„ - 2 ) x ) = Z. 

performing the operation 

<t> (A, - Dx) + {x, y), or * (Z>„, - D t ) <p (x, y), 
on equivalent forms, we have 


Q s 


a b c 

/ 

a' V d 

V d (T 


v d d ' 
a b c 
bed 


d b' d 
a b e 

bed 

0 


bed 
d b' d 

b’ J <f 

u 


£L 


We are now in a position to determine the coefficients’©? and'the* values 

of a, n, a', n' in terms of the coefficients of U and V. 

For we have from former equations 



V 

d 

d' 


b 

c 

d 

Qx = 

a 

b 

c 

<p - 

d 

b' 

d 


b 

e 

d 


b' 

d 

(C 


a* 

V 

d 


a 

b 

c 

Qy~~ 

a 

b 

e 

<P + 

d 

l' 

o' 


b 

e 

d 


V 

d 

(T 


'J'l = 
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fos- 



whence, substituting these values of x and y in U and V, we find 

Q 3 U = Mo, -Bo, Co, Do) W>, +) 3 , 

QW= (Bo, Co, Do, Eo) (<*>, +)*, 

Q 3 F= 7 where F 0 = Mo, i?o, C 0 , Do, Do) (<|>, ^) 4 ; 

4 «»f/ 

A _B_C_D__E^_ M xb 
4.o Bo Co Do Bo J 3 

9. Determine the invariants of Fo in the preceding example, and hence infer 
the form of the resultant of two cubics. 

We have, from the equations of Ex. 8 , 

Jio = j/45 j 0f an( i /c/ = m 30 I 0 ; 

and, substituting differential symbols for *, y and X, Y in both forms of V, and 

operating on TJ, we find ^ 

P= ad'- a'd - 3 (be' - b'c) = - 

which equation, along with the [equation Q = j£, enables us by previous results to 

express I 0 and Jo in terms of P and Q in the following way 

I 0 = PC 3 , and Jo = Q 5 - 


and, therefore, 


also 


From these results we derive the relations 

Jo 3 - £ = 

Jo 2 J 2 Q' 

from which it follow, .hot when i» = 21 J\ we have 1° = 27« ! but the first rela¬ 
tion holds when F has a square factor, which necessitates V and V having a common 
factor ; whence we infer that P» - 27G, being of the proper degree and weight, 
the resultant of the cubics U and V (cf. Art. 191). 

10 . If «, 0, y, 5 ; «, &, 7 > * be tbe roots of the biquadrati c 

(a, b, c, d, e) (x, 1) 4 = 0 , («', V, J, d ‘, ✓) (*, l ) 4 = 

P,0Te . 0 'S (a - «') (IS - « (7 " 7') (8-S-) = 24 {rr^H- * - i («'+ «> + «“'»■ 

and show that this function is an invariant of tbe system. 

11 ■ rrove that the following function of lb. roots of a hiquadrati 


• 

1 

0 + 7 



1 

7 + a 

ya 


1 

a + 0 

a0 


1 

a + 8 

a5 

X 

1 

0 + 5 

05 

X 

1 

7 + 5 

7 5 


1 

a + 0* 

a& 


1 

a +0 

aff 


1 

a' + Z? 

a'0' 


<P 
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The geometrical interpretation of the equation ^ - 0 is, that the two conjugate 
foci of some one of the three involutions determined by the biquadratic form along 
with the quadratic an harmonic system. 

12 . Prove that the following functions of the roots of a biquadratic and qua¬ 
dratic give invariants of the system, and determine their values in terms of the 


coefficients:— 


«oW*(a - a) (a - 0) (0’ ~y) (&-*)> 


«oVJ(« - 0) 2 (y -«') ( 5 - (y - M ( 5 - «)• 


13. If f(x) and <p(x) bo two quartics with unequal roots, the roots of/(.>;) being 
a, 0, y, 5, prove that the condition that a quartic of the system kf(x) + n<p(x) can 
have two squar e factors may be expressed as follows:— 


1 



y <M“) 


i ^ 0- y<p(&) 
i 7 y 1 y <P(y) 



1 5 5 2 y<p[ 5) 


14. Determine the condition in terms of the coefficients that the quartic 
\f(x) + fj<p (r) may have two square factors. 

In this case the Hessian of \f(x) + n<p(x) = k {a/(j) + n<p (*)} , from which 
identity we have five equations to eliminate A 2 , \fi, n 2 , k\> kh ; thus obtaining an 
invariant In, of the 4"* degree in the coefficients of each equation. 

15] Prove that the resultant of two quartic s becomes a norfect squar e when tho 
invariant In vanishes. 

Rendering rational the determinant in Ex. 13, and dividing by tho product of 
the squares of the differences of the roots, wo find, when tho coefficients are 
introduced, 

In = P 22 - 04 It ; whence, &c. &c. 

\$. Tho discriminant of \ U + fiV, where TJ and V are cubics («, b, <?, d) (r, y) s , 
(«', b', c\ d') (x, y) 3 , being written as in Art. 191, resolve into its factors the 
covariant 

(A, 0, «*>, ©', A') (F,- D*. 

The leading coefficient of this covariant is easily obtained by forming the discrimi¬ 
nant of a V — a' U directly ; it is 

{aby {A (ah') 

which may be written in the form 2A 2 {PA + 6(AC- P 2 )}, where A, P, C are 
the first three coefficients of the Jacobian ; and, consequently, the given covariant 
is expressed as follows:— 

2J 2 (U > V) {PJ(U t V) + 6 Hessian of J(U, V)}. 

V* Express the invariants o f the Jacobian of two cubics in terms nf P and Q . 


Ant. 127' = 7*, 2167’ = 54 Q - P\ 
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TRANSFORMATIONS. 


Section I.—Tschirnhausen’s Transformation. 


193. Under the general heading of this chapter we purpose 
collecting several propositions whioh could not have been con¬ 
veniently given elsewhere, and which are of importance in 
connexion with the subjects discussed in the foregoing pages. 
We commence with a general theorem relating to rational 
transformations. 

Theorem. —The most general rationa l algebraic t ransforma ¬ 
tion of a root of an equation of the n th degree can be reduced to an 
integra l transformation of the degree n - 1 at most. 

For every rational function of a root «,• of the equation 
f(x) = 0 is of the form 

xW 

i' ( a > ) ’ 


where \ and \f/ are integral functions ; also, 

X (<*>■) _ X 'fi(ai) • » » • • • • • ^( q q) N 

\p (a r ) * U ’ i//(ai) +(a 2 ).^(a«-i) ^( a »)/ 

and t he denominator ^p{a 2 ) . • • ^ being a symmetric 

function of the roots of f(x) = 0, can he expressed'as a rational 

function of the coefficients. Whence * 8 reduce d^ to an 

integral form. 

Moreover, t he numerator, of the former fraction is a sym- 

f( x ) 

metric function of the roots of the equation —- = 0, and 

may consequently be expressed as a rational function of the 
coefficients of that equation ; that is, in terms .o f a L ani t e 

coefficients of f {x ). 
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Now, denoting by -F(a r ) this integral form of we ^ av0 
by division 

F[u r ) = Qf( a >) + 0(«r) = <}> («»•)> 

where </>(a,-) does not exceed the degree n - 1; whicli proves tho 
proposition. 

In the p articular cases of the quadratic and cubic it follows 
that the most general rational function of a root can bo reduced 
to a linear function, and a quadratic function of that root, 
respectively. In the case of t he cubic this quadratic function 
may be reduced to anoth er fo rm which is o ften useful , as fol¬ 
lows :—Denoting the quadratic function by ^(O), and dividing 
the cubic f(Q) by ip[0), we have 


proving that 


/(0) = (*• + *i0) m + >o + >-i0 = 0 ; 


*« = - 


+ >'10 . 
q 0 + qS ’ 


whence it appears that the mod general transformation of a root 
of a cubic mag be reduced to a homoaranhic transformation. ****' c,t *' 
In connexion with the proposition here established it is easy 
to justify the remarks made in Arts. 59, 66, relative to the solu- 
tions of the cubic and the biquadratic equations. With this 
object in view, let 0 and i p be two ratio na l functions of n quan¬ 
tities ai, a 2 , . . . a„ (which may be considered as the roots of an 
equation), each having only p values when the r oots arc inter¬ 
changed in every way . Denoting these values of both functions 
obtained by the same substitutions by 


<£l> fa) fa, . . . fa, 

'I'll 'I'H ^ 3 , • • • Ippy 

we have, for every integer j, 

fa 'I'd + fafa J + fafa J + . . . + <t>p\p p J = Tj ; 

a symmetric function of the roots, since it is the sum of all the 
possible values which fajf oan take. 


v 
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In this way we may obtain the system of equations 

<pl + 02 + 03 + ... + <p p = 7* 0 , 

0101 + 0202 + 0303 + . . . + 0/j0p = .7*1, 

•*••••••• 

010 l />_1 + 0202 P_I + 0303 P_1 + . . . + 0 / > 0 /“ l = 7^.,, 

where 7*0, 7*,,... are all symmetric functions of a 1 ,a 2 ,a 3 ,... a„. 

Solving these equations, we find at once 0 t e xpressed as a 
symmetri c f u nction of 0 2 , 0 3> . . . \p p , since any interchange of 
02 , 0 j, • • • 0 p, being equivalent to an interchange of 0 2 , 0 3 , ... <p p , 
does not alter the value of 0 t . This value therefore is by the 
present proposition reducible to a rational and integral funotion 
of 0 i of the degree p - 1 , since 0 has only p values considered as 
a function of a lt a 2 , . . . a„. Now considering the special cases 
referred to—(1), when p = 2, and n = 3, it is proved that a 
linear relation connects 0 and 0 in terms of symmetric functions 
of ai, « 2 , a 3 ; and (2), when p = 3, and n = 4, 0 and 0 are in a 
similar manner shown to be connected by a rational homo¬ 
graphic relation (see Examples 5, 6 , 7, p. 132, Vol. i.)« 

194. Formation of the Transformed Equation.—The 
transformation explained in the preceding Article was first 
employed by Tschirnhausen for the reduction of the cubi c and 
biquadratic . We proceed to explain the method of forming in 
general the equation whose roots are 0 (a,), 0 (a 2 ), .... 0 (an), 
where 0 (x) is an integral funotion of x of the degree n - 1 . 

Let 0 ( x ) s + a A x + a^ + ... + a H .i *"~ x . 

liaising <p ( x) to the different powers 2, 3,... n in succession, and 
r educing the exponents of x in each case below n (by dividing 
by f(x) and retaining only the remainder), we have 

0 2 = b 0 + b x x + b 2 x i + .... + b n _ i x n ~\ 

0 3 = C 0 + C x X + CiX 2 +.... + c„_i x n ~ 1 1 

• •••••• 

0 " = l 0 + l x X + IzX 1 +.... + In -1 x " *• 
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Substituting for x in these equations each of the roots of the 
equation f (x) = 0, and adding, wo find, if S i, S 2y &c., denote 
the sums of the powers of the roots of the required equation, 

S\ = Udo + + U'fiz +•••• + 1 

S% = nb 0 + b\S\ + + •••• + 

• •••»•• 

Sn = n/ 0 + /,s, + Ls z 4* • • • • 4" /rt_i 

Now, expressing s lf s 2) . . . $„_i in terms of the coefficients of 
f{x), we have 8 it S 2 , . . . S„ determined in terms of the coeffi¬ 
cients of 0 (.r) and f(x ); we are also enabled by Art. 80 to 
express the coefficients o f the equation whose roots are <p (a,), 
<f> (as), ... <p (a„) in terms of S iy S 2y ... S ,» and t herefore finally 
in terms of the c oefficients of <j> (.r) and/(a?) ; thus theoretically 
the transformation is completed. 

195. Second Method of forming the Transformed 
Equation.—There is another way of finding the final equation 
in 0 by elimination, which we now give. Since 

a 0 - <p + a x x + a 2 x‘ + . . . + = 0, 

if this equation be multiplied by x , .r 2 , .. . x"~\ and the expo¬ 
nents of x reduced below n by means of the equation/(a?) = 0, we 
have in all n equations to eliminate dialytically the n - 1 quan¬ 
tities, x y x* } ... We thus obtain the transformed equation 
in the form of a determinant of the n th order, <p entering into 
the diagonal constituents only. For example, if f{x) = .r" - 1, 
we obtain the transformed equation in the following form :— 

a 0 - $ cii a 2 . . a u _| 

• • dfi-2 


^2 #3 • • ^0 ““ 0 

Although these methods of performing Tsohiruhausen’s 
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transformation appear simple, yet if they be applied to p a r¬ 
ticular oases t he result usually appears in a c omplicated form. 
Professor Cayley , by choosing a form of the transformation 
suggested by M. Hermite, was enabled to take advantage of 
the t heory of covariants and thus to complete the transforma¬ 
tion for the cubic, quartic, and quin tic. We shall content 
ourselves with showing in an elementary way how Cayley s 
results f or the c ubic and quartic may be obtained. 

196. Tech i rub a u seii’s Transformation applied to the 
Cubic. —Let the cubic equation 

ax 3 + 3 bx' + 3 cx + d = 0 

be written under the form 

s 3 + 3I7s + G = 0 ; 

r- k r % 

and let it he transformed by the A substitution 

y = A + kz + s 2 . 

If s„ s 2 , z 3 be the roots of the cubic, and y u !/z, !/* fh® correspond¬ 
ing values of y, we have 

y 2 - y 3 = (~2 - s 3 ) (k - Si), 
jy 3 - !/i = (s 3 - sO (k - s 2 ), 

^ tyi ~ !/i = (si — s 2 ) (k _ s 3 ), 

and consequently 

^ - y, - y, = J2s, - s* - S 3 ) «+$**",*»*. “j 

2 y 2 - y 3 - //! = (2r 2 - £3 - Si) *c+ ( 2 s 3 Si - *iS 2 - s 2 = 3 ), > ( 2 ) 

2 y 3 - y, - y 2 = ( 2 z 3 - s, - s 2 ) ic + ( 2 siS 2 - z 2 z 3 - s 3 s,). ) 

Wherefore, if the equation in <j with the second term removed be 

Y 3 + 'AH'Y + &= 0 , 

we have from equations ( 1 ) and ( 2 ) 

H’ = -Ho O’ = a, 
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st. «V W - <?MG,k - C^-S** H * 

where H K and Q K are the Hessian and cubic covariant of 

k 3 + 3 Hk + O ; 

and the transformation is therefore completed, since //, + g 2 + //* 
can he easily determined. 

197. Tscliirnhausen’s Transformation applied to 
the Quartic. —In this case we do not attempt to form directly 
the transformed quartic, hut prove the following theorem, which 
shows how this transformation may be resolved i nto two others. 

Theorem. — Tschirn hausen's transformation changes a quartic 
U into one having the same invariant s as lU + mlf, and t herefore 
in general reducible to the latter form bu linear transformation . 

To prove this, let the quartic 

x A + ihx* + p 2 x 2 + jhx + p x - 0 
»* 

be transformed by thej3ubstitution 

g = a n + a x x + a 2 x- + a 3 x*. 

If a?i, x 2 , x 3 , x 4 be the roots of the quartic, and //,, // 2 , y 3 , //* 
the corresponding values of y, we have 


y*-y 3 , . , „ 

“—- = tt i + a 2 (.r 2 + x-j) + a 3 (x 2 - + x 2 x 3 + x 3 ) f 

A — « 


y\-'jx 


- (ii + a 2 (.ri + ,r 4 ) + <7 3 {.i\Ar + x 4 ). 



x x - X 4 

From these equations we proceed to show that 

(y* - y>) (ux - 


= Pi) + Qo {x-iX -3 + *1*4), 


{fC,~X^ff[-X 4 ) 

where -Poft jkTQo involve the roots^of the quartic symmetrically. 
In>he first place, we find 

(x 2 2 + x 2 x 3 + x 3 2 ) (x , 2 + x t x t + x t 2 ) = p 2 - pi p 3 + p t -p 2 \, 

^ vjere X has its usual value, viz. avr 5 + x t x 4 ; and secondly, since 

x s + X2X3 + X 3 = (x 2 + £ 3 ) 2 - x 2 x 3) &o., 

we find again 

(«j + xf) (*, 2 + x 2 x A + x^) + (* x + xf) (x 2 2 + a*r 3 + x 3 2 ) = p 3 -p l p 2 + pX 


hi) ->4 
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x 


Finally, since the other terms in the product are obvious ly of 
the same form as P 0 + Qo\, we have proved that 



v = 


whence 
V > »s 


(y a ~ y 3 ) (yi - y<) 

(x 2 - x 3 ) (.r, - Xi) 


= P 0 + Qo (x 2 x 3 + x x x t ); 


(y* - yi) (.Vi - y*) = (v - p) (Po + QoX). 


Now, introducing p„ p 2) p 3 in place of X, p, v, this and the 
similar equations preserve their forms; whence, altering P 0 and 
Q 0 into similar quantities, we obtain the equations 


(y 2 - yi) (y« -yi) = 4 (p» - pi) ( p - £p>)> 


(y 3 - yi) (y 2 -yi) = 4 (pi - pi) (P - Qp 2 )> 

(yi - y 2 ) - yO =4 (p 2 - p { ) (P - Qpi), 

which lead at once to the invariants of the transformed quartio; 
and comparing their values with the invariants of kU-\H x 
given in Art. 186, the theorem follows at once. 

q. moW 

198. Reduction of tlie Cubic to a Binomial form by 
Tscliirnhausen’s Transformation. —Let the cubio 

ax' + 3 bx 2 + 3 cx + d 

he reduced to the form if - V by the transformation 


1 / = q + px + x 2 . 

If x Xi x 2i x 3 be the roots of the given cubic, and y x a root of 
the transformed cubic, we have the following equations to 

determine p and g : — 

xi 1 + px i + q = yn 


from which we find 


x 2 + px 2 + q = toy it 
x 3 2 + px 3 + q = io 2 yi ; 


X 2 + b)X 2 + u ) 2 xi 

- 2~~ 9 

Xi + wX2 + U) x J 


q = - 3 ( s 2 + P s i)' 


Reduction of the Quartic to a Trinomial Form. 173 


Adding x x + x 2 + x 3 to this value of />, we have 

wM-4 x>x. («-* <»*-> 

£a#3 + aKTa^i + u)*X x X 2 

P + X 1 + + 2’ 3 = - - 


X, + ujX 2 + U) 2 Xs 


it follows (Ex. 25, p. 57, Vol. I.) that there are only two ways 
of completing this transformation, as the values of^, q ultimately 
depend on the solution of the Hessian of the cubic. 


199. Reduction of the Quartic to a Trinomial Form JO r 

by Tscbirnhausen’s Transformation. —Let the quartic 

ax 4 + 4 far 5 + 6cx 2 + 4 dx + o 


be reduced to the form if + Rif + Q, in which the second and 
fourth terms are absent, by the transformation 

y = q + px + x 1 . 

If a? 1} x 2y 2 * 3 , x t be the roots of the quartic; also y„ y 3 two 
distinct roots of the transformed quartic, we have the following 
equations to determine p and q : — 

x \ + P x i + Q = Vu x * + px% + q = ij 2i 
2 + px % + q = - y„ + px x + q = - y % ; 
from which we find 



x? + # 2 2 ~ x 3 2 - g 4 2 
*i + x 2 - x 3 - Xt ’ q 


i («2 + psi). 


And, adding x x + x 2 + x 3 + x 4 to this value of /?, we have 

+ *, + a:, + x, + x. = 2 fa** ~ *■*«). 

A #1 +^ 2 -^ 3 -^ 

hence, by Ex. 5, p. 132, Vol. I., it follows that there are three 
ways^of reducing the quartic to the proposed form, the determi¬ 
nation of which ultimately depends on the solution of the 
reducing cubic of the quartic. 


* 


*? 
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20.4. Removal of the Second, Third, and Fourth 
Terms from an Equation of the n th Degree. —We begin 
by proving the following proposition, which we shall subse¬ 
quently apply:— 

7SI ^4 homogeneous functio n V of the secon(ljtegx££ in n quantities 

x 2y x 3 , . . . x n can be expressed in general as t he sum ofn squares. 
To prove this, let V, arranged in powers of x lf take the 
following form:— 

VmPxX i* + 2®Pi + Ai, 

where P^does not contain x lt x 2y ... . x n ; also di and ifi are 
linear and quadratic functions, respectively, of # 2 , # 3 , • • • 

We have then 

_ / — QiV p Qi a 

Pi^i + ~ 1 + “ 







p, ’ 


also, assuming 


Qi 


VxsRi-jf = P 2 .r 2 2 + 2Q^ 2 + P 2 , 

^ 1 


where P 2 is a constant, and Q* and P 2 do not contain Xi and x 2y 
we have similarly 


_ _ Q.Y + » &\ 

F ' = P*’+jTj +Rl -n’ 



so that 


F = 



Q> 2 




0 s 


Proceeding in this way, we arrive ultimately at P„-i - p-j-» 

which is equal to P n xf ; and the proposition is proved. . 

Now, returning to the original problem, let the equation be 

a* + PiX 11 ^ + P*d l ~ 2 + . • • + Pn = 0 ; 

and v putting 

_?/ = q.r 4 + fix 3 + yx 2 + &c + 6, 
let the transformed equation be 

y” + Qif' + Q *!/”- 2 + • • • + Qn = 



I S-{ 

Removal of Terms from an Equation . 4-75" 

where, by*Art. 194, Q h Q 2 , . . . Q n . . . are homogeneous 
functions of the first, second, . . . r th degrees in a, ft y, S, c. 
Now, if a, ft 7 , 8, t c an be determined so that 

Q. = 0, Q 2 = 0, Qi — 0, 

the problem will be solved. For this purpose, eliminating j 
from Q 2 and Q 3) by substituting its value derived from Qi = 0 , 
we obtain two homogeneous equations 

P 2 = 0 , 11* = 0 , 

of the second and third degre es iu a, ft y, S; and by tho 
proposition proved above we may write Jt 2 under the form 

m 2 - v 1 + w 2 - t\ 

which is satisfied by putting u = v and w = /. From these 
simple equations we find y = la + wft and g = /,q + ; and 

substituting these values in Q 3 = 0 , we have a cubio equation to 
determine the ratio /3 : a. Whence, giving any one of the 
quantities a, ft y, 8, c a definite value, the rest are determined, 
and the equation is reduced to the form 

y n + Q*y n ~ l + &/T 5 +... + Q n = o. 

In a similar way we may remove the coefficients Q„ Q 2< 
by_ solving au equation of the f ourth degree . 

Applying this method to the quintio. we may reduce it to 
either of the trinomial forms 

x' + Px+Q, x 5 + Px* + Q; 
or again, changing a into to either of the forms 

x> + Px>+ Q, x> + Px* + Q. 

In this investigation we have followed M. Serret (see his 
Cours d'Algkbre Stipdrieure, Vol. I., Art 192). 
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Section II.—Hermite’s and Sylvester’s Theorems. 

p.c : ^ 2 jo 201: Homogeneous Function of Second Degree 
expressed as Sum of Squares. —We have already shown, 
in a general way (Art. 200), that a homogeneous function of 
the second degree in the variables may he reduced to a sum of 
squares, no hypothesis being made as to the nature of the 
coefficients of the function considered. We now return to the 
consideration of this problem when the coefficient sof the function 
are supposed to he all real ; and we proceed to determine, in 
magnitude and sign, the coefficients of the squares in the 

transformed function. 

Let F[x u sc,,. ■. r„) be a homogeneous function of the second 
degree in » variables with real coefficients; and let us suppose 
that it is reduced by the method of Art. 200 to the form 


■p\ [X\ + (lipc-i + + . . • + (ln x n) 

+ Pi (#2 + ^ 3^*3 + • . . + b n X n ) 
4 - P3 (#3 + •••■*■ c n&n) 


+ fin *h 9 


where all the coefficients of this new form are real. 
Making now the linear transformation 

= ^1 + (Wi + « 3^3 + + • • • + a * X '» 

= x 2 + b&3 + biXi + . . . + 


X, 

x 2 

x 3 


# 3 + + • • • + c n x m 


1 

o t 
o o 


% - - - - 


(do o 



, • • • • - + ”f/ ; 

■' Since the modulus of this transformation 18 ™ 

. . , . c i_ av. Wms of Fmust be absqlutgly_eqiUkL 
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Denoting, therefore, the discriminant of F by A„, we have 

A M = PxP^Pi • • • pn j 

and similarly, when the variables Xj n , . .. x lt are made to 
vanish in both forms of F, we have 

A j = pip 2 pz .. • Pj. 

Now, givings’ the values 1, 2, 3, &c., we find 

A; A3 A,1 

Pi - Al, Pi = —-, Pi = —y • • . Pn - T j 

ill £*2 tin-1 


and the coefficients are determined in terms of the discriminant 
of the original quadratic form in n variables and t he discrimi¬ 
nants of the forms in - 1, n - 2, &c., variables derived from 
the given form by causing one, two, &c., of the variables to 

. V ■ • • il . , 1 • J f.f $rl- 

vanish m succession m the manner just explained. 

Again, since the constants in the form .F(.ri, x 2) . . . .r„) are 
in number pi (n - 1) less than in a form composed of a sum of 
squares of n linear functions of n variables, we learn that F can 
be reduced to a sum of squares in an infinity of w ays. It is 
most important, however, to observe that in whatever ivau the 
t ransformation is made , provided it is real , the number of coefficient s 
(affecting these squares) which have a given sign is a/wai/s the same. 
This theorem, which is due to Jacobi, is easily proved; for«u* 
suppose the contrary possible, and let 


—• *r» ||ai 


F 55 Pi^i +p 2 Xi i + ...+p n X n ** q x YS + ? 2 F 2 * + . . . + q n F„ 2 , 

where the number of positive coefficients on both sides of this 

identity is not the same. Making all the terms positive, by 

transferring those affected with negative signs to the opposite 

sides of the identity, we shall have a sum of l squares identWTlj 

to a sum of m squares, where m is greater than l. Now, 

substituting suoh values for x l9 x iy . . . that eaoh of the 

/ squares may vanish (which may be done in an infinity of 

ways), we find a sum of m squares identically equal to zero, 
which is impossible. * 
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202^ Hermite’s Theorem. —The principles explained in 
the preceding Article have been applied by Hermite to the 
determination of the number of real roots of an equation f(x) = 0 
comprised within given limits. The special form of the function 
F which he makes use of for this purpose is 


r=n i y v 

^ - (.Ci + a,X 2 + a r 2 x z + .. . + a,” l %n) > — ^ p 5 

a r~P 

in which x l9 x 2 , .. . x n are any variables in number equal to the 
degree of the equation ; and r takes all values from 1 to n in¬ 
clusive, the roots of the equation being a if a 2 , ... a n ; also p^ is 
any arbitrary parameter. 

This form is plainly a symmetric function of the roots of 
the equation f(x) = 0; and as the coefficients of this equation 
are supposed to be real, F will be also real, when expressed in 
terms of these coefficients and p, provided the parameter p be 
given any real value. If the roote m, a 2 , a 3 , . . • a n are not a ]l 
real, the assumed form of F will not be obtained by a real 
transformation; but it is easy to deduce from it, as follows, 

another form which will be so obtained. 

If « k and a 2 be a pair of conjugate imaginary roots, we may 


write 


fll = ;- 0 (cos a + i sin a), a 2 = )'o (COS a - t sin a) 


Denoting for shortness .r, + a,x 2 + «r 2 ^ + ...+ a r n * r » * 

and substituting these values in Y> and F 2 , we find 

***“• **•»*’• 

*"> ^ rr . • TT TT — TT _ l" 


y. = U + iV, Y t - U- iV, 


where V and V are real; also putting 


1_ = (OOS f + i sin </,), = r (cos - i sin <p), 


d}~ p 


a 2 - p 


the part of the function F depending on a, and a 2 , viz., 

F, 2 . 


F 2 


«1 — p «2 — P 


Her mite's Theorem, 
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becomes 


<t> 


r j( C08 J + (27 + iV) 2 + ( cos|- / sin j (27- 

^ ^ 5 w t) (o‘* V ’ 1 - 4 * u or v 

which may be also written* as the differen ce of the squares 

2r(ycos| - Ksin|J-2r^sin|+ V cos | 

4 

proving that two imaginary conjugate roots introduce into F 
two real squares, one of which has a positive and the other a 
negative coefficient. 

We now state Hermite’s theo’rem as follows Let the equa- 
tion f{x) = {x - ai) (x — a 2 ) . . . ( x - u„) = 0 have red/ coefficients 
and unequal roots : if then by a real substitution ice reduce 

Tr 




+ • . . + 


a l P a 2 ~P 03 ~p Uti~p 

ichere Y r = x j + 0,4*2 + + . .. + a r M "\r 


a) 


ny 


toaMUlljtf squares , the number of squares having p ositive coefficient s 
mil be equal to the number of pairs of imaginary roots of the equa¬ 
tion f(x)=0, augmented by the number of real roots greater than p. 

This theorem follows at once from what has preceded if we 

consider separately the parts of the function (1) which refer to 

real roots and to imaginary roots, for obviously there is a posi- 

Uve_g quare .for every^oot gr eater than and we have proved 

that every pair of conjugate imaginary roots leads to a positive 

and negative real square, without affecting the other squares 
independent of these roots. 

The number of real roots be t we en any two numbers », and 
jumay be readily estimated. For, denoting in generafbv P- 
the number of positive squares in F when p = p , by N the 
number of roots of the equation/(,) = 0 greater than p h and by 
2 1 the num her of imaginary roots, we have 7 

whence ' A = ^ + 7 ’ K-K + I; 

- N* = P, - P !( 
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proving that the number of real roots between p x and p 2 is equal 
to the difference between the number of positive squares when 
p has the values p { and p 2 , respectively. 

The number here determined may be shown to depend on 
a very important series of functions connected with the given 
equation. In order to derive these functions we consider F 
under the form (Art. 201) 


AiXi 2 + 





The number P expresses the number of coefficients in this 
form which are positive, or, which is the same thing, the number 
of the following quantities which are negative:— 



We proceed now to calculate An A--, ■ • . Ay, • . • A„ in terms 
of B and t he roots of the equation/(ar) = 0 ; and as the method 
is the same in every case it will be sufficient to calculate A 3 , 
i.e. the discriminant of the original form of F when all the 
variables except x 1} x 2 , .r 3 vanish. 

Writing for shortness v r = we have in this case 

F 3 = 21 >r (#1 + dr *2 + «r 2 ^3) 3 - 


The discriminant in this form is 



2v 

2 av 

2 a 2 v 

Aa = 

2 av 

2 a*v 

2a 3 */ , 


2a 2 v 

2a 3 v 

2a 4 v 


which may be written as the product^ the two arrays 



a i 

Cl 2 • • • 

a»» 

T 

1 

a» 2 

Cl 2 • • • 

On 


1 


Vi 

V2 • • • 

V, t 

aivi 

Cl 2V2 • • • 

a„*/„ 

ai 2 vi 

2 

O2 V2 • • • 

OnVn 
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and, consequently, 

1 1 


A 3 = Svii' 2 v 3 


fll 02 


2 2 
af a 2 


i 

a 3 : 


__ ^ (a 2 - u 3 y (an - Qi)* («i - at) 

~ Z " (<*l ~ P) [<*2 ~ p) {"3 ~ f>) 


* £ 




In an exactly similar manner we find 

^ ^ V (Q|> Q2i »3 » • » Oj) 

‘ ~ ^ («. - p) («2 " p) • • • («/• “ p)* 

where the notation v («i, a 2 , « 3 , • • • ay) is employed to represent 
the product of the squares of the differences of «i, a 2 , a 3 , . .. ay. 
Hence the quantities Ai, A 3 , ... Ay ... A„ are all determined. 

Now, multiplying the numerator and denominator of each 
of the fractions in the series (2) by f(p), each value of A is 
rendered integral, and the series becomes 

F. V 2 V 3 V n 

v v: vi * * * vj 

where 

V = (p - a,)(p - a 2 ) . . . . {ft - a,,), 

V\ = 2 (p - a 2 ) (p - a 3 ) . . . . (p - a w ), 

Vi = SV (ai> " 2 ) (p ~ a 3 ) . . . . (p - a„), 

V 3 = SV (ai, a 2 , a 3 ) [p - a 4 ) . . . . (p - a„), 


(3) 


Vn — V ( a l> a 2> a 3> • • • • a„). 

Since negative terms in the series (3) correspond to varia¬ 
tions of sign in the series V, P„ F a , V 3 , .... F„, it is proved 
that the number of variations lost in the series last written, 
when p passes from t he value pi to the value p 2 > is exaotly equa l 
to the n umber of real roots of the equation f(p) = 0 comprised 
b etween p v and p 2 . 

It will be observed that the functions V, V h V 3 , &o., here 
arrived at have the same property as Sturm’s functions • from 
which in fact they differ by positive multipliers only, as was 
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observed by Sylvester, who first published these forms in the 
Philosophical Magazine , December, 1839. In order to establish 
Ih® identity of the two serie s of functions we proceed in the 
first place to prove in the following Article an important 
theorem connecting the leading coefficients of Sturm’s functions 
and the sums of the powers of the roots of an equation. 

203. Theorem. — The leading coefficients of Sturm’s auxiliary 
functions (i. e. f (x ), and the n - 1 remainders) differ by positive 
factors* only from the following series of determinants :— 










So 

s. 

S2 

S3 




So 

Si 

S2 


Si 

s 2 

S3 

Si 

So 



Si 

S2 

S3 


S2 

S3 

Si 

Ss 

Si 

S2 

J 

S2 

S3 

S4 

> 

S3 

Si 

S 3 

S 6 


, &c 


Using the bracket notation, we may write these determinants 
in the form s 0 , ( s 0 s 2 ), [s 0 , s 2 , s 4 ), &c., the last in the series being 

(S 0 S 2 Sj . . . $ 2 / 1 - 2 ). 

Representing Sturm’s remainde rs by R 2 , R 3i • • • Rjt • • • B nf 
and the successive quotients by Q 1 , Q i} Q 3 , &o-> we have (see 
Art. 96) 

i? 2 = Q,rw-/w 

if s = QJt, -/'(*) = /(*) - &/(*)> 

if. = QJ f, - if 2 = (Q.&Q. - <2, - Q>) /'M - (&«»- !) /(*). &c - 

Proceeding in this manner, we observe that any remainder 
Jtj can be expressed in the form 

Bj - AjfM - Bjfjxf ( 1 ) 

2U,. --j i-u ^ 

The degree of Rj is n-j; and since Q 2 , &o., are all of 
the first degree in .r, it appears that the degrees of Ay and By 
are j - 1 and j - 2, respectively. 
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Assuming, therefore, for Rj and Aj the forms 




Rj s r 0 + r x x + )\x l + ... + r„.jx 

Aj = X 0 + X,z + X 2 .r 2 + ... + X/.. x >-'; 

and substituting in (1) any root a of the equation / (*) = 0, we 
have 

1 = Xo + Xia + X 2 a 2 + . . • + Xy.i u J - 


>•„ + r,a + r,a* + . . . + r n .ja 


/(«) 


Multiplying by a, a\ . . . a^, a-'" 1 , in succession ; making 
similar substitutions of the other roots; and adding the equa¬ 
tions thus derived, we obtain by aid of the relations of Ex. 4, 
p. 172, Yol. i., the following system of equations 


XcrSo + Xi$! + . . . + Xy_ 2 $/_ 2 + \j-\8j-\ - 0, 
X 0 $i + Xi® 2 + ... + \j- 2 Sj- 1 + Xj- V y = 0, 


\ 0 Sj -2 + X|' 5 /-i + . . . + Xj-j-fy-l + X/_\ 52,’_3 — 0, 

Xo^j-1 + Xi®> + • • • + \j-2$2j- 3 + Xy_l $2j-2 = J'n-j • 

* 

From these equations we have, without difficulty, 


= 7j 


Sij' Sl 
S \ S2 




0»v) 


*1 


• • 


s y-2 


a j = 7/ 


50 S ( 

51 Si 


• • • 


Sj-2 Sj-1 

Sj-l 8j 


Sj -2 Sj-i 

1 X 


S3/-I Sy -3 


s Ki ^ «-j) 

the value of yj being so far arbitrary. It appears therefore that 
the coefficient of the highest power of x in Rj differs by this 

multiplier only from the determinant (*£&_We 

prooeed to show that the sign of yj is positive. For this purpose 
we make use of the following relation connecting the successive 
values of the functions R and A :— 

Ui*, A ^JsAi.nR k - R^A/t s f(x). 


A A - 




( 2 ) 
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To prove this ; substituting for jRa+i-Ra, R^ their values in 
terms of A and B in the relation" R k+l = Q k R k - R k _ u we derive 

fw tlMf*. 

A k +\ = Q k A k - A a--i* B k +, = Qa#a - B k - X ; 




*■»> 


by aid of which we readily obtain the following relations con¬ 
necting the successive functions:— 

j » <’—«) 0.0 

A k ^B k - A k B k+l = A k B k ~i - A k -iB k = ... = A X B 0 - A 0 B 1 = - 1, 

■ A w ) i f£o - »./>o 

A k +\R k A k R k +\^ A k Rk-\ A k ~\R k = ... = A\R 0 — A 0 R\ = f(x), 

in which R x = f (ir), i? 0 =/(#).= o.foo - (-') foo 

Now, compai’iug the coefficients of the highest powers of x 
in (2) ; observing that x" occurs only in A k > x R ky and making 
use of the determinant forms above obtained, wq have 

7A+1 • * * ^A-2) 7 A (S 0 S2'S4 . . . S2A-2) = 1 > 

6^ w 

or 7A7A+1 — ($o , 5 2 ,5 1 • * • 5 2A-2) • 

Also, calculating the value of i? 2 in the ordinary manner, 
we easily find 


^ 2=4 


*1 


X 


whence it is seen that the value of 72 is — j • r> *■ <**!»)*-, K*« • 

S 0 

It follows, from the relation just established between any 
two successive values of 7, that 73, 71, ... 7/, &o., are all positive 
squares, and therefore, finally, that the coefficient of the 
highest power of x in Rj, has the same sign as the determinant 

(W* • « • Slj-2 ) * 

It should be noticed that there is only one wa^ of expressing 
a function of x , of the degree n -j, in the ionrlAf(x) - Bf(x), 
where A and B are of the degrees./ - 1 and./ - 2, respectively, 
and f{x) of the degree n ; for this function being in general of 
the degree n +j - 2, in order that it may reduce to the degree 
n -j, the 2 j - 2 highest terms must vanish, and this is exactly 
the number of undetermined quantities in A and B at our 
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disposal, since it is the ratios only of the coefficients we are 
concerned with. St urm's remainde rs may t herefor e be o btaine d 
in this way w ith an und etermined mult iplier. 

The functions JRj, Aj , and Bj a re semicovariants of f(x\ as 
may be easily seen by supposing f(x) transformed by the sub- 
stitution z = a 0 x + «, before these functions are calculated. Their 
a ctual expression s in terms of the differences of x and the roots 
can be readily inferred from the discussion in the following 
Article. 

20^ Sylvester’s Forms of Sturiu’s Functions.—We 

make use of the notation employed in the preceding Article, 
and propose to show that the Sturmian remainder It, differs 
only by the positive factor yj from the function F}. We have 

Rj 3 4//M - £>/{*)> (l) 

where Rj = r 0 + r x x + r t x 2 + ... + r n _jX }, ' i i 

■Aj = A 0 + Ai*t+ \«x t + ... + AjLi^ -1 , 

= n 0 + fi t x 2 + ... + nj-zx*'*; 

also from the value of r„_j above given we have immediately 

r n~j = Jj (fll» 02, 03, • • • O/), 

showing that the leading coefficients in Rj and Vj differ only 
by the factor yj. We now proceed to prove that the last co ¬ 
efficients in these functions differ only by t he same faotor. 
For this purpose, dividing the identity (X) by/(a), substituting 
in it from the equation 

f (■**) __ fo ®1 *2 

f{x) x x 2 .jg " M J _ ( 

and comparing coefficients, we find " ° * pro 

fio = Ai$ 0 + A2S1 + A3S2 + .... + Ay_i Sj- 2 } 

/*» = A2S0 + AjSj + ....+ Ay_i $y_ s , 


«/-*= 


Ay-i S 0 . 



1 
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no? 


Also, putting x = 0 in (1), we have 

r 0 = — f*o Pm 

and, substituting for p 0 in terms of A,, X 2 , X 3 , &c., 

—- = A 0 $-i + Ai$ 0 + X 2 Si + ... + Am sj-2 ; 

whence, giving to A 0 , A x , ... Ay-i the same values as in the 
calculation of r n _y, we find 


•$1 ... Sj -2 


S 2 • • • ®/— 1 


r 0 = (- ly'Pnyj 


• • • 


Sj • • • ^ 2;-3 


Ml** 


1^1 . 

Now, referring to the calculation of Ay in Art. 202^ and put- 
ting p = 0, orV = -, in the value of A/ there found, we find 

G r 

for the determinant just written the value 

^ V ( a i» ° 2 » ° 3 ’ • • • a JJ . 


01^2^3 • • • cy 


hence, giving i>„ its value in terms of the roots, we have 

= (- l)” _/ 7y2V («n « 2 , «3, • • • ay) ay +1 a/« . • • a,„ 

which was required to be proved. . 

The first and laS coefficients of i?y, when divided by yj, 

having been thus shown to be the same as in the form Vj, 
it follows that all the intermediate terms must be snn^y 
related; for, in the first place, Rj is a function of the diffe¬ 
rences of the quantities *, «„ a. • • • ■« « be seen by 

transforming fix) before calculating Rj by the BubsWution 
* = «* + «„ as in Ex. 3, Art. 99. When this transformation 

is completed, every coefficient in Rj, as well as >. is a function 
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m 


.«** 


of the differences; consequently J?, is a semicovariant, and 
satisfies the differential equation 

and therefore, as is proved in Article 164, all the coefficients 
may he obtained from the last by a definite law. The same 
conclusions plainly holding also for the function F}, it is 
therefore proved, finally, that 

By = yj Vj. 


Examples. 

% 

1. Using the notation of Arts. 203, 204, prove tlmt the quotient ol 
be written as a symmetric function involving x and the roots ; e. g., 

^ = 2(0-7) 2 (7-«) J («- 0 Y [x -a) (x-$) (r- 7 ). 
7* 

2. With the same notation prove that 


can 


Bj = 7 f 


*j.i Sj-\ Sj 


3 


where 


I 0 T x T 2 . . . Tj.x | 

Tj = sjeS’i + «iA> a + Szxi’* + ... + Sj. 1 . 


3. With the same notation, and denoting by U n 

r.n 

2 (* - «r) (*1 + aXi + a*X3 + .. . + a”- 1 *,,)*, 
r*l 

prove that the discriminant of Oy may be determined by the equation y /Ay = A, t 
and Bhow directly that if Aj = 0 for a certain value of x, Aj. x and Aj.i have 
opposite signs for the same value of x. 

P" Note.—H emute’s theorem holds when a r — p is changed into (or — p) m in the 
[enunciation on p. 179, m being any odd integer, positive or negative. 


*• 


^*5 . u^«^rx^cC=- 


^=0 


Z. J y^ -«*fr—l a 01 5^s Jf S H 

i ftfr ^u,*wtc* i v 'cu T o ctv*^tHl^3 . 


B^.y" 14 S »{ i^ a*.*« |* U«.k 
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Section III.— Miscellaneous Theorems. 

’“*‘“ 1 20$. Reduction of the Ruintic to the Sum of Three 

2-1 ** Fifth Powers .— This reduction can be effected by the solu¬ 

tion of an e quation of the third degree, as we proceed to show. 
Let 

(tf„, a l9 a t , a 3) a iy a 3 ){x y yf = b l (x+ /3,y) 5 + b 2 (x + f3 2 yf + b 3 (x + (3 3 y) 5 , 

where /3 h /3 2 , /3 3 are the roots of the equation 

jo*j = p 3 x 3 + j) 2 x* + p x x + p 0 = 0. 

Now, co mparing coefficien ts in the two forms of the quintic, 

a Q = bi + b 2 + b 3 , a 1 = &,/3i + b 2 f 3 2 + b 3 fi 3) 

a 2 = bfif + b 2 ) 3 2 2 + ij/3 3 2 , a 3 = 6,j3i 3 + kj3 2 3 + £ 3 /3 3 3 , 

= ^i/3, 4 + b 2 fi 2 * + b 3 fi 3 \ a 5 = b,j 3, 5 + 6 2 /3 2 5 + b 3 /3 3 B ; 

whence = v. ,q».) •» o L <^*^>1 

;; o <7 0 + ;;ja, + /?*a* + ;> 3 ^ 3 ^= 0, ^ 

;; 0 tfi + p x a 2 + p 2 a 3 + p 3 a if = U, 

p 0 a 2 + + p 2 a x + p 3 (i b = 0. 

When these equations are taken in conjunction with the 
equation 

p 0 + piX + p 2 x 2 + p 3 & = 0, 

we have the following equation to determine (3 X , /3 2> (3 3 : 


whence 




1 

X 

X 2 

* 3 

«0 

«x 

a 2 

(h 

a x 

d 2 

« 3 

a* 

a 2 

(h 

«i 

«5 

, are determine( 

it 

>y; the 


+ 

+ 

11 

*C> 

b,fii 

+ b 2 fl 2 

+ 

bfi 3 - 


+ b 2 fi? 

+ 

bfif = 


= 0 . 
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whence the question is completely solved when /3j, /3 3 are 
known. 

This important transformation of the quintic is a particular 
case of the following g eneral theorem due to Sylvester 

Any h omogeneous function of x, // , of the degree 2^-1, can be 
reduced to the form,s~— ^ »tt. 


(x + Pi!/)* 1 - 1 + b 2 (x + p 3 y) 2n ~ l + . . . + b n {x + /3 

by the solution of an equation of the n th degre e. 

The proof of the general theorem is exactly similar to that 
above given for the case of the quintic. 

20#. CluarUcsTransformable into each other._We 

proceed to determine under what conditions two quartics can be 
transformed, the one into the other, by linear transformation. 
Let the quartics be 

U = (a, b } c y dy e) (Xy y )‘ s a (x - a y) (x - py) (x - yy) (x - By), 

V =;(«', b'yCyCT yd) (x'y if )‘ ^ tt ' [f ~ «'lj) (A - fi'f) (A-ff) (/_ ^f ) J 

and if they become identical by the transformation 


x = \x + fiy, f = \' x + ft Jy 
we have, by Art. 38, 

(P' -y')(a'-S') = (f - a') (P'- S' ) _ ( «' - /3') (f - S') 
(P-y)(a-S) (y-a)(P-8) = [a-p){y-S) 9 

showing that the six_anharmonio ratios d etermine by the roots 
must be the same for both equations. 

. . From , these ^uations we havg’also the following relations 
between t he invariants o f the two forms :_ 


whence 


r=r% J' = r 6 J; 


If I s 
J' 2 ~ J* * 



( 2 ) 
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The quantity ^ being absolutely unaltered by transforma- 

c/ ' 

tion when the quartic is linearly transformed, is called the 
nhanlut.6 invariant of the quartic. The condition expressed by 
equation (2) is, therefore, that the absolute invariant should be 
the same for both quartics. The condition here arrived at 
agrees with the result of Ex. 16, p. 148, Yol. i., where it is proved 
that the sextic whioh determines the anharmonic ratios of the 
roots involves the absolute invariant, and no other function of 
the coefficients of the quartic. We may refer to Art. 197 for 
an illustr ation of what is here proved, the quartio as there 
transformed having the same invariants and consequently the 
same absolute invariant as a quartic of the form W + mE x . 

The conditions expressed by the equations (1), (2) are 
always necessary; but not always sufficient, as we proceed to 

illustrate by two exceptional cases. 

Suppose, in the first place, 

U s u 2 vw t V « w'V 2 , 

where «<, », «. are of the linear form h + my. 

Although the condition -p = ja is 8atisfled in this CaS6 ’ the 
common value of these fractions being 27, it is impossible to 
transform U into V, since it is imEOssibkiomakem ajgrfeot 
square by linear transformation. 

Secondly rif"' 

, .1 r = r l I J' = r*J are satisfied, since 

of / = 0 , T = 0, J - o, it is ueTortheleso impossible to 

“if “tlftiT. 1. it would b. impossible to «*-#!«» 
neoHedev Bindren Alyebraischen Fonnen, Ait. 9-). 
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201: Number of Absolute Invariants of any ftuan- 

tic.— We proceed now to examine how the number of absolute 
invariants of any binary quantic is connected with the number 
of ordinary invariants, and how far a limit can be determined 
to either of these numbers. Transforming the quantic 

K> a u a 2) ... a n ) (x, y) n 

by the substitution 

x = \X+fiY, y = \'X + fY\ 

if the new form be 

(A 0> A 1, A 2 ...A n )(X f F)“, 


we have by the comparison of coefficients n + 1 equations 
expressing A oy A ly ... A„ as follows 


A 0 = K, a 1 , a 2 . . . a n ) (A, A') M , ... Aj = — A H ~ f A n , ... 

1 (») 

An ~ V 2y ... U n ) (fi y fJ. ) M , 

where A = X — + X' — n = 1*2-3 •.../, r (o) = 1. 

_.r RO 


Now, el iminating A, ju. A 7 , /T , we obtain, among the new and 
old coefficients, n - 3 independent relation s; but if (Xf - A'/u) be 
admitted when A, fi , A' f are excluded by elimination, we must 
add the equation Xf -X'n = M t o the n + 1 equations already 
obtained, making n + 2 in all; and when the elimination is now 
completed, we have n - 2 independent relations. It may be 
inferred from our previous investigations that these relations 
are of the form 

<Pr{A oy A ly A 2 , ... A„).-= M J (pr (a oy a ly a 2 ... a n ), (Ait. 171) 

and we have therefore ti - 2 independent ordinary invariants 
<t>\, fa, <p* . . . <p fl - 2 . Eliminating M we obtain, as above stated, 
n -~ 3 relations connecting the two sets of coefficients, and this, 
therefore, is t he number of independent absolute invariants ! 
It is not true in general that every invariant can be expressed 
as a rational funotion of the invariants <f> ly <j> 2y <p 3 . . . ^ ft _ 2; and, 
consequently, we have not obtained a superior limit to the num¬ 
ber of independent ordinary invariants by this investigation. 
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208. Number of Seminvariants of a duantic.—Every 
seminvariant can be expressed rationally in terms of a 0 and 
n - 1 functions of the coefficients which are either invariants or 
seminvariants. For, removing the second term from the equa¬ 
tion 

TJ n = K, *1, *2, • • • *») (#, 1) M = 0, 

t he new coefficie nts are easily obtained by substituting for li 
its value - — (Art. 35). As these coefficients, when divided by 

*o 

a 0 , are symmetric functions of the differences of the roots, they 
must be invariants or seminvariants when multiplied by a power 
of a 0 ; also every other symmetric function of the differences of 
the roots must be a rational function of the same quantities, 
but not necessarily integral when multiplied by a* ; conse¬ 
quently we have not obtained any superior limit to the number 
of independent seminvariants (or, which is the same thing, 
covariants) by this investigation. It has been proved, how¬ 
ever, by Giordan that the number of se minvariants of any 
quantic is finite . 

As an i llustration of the preceding, we give the values, of 
A 2 , A 3y A „ As, A c i n a reduced form — 

a 0 A 2 = H y A, = G, a*A t = aJI - 3 H\ (Art. 37) 

a 0 4 Ai = a 0 2 F- 2GH, 
a0 s Ac = 45£T 3 - 1WBI + 10 G 2 + * 0 4 / 2 , 

where F = a 0 2 a 3 — 5 <?o*i *4 + 2a 0 a 3 a 3 — 6*1*2 + 8a i a 3l 

1o = a 0 a 6 — 6*i*» + 15*20* — 10*3*, 

F being a seminvariant, and / 2 an invariant of the sextic U c - 
(Exs. 4, 6, p. 103). We have, therefore, proved that every 
gomiTivfi.rin. nt of the sextic can be expressed in the form 

a 0 ~ r ¥ («o, F, G , Hy Iy / 2 ), 

where ¥ is a rational and integral function; and, consequently, 
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every covariant when multiplied by a power of U a may bo 
expressed as follows: — 

*(CT. ,F Z , G Xi H x> J Zi If). 

We conclude with the following i mportant observation :— 
When a rational and integral function of several semi nea r junta ia 
formed so that the result is divisible bt/ a„ } a new seminvarinnf is 
obtained which is considered distinct from the others. 

209. Ilermite’s law of Reciprocity.— Theorem. A 

quantic (r/ 0 , a lt , . . a„)(.v t g) u , of degree n , has as many covariants 
of the order -a in the coefficients as a quant ic (a 0i a u .. . a a ) (.r, //)*, 
of degree w, has covariants of the order n in the coefficients. 

#o This theorem can be shown to depend on Cayley’s theorem 
(Art. 165) as to the number of distinct seminvariants of given 
order and weight of any quantic. When for a quantic of the 
degree an integral homogeneous function of the coefficients 
is formed containing all possible terms of order a and weight * 
which cau be made up out of the coefficients a , a , n, „ if 
can be proved that there will be exactly the same number of 
terms in the corresponding expression, of order u and same 
weight k, whioh can he formed for a quantic of degree s from 
the coefficients a„ «„ a 2 ,... a For this purpose Mr. Ferrers has 
employed a jaeohamealmethodof transformation ter^bTterm 
winch will be readily understood from a particular application •- 
Let us suppose that an expression of order 8 and weight 22 
of a quint,c contains the term sMV, (which we write 

«.**M*M); and let the weights^ the successive factors be 
represented by points arranged horizontally as follows 


If now the points be 

VOL. II. 




counted in vertical in place of horizontal 
o 
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order we obtain tbe term of order 5 and weight 22. It 

is clear that two terms t hus derived from one another have always 
equal weights , since the total number of points counted in both 
cases is the same. We see therefore that to any term of order 8 
and weight 22 derived from the coefficients of a quintic corre¬ 
sponds a term of order 5 and weight 22 similarly derived from 
the coefficients of an octavic ; this relation is reciprocal, so that 
for each term of either function there exists a corresponding 
term of the other, and if one list of terms be complete, the 
derived list must also be complete/ln applying this transfor¬ 
mation it must be observed that if the term to be transformed 
does not contain the coefficientjviLhJiighesLauffix of the corre¬ 
sponding quantic, the order of the derived term will be deficient, 
and the factor a 0 with proper index must be supplied, this of 
course not affecting the weight. It being clear, then, that two 
corresponding expressions thus derivable from one another 
contain t ha same number of terms^ we may represent this result 

by the notation 

N(z 7 , *c, n) = N(n t K f zr). 

The same is true for similar functions whose weight is one less 
in each case. We have therefore 

N{zj, k, n) - N[zs, k - 1 , n) = N(n, k , zs) - N{n , k - 1 , ®), 


from which, if Cayley’s theorem (p. 104) be assumed, it follows 
that the number of seminvariants of order «r and weight «c which 
can be made up out of a„ a„ ... a„ is equal to the number 
of order n and weight k which can be made up out of 

Hermite’s theorem as to covariants follows immediately, 
since the corresponding seminvariants can be taken as leading 
coefficients of covariants; and, moreover, since nw - ‘2k - zm- 2k, 
the degrees of two corresponding covariants arc equal. As a 
particular case , also, we see that to an invariant of one quant,o 

corresponds an invariant of the other. 


Reciprocal Linear Transformation. 


2.0Z 

Hffr 


Examflks. 


1. Show that the terms written with literal coefficients which occur in the 
resultant o f a cub i c , by the transformation above described, supply the literal terms 
of the cubic invariant of the quurtic. 

2. From the seminvariant of a quintic in Ex. 4, p. 103, derive the literal 
terms of the corresponding seminvariant of a cubic : and show that to the quintic 
covariant of the former corresponds the product of II, and G x of the cubic. 

3. Show that q ualities of the degr ee 'hn alone have invariants of the second 
order in the coefficients. 

For the only invariants of a quadratic arc of the type A'", whose order in the 
coefficients is 2 hi, & being the discriminant. 


210. Reciprocal ami Orthogonal Linear Transfor¬ 
mation—Contravariauts.— When (lie coordinates of a point 
are transformed by a linear transformation, tlio langential 

^ i iiia i e . S olfa line and the operating symbols , — are Vjotli 

tvaMformed by the sime new linear transformation^which is 
said to be reciprocal ti the first. 

Let tbe linear transformation be 

V = (l\X. + + C\Zy 

= a 2 X + b t Y + c 2 Z, L; (j) 

,u v , j a B + b 3 r + r 3 Z j 

\^ ** + ** beC ° meS by trausf °™ation 

LX + MY + NZ t where 

r L = a x \ + a 2 fi + a 3 Vy \ 


also 


\ 

f 

< "Y 
\ 

\ 


r 


M - b x \ + + b 3 vy 

R ~ CiA + c 2 fx + c 3 v 

= — + ± dip £ ds 

dx dX dy dX + dz itX' 

or, substituting for 

* dX’ dX' dX their values > 


( 2 ) 



V 


jL-„ d d d 
*X 1 di + a ^ + ^^ 

O 2 
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and similarly 


d . d . d , d 
—- = b { — + o 2 ~r + 03 —> 

d Y dx dij 


d d d d 

, , = c i 7 - + c 2 -y + c A —; 

dz dZ dx dy 


dz 


whence L, M, N and the symbols follow the same 

r*^. 1 10^! v ~ d d (l 

laws of transformation, and consequently A, //, v and —, —, — 
also ; in fact from equations ( 2 ) this transformation is 

AA = A.\L + B\M + C\N, 

A/x = + B^M + C-iN , 

Av = ^ 3 ^ + B 3 M + Cs-AT,, 

r/A ^ ^A p p 

where A = (ffACi), -® 1 = c ‘ C ’ 

This linear transformation is said to he reciprocal to the 
transformation (1) whose modulus is A, its coefficients being 

<o K 


***-- A 


1_ tfA 1 ^A _1 tfA &c 

A ffai* A f/6i* A dc x ’ 


m, • and — —, — are said to be contra- 

The variables .r, y, ana ^ ^ y s 

ymfiVmf to each other, for a linear transformation of <M/> s leads 

to a linear tranWmation of the symbols j,- which, 

although not the same, is connected with the first in the manner 

alie We ne P xt define ‘‘jirthogonal^^ 

equations (1) above written, we have amo ng the coeffi ments 

rela tions „ , , 

«,•+*•+*•- 1 , fc’+w+w- 1 - +C2 +fI ’ 

«, J, + «A + a A = 0, «,c, + «A + « = 0. “ ’ 

the transformation is said to be Thase “““ 

are fulfilled, for exam^by the 

into the relations between the coordinates o p 
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two different s ets of rectangular axes in solid geometry. In 
such a transformation it is clear that we have the relation 


x 1 + y 2 + z 2 = X 2 + Y 2 + Z\ 

and that the new variables are expressed as follows in terms of 
the old:— 


X = a x x + a 2 y + a 3 z, Y = b l x + bjj + b 2 z, Z = c x x + c 2 \j + c 6 z. 


Also, if the modulus of transformation written as a deter¬ 
minant be squared , each of the elements contained in the 
principal diagonal is equal to unity, and all the other elements 
vanish. 

^ 4 . 

These results can be readily extended to any number n of 
v ariable s, in which case there will be (n + 1) r elation s among 
the coefficients of transformation. 


It is easily seen that, in the case of an orthogonal transfor¬ 
mation, —, are c ogredient w ith r, 

We conclude with a definition of “ coutravariants,” confining 
our attention, for simplicity, to the case of three variabl es 
When a quautic in ,r, y, z is transformed, a ny functio n involving 
the coefficients of the original quantic, together with othei 
variables which are t ransformed by the reciprocal substitutioi 
above explained, is said to be a contravariant if it differs only b) 
a power of the modulu s of transformation from the corre¬ 


sponding function of the transformed coefficients and variables. 
The condition, for example, that a line \x + yy + V 2 should 
touch a conic given by an equation in trilinear coordinates is 
a contravariant. The theory of contravariants can be i ncluded 
under that of i nv ar iants by considering the combined system 
composed of the given q uautic and \x + M + v3 . 

It may be observed that in the case of binary nuautios 
cogtr ayarian ts and corn-rants are ufiLessentially distinct (see 
Salmon s Higher Algebra , Art. 140). 
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Miscellaneous Examples. 

1. Every q uantic of _an odd degree has a quadr atic covar iant of the second 
order in the coefficients. 

For every quantic of an even degree has an invariant of the second order in the 
coefficients (Art. 177), which may be written in the form U D (17) or (1, 2)" Ui U 2 ; 
and this invariant of the quantic whose degree is 2 m will be a seminvariant of one 
whose degree is 2m +ls«. The covariant therefore which has this seminvariant 
as leader will be a quadratic, since - 2« = 2 , k being = n — 1 and zs = 2. 

2. Every quantic of an odd degree 2m + 1 = n has a li near covaria nt of the 
degree n in the coefficients when u is greater than 3. 

For if I(r, y) 2 be the quadratic covariant of the preceding example, we have 

i”‘ ( U) B L 0 x + Ziy, 

a linear covariant, the order of Zo and L\ being n. It is here assumed that Z« and 
L\ are not identically zero, as they arc for the cubic. 

3. Every quantic of an odd degree has an i nvariant of the fourth ord er in the 

coefficients of the form + 2A\a„ ■+ A 2 . 

The discriminant of I(.r, i/)- is the required invariant. 

4. Every quantic of odd degree 11 has a seminvariant of the tliird-Qrder in tlie 
coefficients which is the leader of a covariant of the n th degree. 

For, differentiating with regard to «„ the discriminant obtained in the preceding 

example, we have, for the resulting seminvariant, w = 3, k = », and consequent^ 

• * . • - (i A 

p = -2 k = ii, which is therefore the degree of the covenant of which —^ is 

the leader. 

The series of seminvariants obtained in this way for the odd quantics is impor¬ 
tant, the order in the coefficients being low. 

5. Quantics of the d egree 4 m have invariants of the third order in the coef¬ 
ficients. ( 

Forcubics have invariants of the type A"*, of the order 4m in the coefficients, 
A being the discriminant. This and the next four examples are immediate 
deductions from Hermite’s Law of Reciprocity (Art. 209). 

G. Quantics of the degree vs have as many invariants of the fourth order as 
there are solutions in positive integers of the equation 2p + 3<? = A quintic, 
for example, has one, a sextic two, a septic one, an octavic two ; and so on. 

For quartics have invariants of the type IpJ », which is of the order 2p + 

in the coefficients. 

7. Every quantic of the degree 2p + g has a covariant of the second order in 
the coefficients. In particular, when q= 1, every quantic of odd degree has a 
quadratic covariant of the second order in the coefficients (cf. Ex. 1). 

For quadratics have covariants of the type A» U* t which is of the order 2 p + q 

in the coefficients. 
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8. Every binary quantic of an odd degree greater than 3 has a linear covariant 
of the fifth order in the coefficients. 

For a quintic has an invariant h of the 4th order, the discriminant of /,, also 
covariants of tho oth and 7th orders, viz. L x (Ex. 2) and M x - lpl*\ from these 
we form tho covariants J\P~ x L r> of order \p + 1, and of order ip - 1 , 

but every odd number i3 of the form 4 p ± 1.—Hfkmitk. 

9. Every quantic of the degree 4 v 4- 2 h as a quadratic covariant of the third 
order in the coefficients. 

For a cubic lias a quadratic covariant of the typo Aof tho order 4 p + 2 in 
the coefficients. 

10. When the quintic («o, «i> c* 2 > « 3 , « 4 . fla) (•*', //)' has a triple factor , prove that 
the covariant I x is a perfect square, and the covariant J * a perfect cube, the lim-nr 
factor being tho triple factor of the quintic in both cases. 

11. When the quintic has two double factors , tho remaining factor is a single 
factor of J x . 

12. If Ux = («o, «i, « 2 , ... a..) (*» prove that the resultant of V x and the 
covariant O x i s the discriminant of U cubed; that is, 11 (U* , G x ) = A 3 (l' x ) ; and 
prove also li ( U x , H x ) = A 2 ( U x ). 

Express H x and G x in terms of the semicovariants l\ V\ t . .. U„. i, U. 

13. If U and V be two cubics , express U 3 0 T 3 in terms of their eombinnnts 
Pand Q. 

14. When the quintic has a t riple root, the following symmetric functions of the 
roots vanish:— 

2 («i - 02) 2 V («3, 04, aj), 2 (aj - 02) 4 V (a 3 , ai, a 5 ). 

15 . Transform two g iven quadratics in .r, y to the forms 

au~ + bv 2 , au 2 + b’v 2 t 

where u and v are linear functions of x and y. 

16. If the coefficients of three quadratics 

«iX 2 + 2b { xy + C|.v 2 , 02 x 2 + 2b 2 xy + c 2 y 2 , nu' + 2b 6 xy + r 3 i/ 2 
be connected by the relation 



bi 

n 

a 2 

b 2 

Cl 

«3 

h 

C3 


prove that they may be reduced by linear transformation to the forms 

A 1 X 2 + Ci Y 2 , A 2 X 2 + CtY 2 , AsX 2 + Cal’ 2 . 

The determinant here written is the condition that the three quadratics should 
determine a system of points or lines in involution. 
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17. To reduce two quadrics in three variables to the sums of the same three 
squares with proper coefficients. 

Let U = ax 2 + by* + cz* + 2fyz + 2gzx + 2hzy, 


r=a 1 x* + b\y* + C\z* + 2fiyz + 2g\zx + 2 h x xy t 


dF 


dF 


dF 


x-j= 

We have then identically 

A« + rii AA + Ai A^ + X 

A/i + /ii Ai + ij A/ + /i r 

A<7 + <7i A/ +y"i Ac + C\ Z 

X T Z 0 


F=- 


1 

A(A) 


= *jA) 

A (A)’ 


where A (A) is the discriminant of A £7+ V ; and <*> (a) is a function of the 2nd 
degree in A, the symbols X, F, F being retained in it for the present, and not 
replaced hy the values involving A. 

Resolving into partial fractions, we have 


F = *M 1 »(A 2 ) 1 *(Aa) 1 

A’(Ai) A — Ai A'(Aa) A — A 2 A'(A 3 ) A — A3* 


( 1 ) 


in which 4> (Ai), * (A 2 ), 4> (A 3 ) are all perfect squares, since they are obtained by 
bordering the vanishing determinants A (Ai), A(A 2 ), A (A 3 ). (Art. 149.) 

Now, replacing X, Y, Z by their values, A£7i + Vi, &c., <f»(A j) is easily re¬ 
ducible to the form 


- (A - Ay) 2 


Kja + a 1 

\jh + hi 

a jff + 9\ 

Ui 

\jh + hi 

A jb + bi 

Ay/+/i 

l\ 

*J9 + 91 

A//+/1 

A jc + C\ 

U3 

Ui 


U3 

0 


— (A — A j)* tlj*, 


where j — 1, 2, or 3, and uj is independent of A. 
Substituting these values in (1), we find 


A U+ V = (A - Ai) 


«i 


+ (A - Aa) 


u 2 


A'(Ai) 

Equating the coefficients of A, we have 


A'(A 2 ) 


+ (A — A 3 ) 


11 3 - 


a'(a 3 ) 




H\ 2 U-i 2 II3* 

a'(a7) + A'(A 2 ) + A'(A 3 )’ 


Hi 


- F - Ai . + a 2 — 


U2 2 II3 2 

+ A 3 


A'(A,) ^ ' A'(Aa) T " A'(A 3 )’ 


which was required to be done. 
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It is to be observed that this problem has only one solution. The mode of 
reduction here given is due to Darboux ; and is plainly applicable whatever bo the 
number of variables. 

18} Prove that two cubics can, in general, be transformed one into tho other by 
linear transformation. 

•- 2 »o 19. Express three cubics . V, V, W, by means of three cubes. 

Assuming 

A17+ /xJ r + vir = (x - pi/) 3 , (1) 

and comparing coefficients, we have 

Af?i + fxrtj + va i = 1, 

\bi + txbz + vb 3 = — p, 

AC| + fiCi + vfj = p l , 

\di + fxdi + vili = — p 1 . 

These equations, by eliminating A, p, i>, give three values or p, and cor responding 
values of A , p,v: in this way we obtain three equations of the form ( 1 ) to deter¬ 
mine U, V, W in terms of 


(■*■ - pH/) 3 * 

{x - pit/) 3 , 

i x - PH/) 3 . 

is given by tho equation 


flip + £1 

«lp + bo 

nap + hi 

b,p + r. 

bop + C 2 

hi p + Cj 

cip + d[ 

<*zp + dz 

csp + di 


A similar method may be applied to express n qualities of the n tk order in terms 
of n n ,h powers. 

20. Prove that the three roots of a cubic may be expressed as 
where **’ '<*>■ *<*>» 


.. , lx + in 

(x) = 71+^7’ and •*<*) = *• 


7 ^+.2|l 


From Art. CO, putting _* ± whcrc „ derive 

K{$ -y) = H0y + Ifi ($ + y) + Hi, \ 

-ff(7 - a) = Hya + -Hi (7 + a ) + U 2 , ! ( 1 ) 

-£■(« ~ 5) = 2fa0 + Hi (a + 0) + Hz. ) 

These homogmphic relations between the roots may be written in the form 

5 = 6 ( 7 ), 7 = 6 («), a = 6 ( 0 ); 

9 ,rn p r ,o be tiT by 2X; and 

-— + < - - -*>: -rcri, 
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0 3 (a) being equal to a. It is important to observe that the equations (1) are con¬ 
sistent, the sum of the expressions on the right-hand side being zero ; that is to 
say, K must have the same sign in all three, any other combination of signs being 
inadmissible. 

This example is a particular case of a general t heorem of AbeTs. viz.—If the 
in roots of an equation of the >n th degree are a, d (a), 0 2 (a), . . . 0 m -' (a), where 0(x) 
is a rational function such that when the operation 0 is repeated m times 9 m ( x ) = x, 
then the solution requires only the determination of a primitive root of x nt -1 = 0 
and the extraction of the m"• root of a known quantity. 


21. Given a binary cubic U and its Hessian E z , the cubic being satisfied by the 
ratios x : y and x! : y ; prove that 


_1_ 

Va 



is a n absolute constant. A being the discriminant of U. 

This expression is absolutely unchanged by linear transformation, since 


H x , r = M 2 H Z , V , A' = .V°A, 


aud 


X 

Y 

1 

X 

V 

X' 

I" 

J t 

X J 

i 

•j 



Reducing U to the sum of two cubes by a 
= 1, the constant may be easily shown to be 


linear transformation whose modulus 

_J_. This is another form of the 

V- 3 


homographic relation of Art. CO. 

22. Prove that a rational homographic relation in terms of the coefficients 
connects any tw o rational functionj _of the same root, of a cubic equation ; but 
that the relation is not rational when the roots are different. 

23. Transform th e quart in 

(a, b, c t d , e)(x, 1)‘ 


into one whose invariant / shall vanish. 

Assuming y = x~ + 2 r]X + (, 

and making the invariant lot the transformed equation vanish, we have 

2 (pi - p3) 2 (<P ~ pi)' = °« ! 1} 

where <p is a known quadratic function of y, not involving C- 
Expanding (1), we have 

I<P' - 3/«p + - = °’ 

which determines * and consequently „ by means of a quadratic equation; and f 

may have any value. . 

By a similar transformation J can be made to vanish. 
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24. Prove that the most gene 
he reduced to the transformation 


nartic f{x) may 


P . Q 

y =-+- 

p - X q — x 


When P = Itf{p) /' (?), and Q = 
the transformed quartic is absent. 

25. Prove that the transformation 


- Pf{q) /'(/>), show that the second term of 


V = 


a-r- 4 2$x 4 7 
a\X l 4- 20i.r + y\ 


may be accomplished by the three successive transformations —(1) a homographic 
transformation; (2) a transformation of the roots into their squares ; (3) a homo- 
grapbic transformation. 

2G. lip be any integer, prove that 


(xip - ay>) (j>; 3 p - av>) 

(*i - x-i) (x 3 - .n) 


= 2o + (x t x 2 + 4-3*1) Si, 


where 2o and 2i arc symmetric functions of X\, x>, x 3 , x t ; prove also that 

(<p(Xi) - <p(Xj))(<p(x 3 ) - <p [xi )) = 2n + 2i (*|*3 + *a*<) 

W (*i) “ ^ (* 2 )) W (*:i) - * (*i)) 2' 0 + 2', (*i* 2 + x 3 * t )’ 

where 2o, 2), So, are symmetric functions of x>, x 3 , x t . 

27. If <p (x, y) and ^ (*, y) be two covariants of the binary form 

U- at, . .. fl„) (x, y)» 

of the degrees p and q, respectively ; and if 


\ ? dy q dx ) 


be expanded in the form 


(K v \> V P ) {X, r)P; 


prove that Vo, Vi, Vi, - V r are covariants of U. (Heumite.) 

Expanding, the coefficient of XrJ TJ is 


(- 1)> ( d AA^ d A d \ J 

1.2.3..._/ \dy dx dx dy) 


1.2.3 . ..y \dy dx dx dy) 

The modulus of this transformation of <p is «J, (x, y). 

bv n'ZA “ ?“ P ?^“ 8 ex “ mpl6 ” = 4> a,1 ‘ 1 »(*■ V) *<*. y) are replaced 
by V, find the values of P 0> V\, Vi, V 5 , r 4 . 

AnS - ^ Of 0. Sr, Or, IV 2 - ZH* x ){X, T)*. 
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29. Prove for two cubics U and V 



Dn 

Du 

Du 

0 

II 

Cl 

c* 

D\2 

D 22 

D 32 , 


D\z 

D 23 

D 33 


where Du, D 12 , &c., are the invariants of the three Hessians, and Q has the same 
signification as in Art. 191. 

30. Eliminate x J from the equations 

2 = (floz + fli) x + («o&' 2 + 3rti*' + 2tti) y, (ao, «i, « 2 , * 3 ) l) 3 = 0. 

Ans. z 3 + ZS X , y z + = 0. 


31. Transform the quadric (a, b, c, f, g, h) (a*, y, z) 2 to X, Y, Z, where 
X = a\x + friy + yiz, Y = at* + fay + y&, Z = a 3 x + fay + yjz. 


Ans. 


nu 


n>i 


n 3 i 


nn 


n 3 2 


ni 3 

n 2 3 


n 3 2 n 33 


0 


where n,> = Aatey + Dfafa + Cyiyj + F(fayj + Pjyi) + 0 (y,aj + a, yj ) + H{a i p j + ajfa), 
and A, B, C, F, G, H are the coefficients of the tangential form of 

{a, b, c, f, g, h) (x, y, s) 2 . 

32. Prove that the ciuartic (a, b, c, d, e) (x, y)‘ may be transformed into 

krj (4{ 3 - + Jv>) 

t = lx + my, ij = x - Sy, 

where a, P, y, 8 are the roots, and 

12/ = — 2 (a — 8 ) (P — 8 ), 12m = 2a (0 - 8 ) (7 - 8 ), 


by the substitution 


and k is a function of a, P, y, 8. 

33. When V. is a quartic , and B. its Hessian, prove that the f^ors 
V,H v - U v Ex are x - y, and the three quadratic factors of G x (Art. 182) when 

xy replaces x 2 , and x + y replaces 2x. 

34. Prove that all q uartic covariants of V. whose roots are rational functions 
of the roots of l r x nre included in the formula 

(p» + W - 2Jp + */*) ZTz-W-Ip + S)#*- ( Mr - RuS9ELL *> 

How is this example connected with the preceding .' 
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35. Prove that %—- + % — y. + X -—- is a factor of PU X - 16/if,, 

S- a 8-/3 8-7 

where U x s(x- o) (x - /3) (x - y) (x - 8 ). 

36. If Ux and U'^ be two quartic? which have the same absolute inv ariant , 
prove that 

n'HrV't - rju'pj, 

may be resolved into four factors of the form 

Ajx\ + Bjx + + Dj. (Mr. Rvrseli.) 


37. If the leading coefficient of a covariant involvo the coefficients of several 
quantics in the orders zji, sj 2 . . . . Z} r and weights «i, ki, . . . K f) the degreo of 
the coyariant j s 

MjEXI + II2Z32 + . . . + tlrZSr - 2 («1 + K2 + . . . 4 Hr). 


38. If for every difference a,, - a q , in the formation of a seminvorinnt <p of nn 
equation U = 0, we substitute 

{a P - a,) 


TJ 


(X - ap) (x - a,)’ 


prove that the result is the product of the covariant whose leader is <f> by r*-=>, 
where zj is the order and k the weight of <f>. 

39. When U is a quintic. what are t he invariant s of th e quartic cmnnant 

Ans. The quadric and cubic covariants I x and J x . 


40. Give the relation connecting the covarifmts 77., G x , J It of any quantic U. 

Ans. - GJ = iff,* - U'HxIx + V V*. 

41. Show how to transform a q uantic of an odd o rder so that all the new coef¬ 
ficients shall be invariants. 

Ans. Take two linear covariants for the new X and T. 

42. Find the relation which connects tho coefficients of two quartics when their 
roots aro connected by the relation 



(Cf. Ex. 13, p. 54; and 13, 14, p. 119, Vol. i.) 


Ans. / V' 2 - J'3/a 0 o. 


206 


Transformations. 


43. Transform a cubic U i nto i ts cubic covariant G x by linear transformation. 
Making the transformation given by the equation 



the result is A Gv. 


44. Transform a quart]c TJ into itself by linear transformation. 

If 

V = A ( x l + y 1 ) + 2 Bx 2 i/ 2 , 

the quadratic factors of the covariant G z are ary, x- + y 2 , ar 2 - y 2 ; now making the 

transformation determined by the equation J ~ + y' ^ = 0, where <p is any one of 

of these three factors, U is transformed into XT . 

4.5. If t hree Quadratics be m utually harmoni c, prove that they may be reduced 

to the forms 

AX 2 + CT 2 , AX 2 - CY 2 , BXY. 

46. If <p («o, «i, fl'h • • • rt„) be a seminvariant of U n , prove that 

<p ( Dfio, Da i, Da 2} . . . Da lt ) 


is an invariant or seminvariant of U n - 1 , where 


d d 

D = a 0 -— + 2 a i —— + 

da i da 2 


• . 4- ua f|.i 


da n 

Prof. Pf.tersf.n. 


47. Form for a q nintic s e minvariants whose order is 4_and weighti>. 

The terms contained in the complete gradient * £ 4,8 are as follows : 

fluW, «i 2 « 2 « 4 , a 0 aiaiai, a 0 a 2 2 a it a 0 a 2 a 3 2 , aiW, a^-as, a 2 \ ao 2 a 3 a 6 , «i 3 «s- 

Operating with D, and making DG U8 = 0, we find seminvariants of the type 

IS + mP, 

where J has the usual meaning, and 

S = «uW - 3fl 0 «i«3fl4 - ia u a 2 2 ai + 4a 0 a 2 a 3 2 + 5<n 2 rt2«4 + 2aiW - 8aia 2 *a 3 

+ 3 a 2 * — as (ao 2 «3'- 3a 0 aia 2 + 2< 21 3 ). 

48. Prove that the q uadratic factors », r, «* olGj_ expressed in terms of the roots 
are unchanged when for .r, a, 0, 7 , 5 their reciprocals arc substituted and fractions 

removed by the multiplier (- I) x 2 afiy5. . 

It appears, therefore, that a 0 u, a 0 v, a 0 w may separately be regarded as covenants 

if the rational domain, which before included only the coefficients, be regarded as 
extended by the adjunction to it of the roots a, 0, y, 5. 

*. The te nn “gradient” is used to signify the sum of all possible terms of any 
assigned order and weight. 


f< 
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Section IV.— Geometrical Transformations.* 


211. Transformation of Binary to Ternary Forms. 

—We think it desirable, before closing the present chapter, to 
give a brief account of a simple transformation from a binary to 
a ternary system of variables, whereby a geometrical interpre¬ 
tation may be given to several of the results contained in the 
preceding chapters. The applications which follow in connexion 
with the quadratic and quartic will be sufficient to explain this 
mode of transformation; and will enable the student acquainted 
with the principles of analytic geometry to trace further the 
analogy which exists between the two systems. 

Denoting the original variables, i.e. the variables of the 

binary system, by .r 0 , y 0 , we propose to transform to a ternary 
system by the substitutions b 


* = !/ = 2xj/ ay z = </.:. 

Foi example, taking the simple case of a quadratic whose 
roots are a, /3, viz., 

x ° 2 ~ ( a + 0 ) *o!/o + «/ 3 y 0 2 = 0, 

and transforming, we obtain _ r 


C -A* x ~ 5 (a + ft) y + a/3s = 0. 


We have alsoMbhe equation 


(i) 


f - 4 zx = 0. 


Tins is the equation of a conic, whioh we call K and (1) is 
plamly the equation of a ehord of this eonie joining the points 
« and 15, the point determined by the equations 

% y x 

^ = s, where <p = -°, 


being referred to as the point 6 on theconin V. 

* See Quarterly Journal of Mathematic, vol. x., p . 211, 


1869. 
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Transformations. 

When a = (3 t he quadratic becomes (x 0 - ay 0 ) 2 , i.e. the square 
of a factor of the first degree ; also (1) reduces to x- ay + a 2 z = 0 ,= 
which is plainly the equation of the tangent at the point a to 
the conic V ; whence the line corresponding to a quadratic with 
distinct roots is a chord of the conic F, this line becoming a 
tangent when the roots are equal. 

• In furth er illus tration of this method we consider the 
b inary sextic and quintic, so as to show how the transformation 
is presented differently according as the degree of the quantio 
is even or odd. In the former case we have 

lt(, 

U 0 = (a?o ” Cl,y 0 ) (•**„ — « 2 //o) (*o- a 3 !/ 0 ) {x 0 — a i!/o) (***o ~ a st/t>) (***o — a&y o)» 

which becomes by transformation 


CizCuCscy CnC 3i C i6 , CuCzcCu, 


or some other of the fifteen similar products of chords , where 
c n s x - \ (ai + a 2 ) y + eiia 2 s is the chord 1, 2; and c 3i , c S6 , &c., 
have a like signification. In the second case, viz. when the 
degree of the binary quantic is odd, we must square TJ 0 before 
making the transformation. Thus, if U 0 represents the pro¬ 
duct of the first five factors written above, U 2 becomes when 
transformed UUUUU, where - a,y + a, 2 s is the tangent 

to Fat the point a„ and t 3} &c., have a like signification. 


212. The Uuadratic and Systems of Quadratics.— 

The only invariant that a quadratic has is its discrimina nt, 
and this is also an invariant i n the ternary system, its vanishing 
being the condition that the Hue corresponding to the quadratic 
should touch the conic F. We now consider the system of two 

q uadratics 

ax 2 + 2 bx,j/o + cy 0 2 , ax 2 + 2b / x f ,y 0 + c !/f 


which for shortness we call L and M. 

When transformed these become two lines 

L = ax + by + cz, M = a x + b y + c z. 
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Now the condition that the line whose equation is A L + /< .1/ = 0 
should touch the conic V is 

V ( ac - b 2 ) + {ac + a'c - 2bb') + f {a'c' - b' 2 ) = 0. (2) 

All t he coefficients of this equation are invariants in both 

systems: we have already seen that this is true of the first and 

last coefficients, and the intermediate coefficient which is^the 

harmonic invariant of the binary system is an invariant in the 

ternary system also, its vanishing expressing the condition that 

the lines Z, M s hould be con jugate with regard to tlm conic V. 

This equation determines the^fangonts which can bo drawn 

through the point of intersection of L and JI to the conio V. 

When this point is on the conic the tangents coincide, and the 

discriminant of the quadratic vanishes. Whence we obtain 

geom etrically the following form for t he*resultant of fw n qna . 
dratics :— 

i? = 4 (ac - b-) (a'c' - b’‘) - (ac' + a'c - 2bb ')‘; 

for if L, M, and V have a common point, the original quadra¬ 
tics must have a common root, and the condition is in each case 
the same. 

Again, the pairs of points or lines given by the equation 

i m • ? form a_ system in i n volution (cf.'^rt. 189), the 
double points or lines being determined by the equation (2) ■ 

and in the ternary system the corresponding pencil of lines 
passing through a fixed point determines on a fonic a system If 
points in involution, the double points being the points of con¬ 
tact of tangents drawn to the conio from the fixed point 
It we consider next the three quadratics 

•£+ *%?*• t«»‘' v ’ + 2 W. + ( #*, 

It is seen that the determinant (a,b 2 c,) is an invariant in both 
ystems, its vanishing being the condition in the binary system 
that the quadratics should form an involution (Ex. 16 p. 19 9 ? 

should meet kTapomf. three,corresponding lines 

VOL. II. 
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Tra n s form a tio ns . 


As a final illustration, we consider a system of three qua - 
dratics connected in pairs by the harmonic relations 

a y c 2 + a 2 c y - 2b x b 2 = 0 , &c. 


Transforming the quadratics, we obtain three lines X, F, Z , 
which form a self-conjugate triangle with regard to the conic V. 
The theorem relating to three mutually harmonic quadratics, 
viz. that their squares are connected by an identical linear 
relation (see Ex. 6 , p. 134), is suggested by a well-known 
property of conics ; for V expressed in terms of X, F, Z is of 


the form 


V = X 2 + F 2 + F 2 ; 


whence, restoring the original variables a- 0 , y„, V 0 vanishes 
identically, aud X, F, Z become the original quadratics, each 
divided by a factor which may be seen to be the square root of 

its discriminant (see (1), Ex. 6 , p. 135). 

213. Tlie ttuartic and its Covariants treated geo¬ 
metrically.— It will appear from the remarks to be made in 
the next Articles that in applying the transformation ^ now 

under consideration to the quartic U„ - («', b, c, (/, e) (x of y 0 ) 4 , the 
term 6c-r„ a //o 8 will be r eplac ed_by 2exz +_ c£, so that the quartic 

will be replaced by^the two following conics 

U 3 ax- + e\f + cz- + 2dnz 4 2 czx + 2 bxy, 
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Let the conics U and V intersect in t he points A, B, C, 
these poiuts being determined by the equations 

X y 
= 

when ^has the four values «, /3, y, 8, the roots of the binary 
quartic ; and let the points of intersection of the nnm nmn nlmrjq 
BC, AD; CA, BD; AB, CD be E, E, G, respectively, where 
EFG is the triangle self-conjugate with regard to both conics. 
Now, denoting by («f3) = 0 the equation of the line AB. and 
using a similar notation for the remaining chords, wo have by 
the theory of conics 

U-p t V= (/3y) («S), u-p 2 V = (ya) Q3S), U-p, V= (af 3)(y$), 

where p 2 , p 3 are the roots of tlie equation 4 p 3 - Ip + J= 0. 

On restoring the original variables j;, g 9 in these equations, 
Vo vanishes identically, and we have U Q resolved into a pair of 
quadratic factors in th ree different ways, depending on the 
solution of the reduoing cubic of the quartic. "Whence it 
appears that the resolution of a quartic into its pairs of quad¬ 
ratic factors, and the determination of the pairs of lines which 
pass through the foiirJntersections_of two conics, are identical 

problems, each depending on the solution of the samT^bTc 
■equation. 

We now proceed to show that the sides of the common self- 
CMatetria^of U, V correspond to tti? Quadratic factos 
of the sex tic covenant in the binary system. Since the side 

‘ 10 poIar of E ' the coordinates X, ,J of E are found by 
solving the equations (fa) = 0 , (eg) - 0; we have, therefore, 

- _ x __ _ ;/ z f 

Py (« + S) - «8(/3 + r ) - Ufa - „S) = fafaE^r^ 

;i:iTZ s !ov * ’ ,J ’ =the valiies thus dstermi,ie<i > n the 

0, 

we express this equation in the form 

iP + y-a-S)x-(fa-„S)i /+ (fa (a + $) ~ a8 (($ + y)) X - 0 ' 

* 2 



xz 
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Transformations. 

On restoring the original variables .r 0 , y 0 , this is seen to he 
one of the quadratic factors of the sextic covariant (Art? 182). 
It is therefore proved that the points where FG meets V are 
determined by the quadratic equation 

(/3 + y- a - 8) (p 2 - 2 ({3y - a8) (p + fiy (a + 8) - a8 (ft + y) = 0 ; 

and consequently the six points on V w hich correspond to th e 
roots of the sextio covariant are the points where this conio 
meets the sides of the common self-con jugate triangle of TJ 
and V. 

To determine th e points on V which c orrespond to the root s 
of the Hessian, we calculate for the conics TJ and V the co¬ 
variant conic JF (Salmon’s Conic Sections , Art. 378) ; thus 
finding 

- {ac - b 2 ) x* + {bd - c 2 ) if + {ce - d 2 ) z 2 + {be - cd) ijz 

+ [ae - 2 bd + c 2 ) zx + {ad - be) xy ; 

and on restoring the original variables, we have 

H {x 0 , yo) 1 = - ; 

also, since the conic JF intersects U and V in the points ofcpn - 

tact of their common tangents^ we see that the points on V 

corresponding to the roots of the Hessian are the points so 

determined. The Hessian has, moreover, a double geometno 

origin, for it may e qually well be obtained bg t ransformin g the 

conio * (Salmon’s Conics, Art. 377) which is the ejmlflpa^ a 

line c ut harmonically bgthe conics U and if- 

214. We now give some general transformations Jromi the 

binary system to the ternary, which will be usgfuljn comparin g 

the concomitants, in both systems. 

(1). Linear transformation of both systems. 

If the binary variables be linearly transformed, the new 
variables expressed in terms of the old being 

X 0 = Xx 0 + yyo, To = + * 
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the new ternary variables will bo expressed in terms of the old 
as follOWS:-^+ ion/ 

X A = \ 2 x + Xyy + /i 2 z, 

2XA'^ + (A \x + A 'fx) y + 2/tfx , Sj 

Z - X 2 x + y fx'tj + fi' 2 z ; 

and, consequently, 

o - P 2 - 4 ZX = (A f/ - X'nY [y 1 - 4r.r), 

sliowing that the form of th e fixed conic is unaltered by_ the above 
lin ear transformati on of x, y, z , which conversely leads to the 
general linear transformation of the primitive binary variables. 
The modu lus of this ternary transformation is (A// - A'/i) 3 (see 
Ex. 4, p. 88). * 

(2). Transformation of Partial Differential Coefficients. 

If/C? 0 ) !/o) becomes U by the substitution of Aid! 211, we 
have 

f(f_ 0 clU 0 dU 

dx 0 ‘ 0 dx + >Jo dy * 


and therefore 

( ~L =2-4-4^.^^^ ,l *V\ A (< li U d l U 

*.* - dx (* u + V 'M,, + 3 **) - 43 Ufc ■ 


<w 


= 4 tl,™ < w 


dx 


^ + ^ +s -S)- ,2 'S- 4sTi ^ 

twTT k«, e-w,-u*. 


d 2 


rf 5 


where fl is used to denote the operation 

i-r ... dxdz dy 2 ' 

Hence, tho^degree of /being w, and therefore of U being hi 
we have b ’ 


<lf _ 0 , ,.dU 4 

dxf 2 ( >l and similarly 

d \f 9/ ,<IU n 

^ =2( "- n ^ + 2 * n ^). 
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If the transformation be such that n (U) v anishes identi ¬ 
cally , we have, for the transformation of the second differential 
coefficients, the following simple values :— 


d 2 f n , dU cPf ..dU df ^dU 

- 3 = 2(«-l)—, Tr ^ 7 =2(»-1)—, — = 2(»-l) 


dx 


(lx ’ dx 0 dy ( 


dy ’ dyi 


dz \ 


From these values we find easily 

If , d , d V . ' ,dU 




, 27 , ZA 

*} 


showing that the s econd cmanant (Art. 174) in the binary system 
is transformed into the first polar in the ternary system ; and in 
like manner all the even emanants are transformed into polar 
curves of one-half the degree. 

Again, if the second differential coefficients of/when ex¬ 
pressed in the ternary system he represented as follows: — 




ff 




we will have n*v" n (x<pi + y<pz + zfo) = 

provided that n (<pi) = 0 , n ($-) ■ 0 , and II (<p 3 ) = 0 ; 

i i 


for 


df i _ d'<p2_ _ d'<p3 

~~ ‘Wo ~ d&a. ' ^o 2> 


and therefore by what precedes 

/ 

' d<p i d([>2 _ d<f>3 * 

/ '' dz dy dx ’ 

v >_**- -t - - 

** ■*>- d ^>yl(p i d(p 3 0 dtft 2 

but{Q^ 2 .-'» 7 ‘)<l*n (*0i + y 02 + = ~f z + TH ~ z dy ’ 


which vanishes identicallj r :. _ . 

Moreover, it may be noticed, that when f l (fr), n (tfu) 

do not vanish , we have ui_ genera T\ 

(» - 3) n («*. + + >«.) = («-i) (In (*) + yn (*) + *n (*))• 


Transformation of Differential Coefficients 


2-L-H 

2+A 


4.1 >‘4 


(3). Transformation of the JacobianM 

The Jacobian of any binary system », i\ is transformed into 
the Jacobian of TJ , V, and the fixed^conic 4;.r - >f = W ; JF 
being here used for the conic F of Art. 211, with sign changed, 
and U y V being the transformed values of v. For 


J (m, i?) = 


du 

du 

*■ * ' 
' _ < 

- • a. 

L*—*> - -t jv-< 

dx o 

d'Jo 

1 

ax„ + 6//o + ci/o 

dv 

dv 

(« - !)(«'-1) 

+ ^Vn b'jr u + r'y w 

1 dr 0 

du o 




// and n being the degrees of u and i\ respectively, and a, /;, c 
being used to denote the second differential coefficients ; whence 
we have 


r- 

J[U } V ) = 


(»■-!)(»'-1) 


a 

a 


b 

V 


c 

c 


!/o‘ -*o!/o *V 


\\ 

\ \ 

\ 

v 

l 

\ 

\ 


dU 


dlJ 

dx 


'‘dz 

dV 

r/F 

dV 

*■ 


dz 

r/JF 

r/JF 

• 

dW 

r <& 

"<ty 

** dz 


,h jjftv.v) 


the last determinant being obtained from the preceding by the 
""transformation in (2). 

In connexion with this transformation it may be noticed that 
J(U+<pWy V+^Wy V) = J-(CT, F, JF)+ JFJfah W ); ’ 

whence it follows that JlU + tJF, F-h£IF, JV) and J( U, F, JV) 
giye when transformed the same covariant i n the binary system. 

(4). The Session and other concomitants. 

\. For the transformation of the Hessian we have 

IM* 


<r w _ . 

Y 


> * 


« ! (n - 1)’ H{«) = % % - (/" 

y«“ V* 


*o 3 

= 4 («-l)* 


<ho<t'/o 
dU dU 

dx dz 


dUV 

** I 


whioh proves that one curve into which the Hessian may be 
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transformed is the locus of the poles with regard to JJ of 
tangents to the fixed conic, w = 

The line corresponding to t llV’binary concomitant 

( x ofo ~ x'oi/oY is xz' - \yif + zx\ 

which is th e polar o f x\ y\ z with regard to the fixed conic/V". 
If the quadratics 

ax* + 2 bx 0 y 0 + cy*, ax* + 2b'x 0 y 0 + cy* 

becomb* 3 when transformed the lines L , M, the Jacobian 
J [L, M, V) determines the p olar line of their* intersectio n with 
regard to the fixed conic V. 

The curve corresponding to the covariant 

d*u (l*v (l*u d*v _ d*u d*v 

- - + -- 2 - - 

dx* dy* dy* dx* dx o dy 0 dx 0 dy 0 


is 


dU dV dU dV n dfJ dV 

_ _ ^ - _ 

dx dz dz dx dy di/’ 


which equated to zero is the condition that the polar lines of a 
point wi th regard to U and V should be c onjugate w ith regard 
to the fixed conic . This covariant may be written under the 
form n(tnp, when Jj - 

e 215. WheiYttie^IinsIormntion of Ar?. 211 is applied to a 

quantic f(x 0 , y 0 ) of even degree 2w, it is plain that the roots of 
this quantic will be d etermined geometrically by the points of 
intersection of a curve of the m ,h degree with the fixed conic 
V. If the degree of the quantic is odd, it must, as already 
stated, be squared before the transformation is effected ; and 
the roots will then be determined geometrically by the points 
of contact of the corresponding curve with the conic. 

In transforming the quantic f (r 0 , y 0 ) we may obtain an 
indefinite nu mber of ternary forms by varying the mqde__of 
transfor ma tion ; for if U be any one of these forms, U+ <p m - a V, 
in which the coefficients of 0,„_ 2 are arbitrary, would equally 
well be a transformation of f[x w //„), since this form would, 
on restoring the original variables, return to the quantic 
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f(x o, y 0 ). Moreover, every (possible) transform a tion is included 
in the foregoing. It is, however, important to notice that 
among these innumerable ternary forms there is always one such 
that the invariants and covariants of this form combined with V 
are invariants and covariants of the binary qnantic also. To 
determine this form take the operator II of the preceding 
Article, which, as can he easily seen, is obtained by substituting 
the differential symbols D x , D, jy D : in the tangential form of V, 
2 'or D z , - 2D y , D x for .r, y, z in V itself. Operating then with n 
on U + (f> ni - 2 V , we obtain a result of the degree m - 2; 
and equating to zero its coefficients, we have equations suffi¬ 
cient to determine all the coefficien ts of The required 

transformation therefore is unique, as these equations are of the 
first degree. It may also be noticed that 

U$»»- = VTl<t> m _ 2 — 2 [2m — 1) 0,„_ 2 . 

This mode of fixing the form of U + V is unaltered by 
a»y l inear transformatio n of the binary variables and the con¬ 
sequent linear transformation of the ternary variables ; for, 

referring to (1), Art. 214, it is easily proved that the differential 
operator 






(P 


= (V - An) 




d 2 


dzdx d,f . . . \dZdX dY l 

and if after linear transformation any function/(r, y, s) becom 
F(X , Yy Z), we have 

£-g-(V-xW" " 


OS 




df ' ’ r ' y \dZdX dY’f 

which proves that the form F(X, Y, Z) is fixed by the same law 

as /C r > !/, s), aud this law is independent of the linear transfor¬ 
mation of the binary system. 

The following method may be employed to obtain the 
proper foxm_of_£ corresp onding t o a given b inary ounntio 
of evgp_degree. Let thejpiartie «, = («„ „„ a> , y„) 

be written m the form 

1 ■ n 4 

o d ■ , + ^o!/o x 


3.4 

3 £(*■*■ «■ £ 


,dy 




**** - 
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transforming the second differential coefficients, and multiplying 
the terms by x. 1 /, z. respectively, we obtain the proper form for 
U, such that II( 17) - 0, viz. 

a 0 x* + a z y 2 + + 2a 3 yz + 2 a 2 zx + 2a x xy. 

Again, in the case of the sextic u Ci writing it in the form 


(Pits cy (Pits 


5.6 r ° dxj 




dx 0 dy 0 


+ y* 


(Pit,) m 

dyd )’ 


, . . ..(1*11 (Pu d*u . 

transforming the quartics —- ——, -7— - in the manner 

0 ^ dx* dx 0 dy 0 dy 0 * 

just explained, and multiplying by .r, y, z, respectively, wo 

obtain a ternary cubic U of the proper form (se& (2), Art. 214). 

In a similar manner the transformation of the octavic is made 

to depend on that of the sextic ; and proceeding in this way 

s tep by step we may transform any binary quautic it of even 

degree to a t ernary quautic U o f half the degree, such that 

nm-o. 

v. t L » 

216. Combined System ofajHiiartic andjanadratie. 

—Transforming this binapy'iSy&tern we^JiariTifTernary system 
composed of tWo comes and a* line 1 ; and for simplicity we shall 
suppose the conics referred to their common self-conjugate 
triangle. Denoting the quartic and quadratic by U 0 and X 0 , 
respectively, and the corresponding ternary forms by U and X, 

we have , 

U = ax* + by* + cs 2 , a + b + c = 0, ' 


g _ q%l _J_ ^ .2 


a + b + c = 0, ' 

/ 

be + ca + (tb = h, - 


t.tl = ax +/3 y + 72 , «bc = I 3 . 

To obtain the linear covariant s of tlirs'sy^em, since a, p, y are 
the coordinates of the pole of L with regard to V, the polar of 
this point with regard to U is aax + bfi y + cyz the first co¬ 
variant ; and treating M in the same way, aa, 4/3, cy being tbe 
coordinates of its pole with regard to V, the polar of tins pom 

with regard to U is ,d„.r + + *y* r# , 13 n second 
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covariant. We cannot derive any more linear covariants in 
this way, for the next one so derived is 


alax + b 3 (3y + c 3 yz y a {be - I 2 ) ax + b (ca - l 2 ) fiy + c {ah ~ I 2 ) yz, 

and can therefore be esproe3cd'~ m terms of L and M in the 
form I 3 L'~ I 2 M: Slit three more linear covariants L\ IV' 
may obtained by taking tho poles of L, ilf, N w ith rogapd'to 
V, a nd joining them two and two. This system may be ex¬ 
pressed by t he Jacobians ^ f 

J{M, N, V), J(N, L, V), J(L , M, Ff. 

'We have therefore obtained six linear covariants L , M, N, and 
L', M', N'y to which all others may be reduced, for example 

[w.c iofj 

t„ = (C x aX + b n fiy + c n yz 

= a n ~ 2 {be - I 2 ) ax + b"~ 2 {ca - I 2 ) fit/ + c*'" ! {ab - I 2 ) yz 


also 


since 


— ~ d 2 t u _ 2 } 

b 2 c 2 ax + cV/3y + a 2 b 2 yz^= I 2 2 L + I 3 M + I 2 N, 
be = a 2 + I 2y ca = b 2 + I 2i ab = c 2 + I 2 . 


Similarly, b"c"ax + c'W/3y + a u b u yz may be reduced to the form 

AL + Bi ]/+ CIV; and other reductions which present themselves 
impose no difficulty. 

These six linear covenants when transformed give six 
q uadratic covenants i n the binary system. 

There are six invariants, but o nly three are special inva¬ 
riants of this system. To obtain them, let the condition that 
XL + nM + vIV should toncfi V be 

D 0 \ 2 + /V + D iV 2 + 2D 3f ,v + 2 D 2 v\ + 2D l X f x = 0; 

whence we obtain five invariants . _D 0 , D u D 2i D 3 , D tf where 
— M B + + C V« three of which only are i ndependen t, for 

B n = a’- 2 ( be - 1 2 ) a 2 + b»- 2 [ca -1 2 ) p + {ab -1 2 ) y 2 

~ d 3 D n . 3 — I 2 D n _ 2 ; 

A = /,Z) 0 -/ 2 Z) l , JDt = / 3 Zh - 1J ) 2 ; 


whence 
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Transformations . 


and thus we obtain no more than the five invariants A> A> D 0 , 
A, A, the two last being: special invariants. A vanishes _ 
^ when L and HI are conjugate with regard to V, and D 2 when 
L and Ware conjugate with regard to V. 

The rem aining special invari ant may he obtained as the 
eli minant of L, HIN, viz. 


a /3 

7 

a a bfi 

c y 

d 2 a b 2 f 3 

C 2 y 



The square of the last invariant can be expressed in terms 
of D 0 , A, A, for 



« (i y 

2 

D 0 D\ D 2 

II 

rt 

04 

C4 

(la bfi cy 

— 

D\ D 2 D 3 


a 2 a b 2 fi C 2 y 


D 2 2)3 Di 

also 

A — A A — A A, 

A 

= I$L)\ — I 2 D 2 . 


i ? 12 3 plainly vanishes when L passes through one of the 
vertices of the common self-conjugate triangle of U and V. 
nc.a We proceed now to express the resultant of tne quadratic 
and quartic in terms of A, A, A- This is the same problem 
as to find the condition that L should pass through one of the 
four points U, V, and is most easily solved by finding the con¬ 
dition that only one conio of the system U - pV can be drawn 
to touch L. Now if L touch U - p xt a ° 


or 


p 1 («’ + p + f) - p («a ! + t>P + cy') + 

l) v p' - A p + A + A A = 




and the discriminant of this quadratic is It, whence 


R = l) 2 - 4AA 2 " 4AA 2 * 


*- It is not permissible to infer in general that 22m is resolvable into factors, 
for it O^y be t aken out as factor the r emaining factor is n ot an invari ant expresse 
in a rational form, and all irrational quantities are outside our domain of investi¬ 
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_ „„The ge ometrical meaning of the relation = 0 is that the 
line L is cat harmonically by the conics U and F. 

To determine the quartic covariants of the binary system *»<■•«# 
from the quadric covariants of the ternary system, we have in 
the ternary system three quadrio covariauts, viz. the Jacobians 

J(L, U, C , V), J(N, U, V ); 

there are also tjj.e-tlfree conics - _ •_ ' ’ 

J\L, V , W), « r(u % F, W), "j(N f F, fF), 

where JFs aV + b 2 if + cV, t he harm onic conic of ax 2 + bif + cz 2 
and x 2 + if + z 2 , with sign changed. 

These three conics are easily reduced, for 

J{M, U,V) = J(L, F, TF), J (JV, U ,, V) = J{M y F, W ); 

J(N, F, JF) = I 2 J(M y U, V) - IiJ (L, U y V) ; 

whence there are only three special quadric covariants, and 

consequently only three special quartic covariants of the 
binary system. 

Before concluding this Article we give some of the f orm^»<»>- 
which would have been obtained if_we had employed the 
o ternary equations of the conics U and F, viz. 

V=ax*+ cf + cz 2 + 2 dyz + 2czx + 2 b.ri/ y 

V - if - 4 zx. 

-The condition that ax + (3// + yz should touch XJ - p V 
is now 

2 - + p 2 2 ', where 

2 = (ce - d 2 ) a 2 + (ae - c ’) / 3 * + (ac - b 2 ) y l 

+ 2 {be- ad) (3y+ 2 (bd - c l ) ya + 2 (cd - be) a/3, 

<p = ea'+ 4c/3 2 + C"y 2 - 4b(3y + 2 c 7 a - 4 f/a/ 3 , 

2'=4( 7 a-/3*). 

Also is the Jacobian of 2 , <I>, 2 ', considered as conies • 
and ’ 

£=-47, 7 S = - 4<7, 

where 7 and 7 are as usual the invariants of the quartio. 




Transformations. 




Examples. 

^ ZJC# 


7 


1. If a quartic have a d ouble facto r, prove geometrically that this factor is a 
double factor of H r . 

2. If a quartic have a square facto r, prove geometrically that this factor is 
a quintuple factor of the covariant G x ; and construct the point on the conic V 
which corresponds to the remaining root of the equation G z = 0. 

Resolve the quartic as in Art. 185 by finding the tangents to the conic V 
where U meets it, U and V having been expressed as sums of squares, 
iDetermine the condition that An + ni should have two square factors, 

where // and v are quarries. 

Transforming, we have in this case 

A U + I*V + V (y 2 - 4«r) = (ax + &!/ + yz )-; 
consequently, every term in the tangential form of \U+ p.V + v Of - must 
vanish, giving six equations to eliminate X 2 , X. ** • honce the rc 1 u,r<! ' 1 

condition is determined. 

7 Apply the transformation of Art. 211 to prove the theorem of Art. 197. 

Let Tschirnhausen’s transformation he put under the form 

ax i +2&x + y (i) 

“ " a'x 2 + 20x + y' 

Make the numerator and denominator of the last fraction homogeneous in x, y \ 
replace 2 by - A, and transform: (1) becomes then 

I + \L — 0, 

where Z = ax + + yz, Z' = ax + 0y + 7- 

If x t 1/1 z be eliminated from the equations Z + aZ' = 0, U = 0, V = 0, we 
shall have the transformed quartic in a ; which, considered geometrically, deter¬ 
mines the lines drawn from the point of intersection P of Z and Z to the points 0 
intersection .1, P, C, D of U and V. Again, if « he so detemuned that the^conm 
U+ k V pass through the point P, the aoharmomc ratio of the 1lines PP, PP, . 
PD is equal to the anharmonic ratio of the lines TA, x. , x , , " 

the tangent to U + k V at A \ that is, of the lines 

t + Kf, t + pil’, t + pi?, t + pit', 

the ‘° DgentS “ t 

the quartic whose roots are k, pi, pi, p3, tlie tneore . 
since the absolute invariant is the same for both quartics. 

Transform a quartic into one having tbiefljaats « common with its reducing 

mi - « -.- 
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ternary system become, by transformation, second emannnts in the binary system, 
this transformation (where - is a multiple of A) becomes in the binary system 

i) 12 (x\j - <//)* 

where U x = (a, b, c, d, e){x, */)*, and fV = 0. 

Expanding and replacing — by p, we have 

£ (< 7 p- + 2bp + c) x~ 4 2 (bp- 4 2 cp 4 <f) xy 4 ( cp ■ 4 2 ifp 4 r) »/ 2 

V ~ (*- P'J)' 

Again, since the numerator of this fraction vanishes when x = py as Up = 0, 
we have, on dividing the numerator and denominator by x - py , one of the linear 
transformations which reduces the quartic to the form 

xv (F - Hv- - 2.V), 

the last factor of which is immediately transformable to the reducing cubic. 


^ -?T Let three points a, b , c be taken on the conic V given by the equations 

px = a\<P 2 4 blip 4 Ci, py = a>p 7 4 bi<p 4 c>, pz = a ,,<p 2 4 b^<p 4 c s , 

the values of cp at these points being a, $, y, the roots of a cubic l r ; prove the 
following constructions for determining the points on the coni c corresponding to 
the roots of the cubic covariant Gj and the Hessian H x :— 

1 °. Let tangents be drawn to the conic V at the points a, b, c , forming a tri¬ 
angle ABC'; the lines Aa, Bb, Ce meet the conic at points a, b\ d, corresponding to 
the roots of G x . 

2°. The four triangles abc, ab'c, ABC , A'B'C' aro homologous, and their axis 
of homology meets the conic V at the points corresponding to the roots of H x . 

V* From the constructions in the last example, prove that U x and G x have tho 
same Hessian H x , and that the roots of H x are imaginary when the roots of U x are 
real.— Dublin Exam. Papers, Bishop Late's Prize, 1879. 


<2. Jk Determine the condition that two quadratic factors {x - a) (x - 0 ) , (* -7)(x - $) 

of a quartic U 0 should form with a given quadratic A * 3 4 2nx 4 v a svst.-m in 
involution . J — ; - 

. - transforming, the three corresponding lines must meet in a point, which point 
is one of the vertices of the common self-conjugate triangle of the conics Fond V. 
The tangential equation of these points is /( 2 , 2 ', *) = 0 , which is thcroforo tho 
required condition, the tangential form of k U 4 V being 4 «<fr 4 2 \ 

This condition may also be put under the form 





as wo proceed to show. 



224 


Transforma tions . 


if 


(T- n 

r = \~— -2^ 
dy o 2 


d 2 d- 

dxodyo ^ V dx o 2 ’ 


( 1 ) 

( 2 ) 


and O x = uvw when resolved into its quadratic factors, we will have 

T 3 Ox = CTm . Tv . Tw, 

for transforming to the ternary variables 

d n d d 

kT = \ — - 2/i -- + v —, 
dz dy dx 

when applied lo a function <p [x, y, z) sucb that IT* = 0. Now w, t>, to become three 
lines X, Y, Z which form a self-conjugate triangle with reference to V, and 
nXYZ = 0 in the case of any three lines which are mutually conjugate; whence 

Y 3 XYZ reduces to TX.TY.TZ, 

since t 2 x = o, t 2 Y=o, t 2 z = 0, 

and TX = 0 is the condition that two quadratic factors of U 0 should form with 
\x 2 + 2fj.x + v a system in involution. 

< 2 , Mr. Prove that the quartics 

(a,* 2 + 2 frxy + yMj 2 ) + 2 foxy + 73 y 2 ) - (azx 2 + 2 fizxy + yzy 2 ) 2 , 

(aix 2 + 2 aixy + cay 2 ) ( 71* 2 + 2 yixy + ysy 2 ) - {frx 2 + Zfrxy + fay 2 ) 2 , 
have the same invariants . 

Transforming (2) to the ternary system, we have the conic 

(a\X + az'J + a 3 z) ( 71 * + 72 y + 73*) - (fr* + ^ 

which, for shortness, we write as LN - Jf 2 , where 

L = « 1 * + «zy + a 3 r, M = frx + fry + frz, N = yix + yrj + 73*- 

Now, when the discriminant of 

LN-M 2 +\{y 2 - 4*r) 

is formed, the invariants of (2) are the functions - 3* and 0 of this cubic in * (or 
the last two coefficients when the second term is removed). This discriminant m y 
he obtained as the resultant of the three equations 

iV ai - 2Jl/73i + Lyi ~ 4X2 = 0, 

Naz - 2Mfr + Lyz + 2Xy = 0, ( ( 4) 

Na 3 - 2Mfr + Lyz - 4Ajt = 0, 

when a, y, . are eliminated ; or hy eliminating the six quantities *, y, «, I.K W 
by means of the three additional equations (3) the resultant is obtained in the 

form 


(3) 


ai 

fr 

7 » 

0 

0 

1 

4 - 

. > 

a» 

fr 

72 

0 

2 A 

0 

G3 

fr 

73 

- 4 A 

0 

0 

0 

0 

1 

ai 

az 

ar» 

0 

- A 

0 

fr 

fr 

frs 

1 

0 

0 

71 

yz 

73 


= MM 
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If we had operated similarly on tl.o quartic ( 1 ) wo should have obtained the same 

resultant A (A), the form the determinant takes in this raso being obtained bv 

dividing the first three rows of a (A) by - 4 a, and multiplying the first three 

columns by - 4 a. Whence it follows that the invariants are the same in both 
eases. 

To expand A(X) we replace L, M, N by their values in equations ( 4 ), and then 
eliminate x , y, z, thus obtaining 

*1 -f 13 7,3- 2A 

, where 2I„ = a„y,, + a q y,, - 2 / 3 |l / 3 „. 


-fl 2 f 22 + A I 2i 

I\3—2\ I 23 133 

This determinant becomes when expanded 


III 

/|2 

1 13 

/12 

m2 

-^23 , 

7.3 

1 33 

-J 33 


+ 4 (/„ - /„) a* - {/n/33 - /,s* + 4 ( 7 , 3/22 - 7,2/23)) a - 


* ^ermine the condition that tlT ^ ^ 
mation be simultaneously reducible to the forms • } tiansfor- 

d'tp d 7 tp 
dx z ’ dxdy dy* ' 

4 tlS . 7,1/33 _ 4/12/23 4 / 22 2 + 2/22/3, = 0 . 
IjZ lhat thC COndi,i0n in Ex - 11 iS the Sarue f0r following t wo sets „f 

and 'X*’+ «>*» +W*. «*>+S + 2 / 9„i, + w >, 

ai * 1 4- 2a 2 zy + ajjf 2 , 0i**+ 2/8 2 .ry + „ . 

The condition in Ex. 11 can be put under the form ™ ' 

(Tm - Tis) ! + /n/» - + 4 _ /k/ 

'Vhich is at once expressible by the coefficients of a (*> in & 10 

b4 7 «*"X rrrr, •' “•, 

iteiffi&S, indicate 

pnnciml co variants may be derived f PAW1 ^ f an ^Jhe. two 
a Cubic end conic combined T|, e fwn . 1S-t —Ui C Cm 0 f 

.b, anSiniT*. "X X 

quadratio L x 3 • for W f 4 - J 3 2 = 7 ’ an <* the 

system, in the manner of Art 216 we 1689 & COmbined 

f ° rm ; oL 0f ^ -tic as far as the foZ^Z ^ *» 
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Transforming the sextic u = (</ 0 , a Xi cr 2 , a 3 , a iy a iy a 6 ) (x oi y 0 )' 
we have the ternary cubic 

u s + (hf + fl 6 s 3 + ba&yz 

+ 3 [arftj + a 2 a?z + a 2 y\v + atfs + «&-x + a 5 z 2 y}. 
Now forming the dis criminantpX 


If , cl 

61 * Tx + V T V 


d +s ’jp\u-\r, 

dz 


or 

we have 


(Z7„, Um Tin, ^ 23 , £7m TIxI){x, V » Z Y^J^Y- >■ 

4 X® - JT(CT) X + «/(F), "where 

j(Z 7 ) = Z7i,£733 - 4^7,2^23 + 327 22 2 , 


J(Z7) = 


Z7n 

Tin 

Tin 

Tin 

Vn 

Tin 

Tin 

Tin 

Un 


A. 

we find 

= a„a, - 4a,e, + 3a,*, 2a„ = «,a. - 3a,a, + 2a,a„ 

. „„ = a ,a, - 4a,a, + 3a, 1 , 2a„ = a„a 6 - 4a,a, + 7a 2 a. - 4a, 1 , 

fl33 = «,a c - 4a,a, + 3a, 1 , 2a„ = «„a, - 3a,a. + 2«,a,; 

aU ° „ 0 , + «,y + « 2 =, «^ + «ar + '* ^ + ^ + ^ 

a>x + a*!/+ «>*> ** + "< ^ + ^ /+ ^ 3 

„* + «*+** ** + ** + "* <u*+ «*+“* 

Operating with n on I (Z7) we get 

J 2 = - 6r7,77 5 + 15ff a «4 - 

vi , the invariants, 2)« V,V. of the sextic; whence 

ri [IV+iCV) - 0 . 

Also n./(£7) = ^ becomes on transformation. 


J(V)“ 


Principal Concomitants of the Scztic , 

Again, if we form thediscriminant of 
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we 


have 


^ 4*> - IJc + I Gf 


where/^nd Z, the invariants of 7, o , are invariants of the fourth 

. 81xth 0rders of the sextic, the general form of all such 
invariants being 

II, + ml t \ HJ, + mIS + nl„ 

The invariants which Salmon (Higher Algebra, p. 202) 
selects as fundamental are the invariants - S and Tot the cubic 
curve U {Higher Plane Carves , Arts. 220, 221 • 3rd Ed ) 

The that the cubiojmdjunm should iouch is 

expressed by the vanishing of an invariant and this in- 
\ariant is the discriminant of the sextic. 

The condit^p that three_connectors of the six points of 
intersection of U and V should meet in a poinUT^Tressed 
by the vanishing of an invariant /„; this is the sk'Sv invariant 

- 

J (&) + ii, v, v, nj(U). 

The covariant I may also be obtained from the curve 

Sf into ^ ! for ’ redu ^ * a- 

(v,v,- us) = u n u»-izr n u a + 3 ^ = i(U). 

Th^ eo^riant £ may also be obtained by substituting 

■ c. and « * 



« •• r — (*^**vJ 

„ f ^—a - . Be. of *- fl vCUj V ( a IojJcaI "^)/. C '•a* A’F't.S 

Y .-> w rr PT< ^ f c_T "* * *^w U5 

cwxo^ci^'/' '..J^ . A -fe>S>M£iae. <^—^7 - 

f ££•.*,&, ^cU. *• If A,R «.(>.•{ .S, a*. *t.-€.Wn xt**.? A,* 

«*-«••••. fe£k r - r~^- ..... ■■*«-..* ~.,(zzzj . 

> k. yC. #^c ItV*. cU>r< y< | •»* U»*.wk. *«o mC ‘ ‘ ' 


,f» 




.. . . 1 ^).. - 

JtrUx* J 

sv. UV-. ctwi. ** U *> c * ' C ‘* 

4 0 C*fc CW^. pt* ir4- Ok . 


' *V—--/ 

,o K*c fe-tUWtfe.? p% 

x tU jiVl*M v'■ ** # |P*f^ /*•* 14 jc**«Lc 








— • 

0-*. *-• xl. 


^ . Eu. **» «.1)U) ^ (^ut J<1*. 5. 


a. Ntr^U CO. <U. *e 5 l*C»^ t* u—, ~“ a »** 


fc. iCA^C • 

Rx#*x. *c U»»C 


(•t Cr^i .VE**-'- * Ci 4 - 

. \t l^»r >aJ«. *\i, ii-y, '•i.J. __ ^ r , r 

-v-c,v^*» cr^, «,i. ^ CHAPTER XX. 


*7. TUr< vjt.'iCi 4 / U.**c o>ii k* ci^s # 
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^ 2 , , L*{t b - Section I.— Substitutions in General. 


v”ci^‘ *7r7rT~.' ” 

s tC ~*' * c 218. Definitions—Notation. —If n symbols x l} x 2) x 3i ...x n 

. m n _ . lb n .. 


to given, and if each symbol be replaced by some one or other 
from the same set, so that the result is a^newj irrangement of 
the sam e n symbols, the operation of passing from the first to 
the~seoond arrangement is called a substitution. The symbo s 
*. *, . .. x„ are to be regarded as entirely independent quan¬ 
tities, and are referred to as the variables, or the elements affected 

by the substitution. . . 0 * 

If the operation be denoted by S, a substitution S can bo 

represented as follows: 




Xi x 2 x 6 


• • • 


X„ 


X, 


Xp X. 


• • • 


A. 


where the two horizontal lines contain the same set of » letters, 
and the operation consists in replacing any letter in the upp 
line by that which stands under it in the lower line. The opera¬ 
tion may be supposed to be applied to a function ^ (*., *, • ■ • *") 
of the variables, in which case the resulting function * -11 be 
, , . A -L, r vAnlnoin^ r, bv x a wherever it ocours in <p, x 2 Dy ap, 
°andTo e n^ I^ ^oLy letter which is not displaced by 
the substitution under consideration the two symbols in the 

sime vertical line will be identical. Since the suffice of, 

. » 1 1 9 ‘i .> ^ JV permutations, this is the 

admit of only LJLi t^JL ^ .. T „ „, 1TT1 w ifl 



unable number of djstinct. suosumu^- ~ 

l>ossim uum . - P i, the order of the suffixes is 

included that arrangement m .which the Older ^ letter 

the same in both homontalhnes, viz., that 

2 u<- 

, 16 -T Lyi ^ 

3CA 



it** 
* «*i 


*X<\ 




12.3 


mo 


jkr 


un 


<iwi 
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is displaced by the operation. Such a substitution, which 
affects no element, is called the identical substitution, or the 
substitution unity , and may be denoted by 5=1. 

It will usually be found convenient in practice to denote 
the symbols operated on by single letters a , ft, r, ... or by the 
numbers 1, 2, 3, ... simply, the symbol .r being omitted. 


219. Circular Substitutions.— The notation above ex¬ 
plained admits of simplification. Consider, for example, the 
substitution 



f" 1 c <1 c f 
\b c d c f a 


in which each symbol is replaced by that which follows it in the 
first line, the last letter / being replaced by the first. Such is 
called a circular substitution , and is denoted simply by the 
letters of the first line enclosed in a bracket, thus— 


S = (a b c d e /'). 

It is dear that S can be written in several different ways, 
and that any of the letters involved may staud first, provided 
the cyclical order be preserved : thus 

8 s (bedefa) = (ede/ab) = (do fa be) = (efabed) = (fabode). 

Now it is easy to see that even/ substitution can be resolved 
info one or more circular substitutions. For in effecting any 

,^ ter a iu tlie upper line be found replaced 
by ft, and ft. in its turn by c, and so on ; in continuing this 
process, we come necessarily to a letter (//, say) which is found 
replaced by a. The result of the operation so far is the circular 
substitution (abc ... h). If the letters be not all exhausted by 
this process, we select a letter from those which remain, and 
form in a similar manner a new circular substitution ; and so 
on, as long as any new symbols remain. 

If we denote by C„ C 2 , ... Cj the different substitutions 
obtained in this way, we may write 

s ^ C&C* ... Cj, 

and 5 may be said to be resolved into its circular factors. These 
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factors are called the cycles of S. Cycles which contain two 
letters only are called transpositions. As an example T we take 

the substitution __ 

„ (1 2 £ 4 5 l-t 8\ 

S “\8*£l 2 7 5 4%/ 

Starting with the symbol 1 in the upper line we obtain 
immediately the cycle (183), and proceeding in a similar 
manner with 2 we obtain^the cycle (26574); hence 


(183) (26574). 


It is clear that the order in which the operations are conducted 
is indifferent, since no cycle affects any of the elements con¬ 
tained in any other, and therefore the order in which the 
factors of S are written is indifferent. 

If all the elements are involved in the first operation alone, 
the substitution is itself circular, e. g., 


/I 2 3 4 5 
V3 6 7 5 2 


6 

1 



= (1374526). 


If the position of any element is unaltered by a substitution, 
this element may be enclosed in brackets by itself when the 
substitution is expressed as a product of cycles, or it may bo 
omitted altogether, e. g., 


S-Q 6 4 } 5 2 ) Ml34) (26) (134) (26)_ 

Here ^5) b eing the identical substitution e 1 m ay be replaced 
by unity. Although an element constituting a cycle by itself 
can be replaced by unity, it is often necessary to retain it in 
order to show that this element was amongst those which were 

subject to the operation. 

A circular substitution S can be repeated any number of 
times on the same elements, and the successive operations 
denoted by S\ S 3 , &c. We have, for example, 

„ fa b c cl c f\ 02 (abode f 


S 


a 


b c (l 0 
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Proceeding, we find S c ' = 1. If, in general, p is the lowest 
integer such that S p = 1, the substitution S is said to bo of tho 
order p; it is clear therefore that the order of a circular sub¬ 
stitution is equal to t he number of elements it displaces. 

For two elements a, ft we havejap) = ( fta ), and (a/3) 2 = 1. 

For three elements a, ft, y, we havo(a/3y) 2 = (fcfjJ/3); («/^y) 3 = 1* 

220. Products and Powers of Substitutions.— If two 

or more substitutions S lt S 2 , ... Sj be operated in succession on 
a given set of elements, the result is a now arrangement which 
might have been arrived at by one single substitution S. This 
substitution may be called the product of the former set, and 
we may write S = SiS z ... Sj, the component factors being 
applied in the order Si, &' 2 , ..., viz., from left to right. When a 
substitution is resolved into its component cycles , as in the 
preceding Article, we saw that the order of the factors is indif¬ 
ferent, no element being common to any two of the cycles. 
But, in general, in a product of substitutions where the same 
element may occur in two or more of the faotors Si, S 2} . . ., it is 
most important to observe that the commutative l aw of algebraic 
multiplication does not hold good, and that the order of tho 
factors must be preserved. With three elements, for example, 
the student will easily verify that the product (12) (13) is a 
different substitution from the product (13)(12). While the 
commutative law of algebra fails, the associative law holds good, 
viz., SiS 2 . S 3 = Sx. S 2 S 3 ; for_if S x changes any element a into 
by and S 2 changes b into c, which again is changed into d by 
means of S i} the substitution of d for a is the final result whether 
this be supposed effected by first changing a into c (by means 
of SiSi), and then c into d y or first changing a into b, and then 
b into d (by means of S 2 S 3 ). 

The result of operating the same substitution S any number * 
of times, p % in succession may be represented by and we have 
clearly the equation SpS* = = S*S P . The inverse of a given 

substitution S is one which reverses the order of procedure in S, 
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and is denoted by the symbol Sr x . Thus, if 

a 2 (( 3 • • (tn\ ^ . fbi b 2 b 3 

(h 




Cl 


S-' - 


• » 



f«-*C 


pi ^2 b 3 . . bn)' ° U/i 

we have clearly SS~ 1 = -S'* 1 -® = 1. 

^ l4? Since the total number of possible substitutions is limited, 


some repetition of S must reproduce the original arrangement 

0 i 1 1 I TO 1.1! f*'G> : ® 

of the elements. If p is the lowest integer such that S ? = 1, 


(X (rt 
4r •• c 
4. c <xci«.f 
i C 


• • ^ 




$ is said to be of the order p , and the series of substitutions is 
limited as follows :— 

1, 5, S 2 , S 3 , . . . &-K 

The extension of this mode of expression to ne gn.f-.ivft ex¬ 
ponents may be obtained by writing S~ p in the form S kp ~ p 
where p is the order of S , and consequently S kp = 1. We have 
then SpS’** = S p S kp ~ p = S kp = 1, and the substitutions & and S~ p 
cancel one another. 

Any circular substitution can be represented as a product of 
transpositions, for it is clear that the operation (abedef) can be 
conducted by first interchanging a and b , then interchanging 
a and c , then a and d t and so on. We may write therefore 
*• ( abedef) = {ab) (cic) (ad) (ae) (of), 

from which it appears that any cycle can be resolved into a 
product of transpositions, in number one less than the number 
of elements contained in the cycle. The order of the factors 
in any such product is important, these factors not^being 


-- j x -*-— # # f 1.111 

commutable amongst one another. It follows immediately that 
every substitution can be expressed as a product of transpositions , 

I for each of its cycles can be so expressed. r# »*»«<*•« 

If a substitution S affecting n elements contains k cycles it 
can bo easily inferred that S can be expressed as a product of 
n - k transpositions. It should be observed, however, that the£^., t ~- 
same substitution can be expressed in a greal_variety of ways 
as a product of transpositions. It will appear in the sequel 
that however variously expressed the number of transpositions 
in any given substitution preserves the same parity ; that is to 
say, if once even, it is always even; if once odd, always odd. 


Examples. 
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1. Resolve into its cycles 

✓ ^ ^ 

/fli m o 3 m a s a c «; «e n 0 a io flu «i 2 flia flu «I5\ 

\flii fl7 «s fl!2 rti fl 2 fl3 « t (t t a<j ajo fle flu fl| 3 flu/ 

v" ✓ w' ^ ^ ^ ^ ^ ' 




.$ = (fli flu Am flo fle fl2 «7 n 3 fl 5 ) (fll fll2 As) («13 flu) (flis)- 

The appearance of the factor (flu) ^ 1 in the result shows that this element was 
amongst those subject to the operation. 

2. Express as a product of transpositions 


1 234507890 


s _ (l 2 3 4 5 0 7 8 9 0\ 

V s 8692405 1 l) ’ 

<f..» -it 7 OXM) (19 r) 

Am. S = (13) (10) (14) (19) (28) (25) (70). 

o Tf • 1 ... b 7 T 

' a cl *T u lar s ubstituti on C be m ultiplied by a tra nsposition T, one of whoso o-»« 

elements is contained in C and the other not, the resulti ng substitution CT is 
circular . 

Taking «, ns the common element, we may write 

C =2 (flifl 2 fl 3 . . . fl,), T= (fllfly). 

The effect of C is tottplaco thearraogemeut tjjbjr 

and of rto interchange m and fly in the latter. We have then — 


• • tff.I dj Oj\ 

U fl3 .. fl. fly fl,/ B flJ • • • fl. fly) 


4. If a circular substitution Cbe multiplied by a transposition T, both of whoso Tw* <-1? 
c emenls are contained in C, the resulting substitution CT is the product of two 
cycles having no common element/'"*** r ** h 

We may take /*’*• * 

(C= (fli fl^. b 2 . v 5j), (fl! 5,). 

Proceeding as/hltlTe previous esfefrle,' 

t 

t;::: i; 

oon^ UbSlitUl T/ bC,,,UUil,M b5 ' a '"whose eiements*ftro 

“C. C, of S, the product CO T is one 
unbioken cycle of all the elements in C and C' 

by muitipi5iog io,b ■«- ° f *• 

olied hv SUl>S,it . U . tio " * is lhe Product of r transpositions, and if it be multi- 
£££"“ ^ 116 ProdUCt W ' Tffl ‘ - r 4 1 ot t l 
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If 5 affects n elements, and contains k cycles, we have as stated above r = ti - k. 
If T introduces two new elements we have one additional transposition, hence r 11 
in all. There are three cases remaining; according as (1) T introduces one new 
element only, or (2) two elements already contained in the same cycle of S, or 
(3) two already contained in different cycles of S. These cases aro discussed in tho 
three preceding examples : and it is readily inferred that the number of transposi¬ 
tions in ST is always r + 1, except when both elements of T occur in the same 
cycle of S, in which case n is unaltered, and 1; becomes h + 1; r therefore becomes 

n — (k + 1) = n - k - 1 = r - 1. 

It appears from this example that however S be expressed as a product of 
transpositions, tho effect of multiplication by a single additional transposition is to 

change its parity, v iz., from odd to even, or even to odd. 

7. The order of a substitution 5' is equal to the least common multiple of the 

orders of its cycles. 

Let S = Ci CtCi . . . Cj , 

and p bo any common multiple of the orders of Ci, Ci . Since 


and C'i** = CiT = • • C/ 1 — 1, 


S ' 4 = CfCf ...cp, 

if p be tie least value of p, .S' = 11 "’bence p is the order 

0f Hence we infer that if the cxclcs Ci, C„ C 3 , . . . are o Xthe same order , this 
order is also the order of S. Such substitutions are called regular, the same number 


«-t) 

*(f - <■ 


of letters occurring in each cycle. 

P • 


v/ * 

fr If a circular substitution 5 contains p letters, and if p is/pnnie S\ * 

is itself circular.* c . i l X •• 

0. If a circular substitution 'S wntains^letters, then Sn is T Jjegu^jbstitu-^ j<fc ^ fj 
tion consisting of p cycles of q letters each. If, for example,.. 

S . (12345G)f> = (135)(24G), S 3 = (14)(25)(8G). ft * 


‘To^Evcry regular substitution is a power of a circular substitution. 

Take S as in example 7, with the factors 

C, = Mice . . . /.), Cz = iflzhfiz • • • h), • • • Cj = («j¥j • • b)> 

i.e., such that the same number of letters are involved in each cycle, 
write down the circular substitution 

C = (flirt2 (13 . . djbibtbi . ■ bj .• • h)* 

whose first j letters are the initial letters of the j cycles ^.^^^L^^crof 
letters of the successive cycles, and so on, it is cast y ven ec 
C breaks up into the product of they successive cycles Cu Cz, . • • Cj, 

S = Ci. 

lo * 

11. Express the regular substitution 

s s (l 3 5 12)(2 7 c 11)(4 8 10 9) 
as a power of a circular substitution. ^ 5 = (1 2 4 3 7 8 5 6 10 12 11 9)\ 


If now we 
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12. E very transpositi on of the elements x\, xi, Xz, . . . x n can bo expr essed b y 
transposit ions from the following series of u — 1, viz.:— 

(xiXz), {*1*3), (XiX t ), . . . (xir„-i), (X\x, t ). 

For it can be easily verified that if x , x a are any two elements 

3 ap ^ % y 

(*a x p) = (*iarj(*i*0)(.rix tt ). >-. *? 

T *• V *** 

* « n Tl « • . 1 . . . - . . . I « A . 


M*- 


13. Every substitution which can be resolved into an even number of trans ¬ 
positions can be expressed by circular substitutions of the third order. 

The given substitution is expressible by products either of the typo (a/3) ( 07 ) or 
(a 0 ) ( 78 ) ; we have (a 0 ) ( 07 ) = (a/ 37 ), and (a 0 ) { 78 ) = (“# 7 ) (a5 7 ), 6 ince 


c,w r j «M y) {aSy) = {afiy) {ya5) 

p* fiyZ S = {“#) (“7) (7«) <75) 

= (a/3) (« 7 )» ( 78 ), ni 


T yflocir = (a/3) (« 7) 2 ( 78 ), and (a 7 ) 2 = 1. 

Show that any circular substitution of three of the elements .ri, x>, . . . x n A, 
can be exp ressed b y means of the n — 2 circ ular substit utions 

(•ria.--;zj). (jiattfri), .... (x\xix n -i), (jw„). 

Retaining for brevity the suffixes only, we proceed to express [aBy) in terms of 
(12a), (12/3), and (12 7 ). 

(a&y) = (afi) (« 7 ) 

= (a 0 ) (al) (al) ( 07 ), since (at ) 2 = 1 , 

= (a 01 ) ( 017 ) 

= (la 0 )(l 7 a). 

Now making use of this equation to bring a now element 2 in a similar manner 
into each of the cycles on the right-hand side, wc have 

(«*7) = (21a) (2/31) ( 2 I 7 ) (2al) 

= ( 12 a ) 2 ( 120 ) ( 127 ) 2 ( 12 a), the required expression. 


3-7 


The following mode of expression can also be easily verified:— 

(a07) s (12a) (I 27 ) (12/3) (12a) (I2y). I * T £ f 

221. Simi/ar Substitutions.— Two substi^ift/ohs wliich 


contain the same number of cycles, and the s ame number of 

e lements in corresponding cycles a re said to be simitar. 

Two substitutions S , T are said to be commutative when 
ST = TS. 




The operation represented by the substitution T-'ST i s called 
the transformation of S by T, and the resulting substitution the 
conjugate of 5 with respect to T. 

Any substitution is simitar to its conjugate feifti respect to ani/ § 
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T 

substitution. To prove this, let £ he transformed by the 
substitution 

T — (ft. i- C ‘ ^ • • • \ 

T = [My .. v ... > 

and let (r/ta ... /) be one of the cycles of S. The effect of the 
operation T~ x is to replace f by £, which by the operation of S 
is replaced by b, which again by the operation T is replaced by 
b\ The substitution T~ X S1\ therefore, replaces a'by b\ b f by c\ 
... I' by a ; and t o the cycle t ube . . . 1) in S c orresponds the 
cycle (a'b'c ... I') in its conjugate. 

The transformation of S by T is completed by replacing in 
each cycle of S every letter by that which stands under it in the 
substitution T. The resulting substitution is therefore similar 
to 8! Reciprocally it is clear that if two substitutions Si and 
S 2 are similar, a substitution T can be found which transforms 
one into the other. 

The products ST and 1'S, which are in general different, 
are always similar , since ST = T~ x ( TS)T. 

The conj ugate of the pro duct ST with respect to a third 
substitution U is equal to the pro duct of the conjug ates of its 
factors, for we have U~ X (ST ) U = U' X SUU~ X TU. 

If two substitutions >$, T are commutative, their conjugates 
with respect to IT are commutative, for if ST = TS, we have 

U~ X SUU~ X TU = U~ X TUU~ X SU. 


Section II.— Multiple-valued Functions and Groups. 

Q. I***' " *~+.f***^* m *„^ tr+f V . 

222. Definition of Group. Symmetric Group.— 

According to the number of values a function of x t , x 2 , . . . x n 
assumes under the operation of the N possible substitutions, it 
is said to be one-valued, two-valued, . . . p-valued. A syrn- 
metric function of these elements, being unaltered by any 
transposition (Art. 27), and therefore by any product of trans¬ 
positions, is a one-valued function. If a function be not 
s ymmetric, it has two or more values which may bo derived 






237 


Definition of Group . 

from one supposed given by_ the process of substitution . 
Consider, for example , the two rational functions of three 
elements 

- -UJ 

$1 - xfx 2 + * 2 % + tfri, JA a {Xi - X 2 ) (x x - X 3 ) (x 2 - X 3 ). 

Each of these is two-valued. Of the six possible substitu¬ 
tions, viz., 

1, (123), (132), (12), (13), (23), 

the first three leave <!>, unaltered, while by eaoh of the last 
three it is changed into its second value xfx x + x 3 2 x 2 + x x z x 3 = <!>*. 

In the same way Ja also is unaltered by the first three, and is 
changed by the last three into its second value - Ja. As 
an example in the case of four elements c onsider the function 

(pi “ x x x 2 + x 3 x u 

nn . ((» & 

I here are, in addition to <p ly two other values,^viz., 

• ^ IU -4-fr - *+l 

<p 2 = x x .r 3 + x 2 x^ and <p 3 = .r,.r 4 + x 2 x 3 ; 

the function is therefore three-valued. 

It canj 3 £/gasily verified that <p x is unaltered by the follow 
ing eight substitutions •*— 




I, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423), I. 

and that any of the remaiuiifg**sixteen will change <p x into one 
or other of the two remaining values. The substitutions which I 
leave a function unchanged constitute a group. It is clear that) 
any combination by multiplication of two or more members of 
the group will itself be a substitution contained in the group. 
We give therefore the f ormal definitio n of a group as follows:— 

A. system of distinct substitutions is said to form a group when 

all powers and pjpdusts of these substitutions form part of the same 
system. 

The number of substitutions contained in a group is called 
the order of the group. 4 


t- 


<* I") 


2L30 


n.v 


$'<*?(*■ 
iji «*.'■' < 
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The number of elements operated on is the degree of the 
group. 

The group which leaves a function j^(x u x 2 , ... x„) unaltered. 
is called the group belonging to <p , or, briefly, the group of (p. 

The total number of -A 7 " substitutions, of course, constitutes a 
group. This is called the symmetric group , since all its members 
leave any symmetric function unaltered. 

One group may contain all the substitutions of another in 
addition to others peculiar to itself. In such a case the included 
group is called a sub-group of the former. 

The ‘symmetric group contains every other group as a sub¬ 
group. Any substitution whatever, with all its distinct powers, 
make up a group contained as a 6 ub-group in the symmetric 
group. Next in importance to the symmetric is the alternate 

group, which we will now define. 

22#? Alternate Group .—Let us consider in the case of 

n elements the rational function . et - * f,e * ^ ^ 

n (xj - xj) = (.r, - x.) (xi - x 3 ) (Xi - xj) .... (-I’i - x,i) 

•*OT tt . <>*c->«,•) (,r 2 - xj)(x 2 - xi) .... (x 2 - x n ) 

l js %♦! ' 

(•r 3 ■” #* 4 ) • . • • (#3 &n) 


consisting of the product of all the differences of the elements. 
rpjjQ square of If is the well-known symmetric function, the 
discriminant _A_; and therefore II has two values equal numeri¬ 
cally with opposite signs, viz. Ja and - J&- Such two-valued 
functions are called alternating functions. It is clear that any 
trans nflaitiflB alters the sign of n, for consider the transposition 
x \in which and A may be taken for any two of the elements. 
This alters the sign of the first factor in the upper row, and inter¬ 
changes the remaining factors of the upper row with the factors 
of the second row. It does not affect any of the factors m the 
remaining rows; hence the sign of the product is altered Any 
second transposition restores the original sign; hence the effect 
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of the product of two, or any even number of, transpositions is to 
leave Ja unaltered, and the effect of the product of any odd 
number is to change Ja into its second value - Ja, or - Ja 
into its second value Ja. 

A substitution can be expressed in many different ways as 
a product of transpositions, but, however variously expressed, the 
number of such factors must be always even or always odd ; for it is 
clear that the same substitution cannot at the same time change 
the sign of JA and leave it unchanged. Since the product of 
two even substitutions is itself an even substitution, it follows 
that unity, along with all substitutions which are made up of 
an even number of transpositions, constitute a group, and that 

Ja and - Ja are both functions belonging to this group. It is 
called the alternate grouj): we proceed to investigate its order. 
Let the alternate group of n elements consist of the following 
substitutions:— 

'S'l 3 1, Sit S 3 , .... Sry (1) 

and let the remaining substitutions of the symmetric group, all 

consisting of an odd number of transpositions, and therefore 
distinct from the former, be 


5/, S 2 ', S 3 \ .... s/. 


( 2 ) 


We select now any transposition T, and form by multipli 
cation the two following series :— 


SJ\ SiTy S 3 T, .... SrT, (3) 

Si'T S/Ty S 3 'T , - S ( 'T. (4) 

Every substitution in (3) is composed of an odd number of 
transpositions, and is therefore contained in (2), and every sub¬ 
stitution in (4) of an even number, and therefore contained in 
(1). It follows that r "S. t, and also r ~ t ; hence r = t; and 

since r + t = N, we have finally for the order of the alternate 
group 
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224. Conjugate values of Multiple-valued Functions 
and Conjugate Groups. Theorem.— The order of any group 
is an exact divis o r of N , the q uotient being the numbed of distinct 
values of the corresponding multiple-valued function. 

To prove this important theorem we take the group 

6*1 - [S, -1, St, S 3 , ... Sr], (1) 


whose order is r and degree* n, and which contains all those 


substitutions (and no others) which leave a function <p x (x^x 2 ,.. .x») 
unchanged. Let S 2 be a substitution not contained in this 
group, and one therefore which changes <p x to another of its 
values, say (f> 2 . Multiply ing the members of Q x by S 2 w e have 
the following series of substitutions, all belonging, of course, to 
the symmetric group :— 




& 2 „ $ 322 , 




The members of this series have the following properties:— • 
( 1 ) they are all distinct from one another, for the equality 
$ a 2 3 = S^ 2 would imply S a = Sp ; (2) they all .transform £i_ 
into for the effect of the first factor S a is to leave 

unaltered; and (3) there are no other substitution s in the 
symmetric group possessing this property, for if T is any 
substitution changing (J >i to <p 2 , the product T 2 2 1 leaves <f>i 
unaltered, and therefore belongs to the group G x ; hence 
TSV 1 = Ski and therefore T = S k % ; that is, T is contained in 
the series (2) above written. We can form a similar row by. 
means of a substitution Sajvhich changes to a third value <p 3 . 
Proceeding in this way till all the va lues of viz. <p x , <p 2 , (p 3 , • • • <p P > 
are exhausted, we have the following table (in which, for sym- 


metry, 2 i is written 

. 1 ):- 




S 2 2 „ 

$ 3 2 i, 


Si 2 2 , 

$2 2 2f 

$ 3 2 2 , 

* v 

• 

r fl, 2 » 

$2 2 }, 

• 

$ 3 2 3 , 

• 


w 

$, 2 P , 

$2 2p, 




$,-21, 1 —r 

S r 2 2 , - ' - <f «- 

S r %, 


• • • 




P‘ 
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Since there is no remaining value of <£, all the substitutions of 
the symmetric group must be contained in this table ; and the 
substitutions therein contained are all different; for those con¬ 
tained in any row are distinct from one another, as we have 
/ seen > and no two substitutions contained in different rows can 
he equal, since if, for example, 

SaZ 3 = S(£ 2 , then X, = = iS y 2 2 ; 

tliat is, 2 3 would be one of the substitutions contained in the 
second row, which is contrary to hypothesis. "We have then 
in this table all the F substitutions of the symmetric group 
written in p lines of r each, from which it follows that rp = F t 
and the theorem is proved. 

On account of the similarity of the different values 

</>i> $2> • • • 0A, . . . <p p 

of the p-valued function it is evident, a priori , that each of 
these functions will have a group similar to the group of </>,. 
It can be readily sliown^ that the group of any function <p k is 
obtained by transforming (Art. 221) all the substitutions of G 
by the substitution 2 a which alters to <p k . In fact, any 
substitution X * 1 S a % k leaves ^ unaltered, for X k changes it to 
which is unaltered by S a , and consequently changed by 2 a 
to 0 a- The group of ftz is therefore 

^*^»Xm % k Sz'Zky 2 * 5 3 x a ., ... x;*$ r x*, 

where each substitution of G, is transformed by 2 a- This 
result may be represented briefly by the notation 

G k = X*,‘ G> % k . 

Gi> @ 2 , G 3j . . . Q p are called conjugate groups , and the cor¬ 
responding functions *, <p 2y ^ ... <j> 9 conjugate functions. 

It is clear (Art. 221) that any two conjugate groups consist of 
similar substitutions. 

VOL. II. „ 
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What is above proved as to the relation between the orders 
of G\ and the symmetric group is true, more generally, of the 
relation between the orders of G x and any wider group G\ in 
which G x is contained as a sub-group ; that is to say, the order of 
G x is an exact divisor of the order / of any wider group G'. The 
proof, which is precisely similar to that given above, consists in 
arranging the r' substitutions of G f in a number of rows (say, in) 
of which the first is made up of the r substitutions of G x . We 
readily obtain the following relations : rp = rp = -ZV, / = mr, 
p = mp\ where p is the number of distinct values of any 

function belonging to G'. 


Examples. 


corresponding to the 


1. Construc t, for four elements, the 

different values of the function <pi = * 1*2 + *s*4- 

It is easily seen that there are only three distinct values of this function, viz., 

(pi s X\XZ + *3*4, <p2 = *1*3 + *2*4, <pj s *1*4 + *2*3, 

and each has therefore a group of order 8. 

The group of (pi consists of the following eight substitutions 

1, (12), (34), (12)(34), (13)(24), (14)(23), (1324), (1423)]. 

If we take any substitution, e.g. (23), which changes <*u to <*> a , and any other, 
say (24), which changes <pi to <p 3 , and form the table of the foregoing Article, we 
obtain all the 24 substitutions of the symmetric group as follows 

1 (12) (34) (12)(34) (13)(24) (14)(23) (1324) (1423) 


(23) (132) (234) 

(24) (142) (243) 


(1342) 

(1432) 


(1243) 

(13) 


(14) 

(1234) 


(124) 

(134) 


(143) 

(123) 


The first row is the group ; the other rows not constituting groups, but 
heins such that the members of the second (and no others) all convert <pi into <p 2} and 
the members of the third (and no others) all convert <pi into <^ 3 . The group, 0, cor- 
responding to <p 2 is obtained by transforming the substitutions of 0 ,1 by (23), and 
this is done by simply interchanging 2 and 3 in the substitutions of In this 
way we find easily tho groups of <pz and <p 3 , as follows : 

Oz = [1, (13), (24), (13) (24), (12)(34), (14)(23), (1234), (1432)], 

G 3 = [1, (14), (23), (H)(23), (13) (24), (12)(34), (1342), (1243)]. 
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It will be observed that none of the circular substitutions of the 3rd order aro 

present in any of these groups, and the three groups have certain substitutions 

common. In fact the substitution unity must bo common to all conjugate groups • 

and here G i, G 2) G 3 have the three substitutions (121(3-1), (13)(2l) mi/O'i! 

common in addition to unity, these four substitutions forming a common sub. 
group of the three conjugate groups. 

the ‘ ■ utotit f 0M Ot a. »■ «>» P™ccding example form a closed 
ami*, that is to say, any multiplication of two of its members always reputes 
some member of the group. 

Kepresonting the substitutions of <?, in the order of the preceding evamnlo hv 

the symbols 1 A, B, C, L, E, F, 0, we have the following mulUplicaZtl ! 
which the student will easily verify 1 0,1 tab,0 » 


1 s 1 


(12) s A 


(34) 3 B 


(12)(34) s C 


(13) (24) 3 L 
(H) (23) = E 



(1324) 3 F 


(1423) = G 


the left-hand side of each tu™ C °' U “ n " ^ ^ at 

ttJl be observed that <?, contains the sub-groups ' 

[1, A, B, 0 ], [], a, 2 ), £], [t> <, r ^ 

all of order 4, and several also of order 2 , e.g. [ 1 , A]i r, 

consul ssSLitnt Tb ° 

R 2 
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(14)(23), along with the eight circular substitutions of the third order. These we 
arrange in three rows, as follows : — 

! 1 (12)(34) (13) (24) (14)(23), 

(132) (234) (124) (143), 

(142) (243) (134) (123). 

To this group belongs the function ^A. If each substitution be multiplied by 
any transposition, say (23), which changes \/Z to - Va, the remaining twelve sub¬ 
stitutions of the symmetric group are obtained. If each member of G' be transformed 
by (23), we obtain the group of - Va. It is easily verified that this coincides with 
G' the group of Va. Foresample (12)(34) becomes (13)(24) by this transformation ; 
(14)(23) is unaltered; (123) and (132) are interchanged; andjjo on. The two 
conjugate groups therefore coincide in this case, Va and - Va both belonging to 
the same group. The same is true for any number of elements (Art. 223). 

The arrangement in three rows of the substitutions of G' illustrates what is 
proved at the conclusion of the foregoing Article. The four substitutions in the 
first row form a sub-group of G' ; the four in the second row are obtained from 
these by multiplication (on the right-hand side) by (132), and the last four by 
multiplication by (142); the order 4 of the sub-group being a divisor of the order 
of G'. To this group, which we call H, viz., 

H = [1, (12) (34), (13)(24), (14)(23)], 

belongs the function t-sn *- 

A (* 1*2 + . 1 - 3 * 1 ) + B (*1*3 + *2*1) +IC (*1** + * 2 * 3)1 


in which A, B, C are any arbitrary constants. 

This function has site distinct values for the substitutions of the symmetric 

group, viz., 

A<pi + B<P2 + C<ph M'- + *+* + c +'> A+ B<pi + 6 * 2 ’ 

A *1 + + C* 2 , Afr + H*i + Cto, Ap 3 4 Bfn + Ofi- 

These have all the same group B, the six conjugate groups coinciding in this 
case • in fact, any transformation of the symmetric group operated upon the b- 
stitutions of B will reproduce the same four in some order Such a group is ealle 
2 su^-cj, of the symmetric group. The alternate group is also an 

invariant sub-group. n „. /i..\ 

4 . Prove that the group derived from the 11 -1 transpositions (12), (13),... (1 ), 

ic identical with the symmetric group. , ne 

Every substitution, being expressible by transpositions, eon be represented 

product of members of this series (Ex. 12, Art. 220). 

H .J, t. Prove, for any number of elements, that there is only one group of order 

viz., the alternate group. 

Let the group of order £iV be 

,9, s 1, Si, Si J, . • • s 


(1) 
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Examples, 

Multiplying this, first at the left side and afterwards at the right, by any 
substitution T of the symmetric group not already contained in it, we have the two 


senes 


T, TSj, TS 3 , . . . TS iy (2) 

T, S 2 T, S 3 T , . . . Sj y T. (3) 

Each of these must consist of the JiY substitutions not contained in (1); hence 
the two series are identical, and whatever t may be, we have for some value of j 
the relation 


Z.L 


TSi = SjT, or Si= T-'SjT; 


from which it is easily inferred that the group (1) contains all substitutions similar 

to any one contained in it. Hence (1) cannot comprise any single transposition, for 

if it did it would contain all such, and be consequently identical with the symmetric 
group (Ex. 4). 

If now it can be shown that (1) contains as a substitution any product of a pair 
of transpositions, it will follow, since it must then contain all such products of pairs 
that it is the alternate group. For this purpose, suppose T in the series (2) to bo 
any transposition. The effect of multiplying both (I) and (2) by a second trans- 
portion ITis to interchange the two series (1) and (2). It is proved therefore that 
U 1 must be one of the substitutions of (1). 

From this it appears that every two-valued function belongs to the alternate 
group, since this is the only group whose order satisfies the equation 2r = jy. 

6. The alternate group include, all circular substitution, of odd order, and none 
of even order. 

"' V „ . 7 * Pr °! e th f a f 0U P which contains all the circular substitutions of the third 

o_rdgr is either the alternate or the symmetric group. - 

Use Ex? 13, Art. 220. 

‘"’ord. 8 ; r!‘7 tha ,‘ “ n°? 7 iCh C ° UtainS 0,1 tto CirCUl “ r ““dilution, of the fifth 
order contains also all of the third order. For °— 

{aedeb) ( ached ) B (air). 

of the ZT ° f ° gr ° UP i! ‘ multiple 0f «" Mder <•» -y «„e of the substitutions 

circuL^L^oToVoI^:° f ^^ C ° mp0Sed ° f " po « rs • 

- ‘.f ~ 

conjugates thus derive” "csform ^ ^ ^ SubstUution ' the 

Use the relations given at the end of Art. 221. 
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225. Formation of Functions of a given Group. 
Tlie Galois v Functiou. — We now take up the problem of the 
formation of rational integral non-symmetric functions which 
remain invariable for all the substitutions of a given group. 
For this purpose it is necessary first to obtaifi an integral 
function of the n variables which assumes N distinct values for 
the N substitutions of the symmetric group. Suoli a function 
is the following:— 

\p i — a x X x + U 2 X 2 ®3*P3 y • • • + Qn&nt 

in which a lt a 2 , . . . a„ are distinct arbitrary constants ; for it is 
clear that of the N values of \p t derived by substitution, viz., 
^i, ^ 2 , ^ 3 , ... i'N, no two can be equal if the variables he 

assumed unequal. 

This function, \p Xf is oalled the Galois Function. Suppose, 
now, the given groujj to be 

. G s [1, S 2) S 3 , . . . Sr ]> 

and let v// 2 , . .. p r be the r distinct values of the Galois 

fu nction obtained by applying the substitutions of G. A 
symmetric f unction of pi, • • • ~pr will be unaltered -by these 
substitutions, for the effect of any substitution of G on p x , \p 2 , \p 3 , 
if, r is to reproduce these functions in some order or other; in 

fact the series 

\p\, S>\pl) S;)\pi) • • • S r \pl 

will become, after the operation S a , 

Sa\pD S 2 S a p\, S 9 SJ l9 • • • S r S a \pi) 

and S„ S,s„ S,S„ . . ■ are in some order the r distinct 
substitutions of the group. Any such symmetric function 
therefore may be used to search, for functions, of the group 
A function symmetric in +» ■ ■ ■ may be alsosymmfitm. 
in (ti. . ■ ■ «■„ or may belong to any wider group containing G 
as a sub-group. Ifjhere is nowdder_grouE^cept the.symme¬ 
tric which contains G as a sub-group, we conclude that any. 
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upsymmetric function o f x 2 , ... cr„ obtained in this way 
belongs to the group G. We add a few simple examples to 
illustrate this mode of finding functions of a given group. 


Examples. 

1* Form a function of t hree variables which shall be unchanged by all tho 
substitutions of the alternate group, vi*.(AM) •"*' if 

[1, (123), (132)]. 

Operating w ith these substitutions on the Galois fu nction, wo have 

'J'l = 01*1 + 02*2 + 03*3, 

^2 = 01*2 + 02*3 + 03*1, 
l/o e 01*3 + 02*1 + 03*2. 

2jf»i and Sifcr are both symmetric in *i, * 2 , * 3 . But by means either of 
or 2^i 3 we can obtain the unsymmetric functions 

*i 2 *2 + *2 s *s + *3**1 and *1**3 + x£x\ + *j a * 2> 

mus * belong to the given group. Calling thcso functions <t> x and 4>'„ 
as in Art. 222, it is in fact easily verified that 


where 


2«^i 3 a 2 oi 3 2*i 3 + 0010203*1*2*3 + 3 (<*» x 4> 0 + 4>Vt>' 0 ), 

4>o = Ol 2 02 + 02 2 03 + Oi 2 ai, ‘t'a = Ol 2 03 + 02 2 0l + 03 2 02. 


2. Investigate functions of fourjariables.which shall belong to the group 

R s [1 ( 12 )( 34 ) ( 13 )( 24 ) ( 14 )( 23 )]. 

Writing down the values of the four Galois functions ns follows:— 

♦1 = 01*1 + ®2*2 + 03*3 + 01*4, 

« 1<2 - 01*2 + 02*1 + 03T4 + 01*3, 

«f<3 s 01*3 + 02*1 + 03*1 + 01*2, 

^4 s 01*4 + 02*3 + 03*2 + 01*1, 

we find that Sfrjs symmetric in *,, **, *,, *4, but that 2*, 2 is not so. From tho 
latter we readily obtain the function A<p x + B<p z + C<p 3 of Ex. iTXrt. 224 , 

<Pu *2, *3 representing the same functions of *,, * 2 , *3, *4 as in Ex. 1 of the 
Article referred to. We have in fact 

3 2 oi 2 2 *, a + 4 (0102 + 0304) <#>1 + 4 (0103 + 0204) *2 + 4 (0104 + 0303) $>3. 

The unsymmetric functions occurring here, viz. <*>,, <f , 3 belong respectively 

to the wider groups <?,, 0 2 , <? 3 , of order eight. The sum of these with arbitrary 
coefficients belongs to tho given group E , and is a six-valued function. 


(^1 ' 


J 
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3. Investigate functions of four variables for tbe ^roup 

(12), (34), ( 12 )( 34 ), ( 13 ) ( 24 ), ( 14 )( 23 ), (1324), (1423)]. 

Taking, along with the four values of in the preceding example, the 
additional four 

^5 = a\Z 2 + azx\ + (13Z3 + 04X1, 

\f/ 6 = aiXi + 02*2 + 03*4 + 04*3, 

= 01*3 + 02X4 + 03*2 + 04*1, 

\f/$ = aiXi + 02X3 + <13X1 + 04*2, 
we easily verify the following relation :— 

2 i/a 2 = 22 ai 2 2 *i 2 + 8 (0102 + 0304)(*1*2 + *3*4) + 2 (01 + 02)(03 + a 4 )(*i + * 2)(*3 + *4) > 

whence the functions xix 2 + * 3*4 and (*1 + * 2 ) (* 3 + * 4 ) are obtained, both belong¬ 
ing to the given group, since there is no wider group except the symmetric in which 
G\ is contained as a sub-group. 

It is clear that this method may be used to discover by means of the symmetric 
functions of higher orders an infinite variety of functions corresponding to a given 
group. 

226. Theorem. — Every integral sy mmetric functio n of the 
distinct values of any integral m ultiple-valued functio n of n 
elements is a sy mmetric function of the elemen ts themselves. 

Although this proposition appears sufficiently evident_from 
the similarity of structure of the co njugate values 0 i, $ 2 , <p 3 * • • • 
of a p-valued function (i£r£ 224), we may give a formal proo f 
as follows. Let F 0 2 , . . . * P ) be any rational integral 
symmetric function of the p values. Any substitution what¬ 
ever S (affecting the elements) applied to these p values either 
leaves any function unchanged or replaces it by one of the 
others. No two of the resulting values can be equal, for if 
% were equal to Sfa it would follow, by applying the substi¬ 
tution S~\ that 0 ,- = <pj, which is contrary to hypothesis. Con¬ 
sequently the same p values of 0 are reproduced by S in some 
order or other. The symmetric function F therefore remains 
unchanged by any substitution, and is consequently a symmetric 

function of the elements themselves. 

From this is derived immediately the following coro]lary 

Cor .—The p distinct values, of any integral multiple-valued 
function are mots of an con at io n whose coefficients are integral 
symmetric functions of the elements themselves. 


Theorem. 
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For an example of this we refer to Ex. 4, Art. 39, vol. i. 
What is here proved with regard to rational integral functions 
can he readily extended to all rational functions whether inte¬ 
gral or not, for any fraction may he converted by the method 
of A!rt. 193 into an equivalent form whose denominator is sym¬ 
metric in the elements. 

227. Theorem. — Two function s belonging to the same group 
can be rationally expressed each in terms of the other . 

This important proposition, to which we now apply the 
principles of the method of substitution, has been discussed 
beforl (Art. 193) from a somewhat different point of view. Let 
<p x and i pt be two functions belonging to the same group 


G\ m [1, & 2 i S it . . . Sr], 

of order r and degree*^ ; each of these functions having p 
distinct values, where*/*/) = N. Any substitution not contained 
in G y will convert <p x into another of its values, say </>*, and at 
the same time into \f>k- By operating all possible substitutions, 
P pairs of va lues <p lt ; <p 2 , ip 2 ; ... $ p , \p p are obtained. Now, 
in the first place, the rational function h *) 

2<p'\p J = <pi'lp X J + $2^ + . . . + (pk ■'i/'* 7 + . . . + 0p'^ p ; (1) 


is clearly a symmetric function of the elements, for it appears, 
by the same reasoning as that of the preceding Article, that any 
substitution whatever affecting the elements will reproduce in 
-some order the terms of this sum, viz. 'Ztp'xjP, which is therefore 
a symmetric function of the elements. If, now, we take j = 1, 
and assign to i all the values 0, 1 , 2 , .... p - 1 in succession, 


the following p equations linear in 

4 n 4^ 

• • • 4o : 

+ 

4* + 

. . . + = 

T 



+ 

<p2^pt + 

• . • + tf^p = 

T x 



01*^1 + 

• 

(P 2 2 lp 2 + 

f * 

. . . + (p p 2 \fy p = 

T t 

- 

(2) 

Vtyi + 

+ 

• • • • • 

. . . + (pr'xhf, = 

• 

Tp-xj 



T\, T 2 , . . 

. ore all 

symmetric in 

> • 

• 

. x«. For 
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the solution of these equations we refer to Ex. 1, p. 38, and 
Ex. 3, p. 105, from whioh it will he readily inferred that \p x oan 
he expressed as a rational function of 0i in the following form:— 


V(01> 02> • • • 0p) 01 — -4o<£l P_1 + A.\<P 1 P " 2 + . . . + A p . 1, 

where v has the same meaning as in'Ait. 202, and A 0) A ly 
. . . Ap .i are all symmetric in x ly x 2f . . . x n . 

It follows, conversely , that two rational functions such that 
each can be expressed rationally in terms of the other belong to the 
same group ; for since each remains unchanged hy all the 
substitutions which constitute the group of the other, it follows 
immediately that the two groups must coincide. 


228. Extension of Theorem with Corollaries.— Even 
w1l££ the groups of 0, and 0i are not identical , hut one of then?’ 
included as a sub-group in the other,' it is still true that the 
function which belongs to the wider groujtf(and which has con¬ 
sequently the smaller number^of distinct values) is expressible 
rationally in terms of the function of the narrower group. * 

Let 0i belong to the group G x of the preceding Article, and 
let 0i belong to the wider group 


9- 





G\ = [1, $2, • • • Sft Sr+\i • • • 'S/J- 
| ^ 

We have (Art. 224) the relations 

l 7 i <-* r Zuo ) 

rp = r'p - N ; r = hr; p = kp; 

there are, as before, p distinct values of _^;_butfh^values of \P, 
viz. i/,,, \f/ 2 , $*>■■■ ’A” beeome*equ‘al in' sets .o f _£, so that only 
p’ distinct values remain. It is still true, however, that the 
expression _Q)_of the preceding Article is a symmetric function 
of *„ . *•„, for any substitution applied to it will reproduce 

in some order the distinct terms of the series. The equations 
(2) therefore can be solved as before, and an expression obtained 
forjfc in terms of 0,. If it be attempted, however , to express 
^in a similar-form in terms of jar the solution fail s, on account 
of the equality of two or more of the values of ^; for it is 


Theorem. 


(>Sr 


implied in the solution of these equations that no two values 
of ^ are equal (see Ex. 1, p. 38). The theorem as thus extended 
may be stated as follows :— 

Theorem. —If two rational functions of any set of i variables A- M6J> ^ 
are such that onT remains unchanged by all the substitutions of the 
group to which the ofhcx'bclongs, the fiiyt is e xpressi ble by means 
of the second in the form of an integral poli/nom ial whose coefficients 
are rational s ymmetric functions of tfie variables. 

From this proposition may .be deduced importan t conse ¬ 
quences which are contained in/the following corollaries. 

Cor. 1. —A function can always be found in terms of which any 
number of given functions canfbe rationally expressed . 

Let <p, xp, \ } . . be the given functions, and let io be assumed 
such 1 Wat' f 

in + /3t// + + . . . 

4 • vly (•) ? 






where a, p, y ... are arbitrary constants. -T he subs titutions 

1 • t . *1 A . / ... . 


*«- 2JLY- 


which are common lo t he g roups of ft. \p u%f • • will leave w un¬ 
changed. Hence the group of io is Contained as a sub-group 
in that of each of the given fungthms ; any one of which may 
therefore be expressed in terms'of w . : 

Coh. 2 .— A ny rational function whatever can be rationally T *^.— 

expressed in terms of^ a function having N distinct values ; in 
particular in terms^ef the Galois function. 

For the^ group of an iV-valued function, reducing to the 
identical substitution, is included as a sub-group in every other. 

Cor. 3.— The variables th emselves can be expressed rationally in 
terms of the Galois function. 

The group to which x t) for example, belongs contains 
1.2.3... (w — 1) substitutions, inoludiug, of course, the sub¬ 
group unity. The n values of this function are the n variables 

tf* 2 > • • • x U} and each can be expressed rationally in terms of 
the Galois function. 

The proposition contained in this corollary was stated 
originally by Abel, w ithout proo f. Galois has given a proof 


252 


* • f- 




Theory of Substitutions and Groups. 

of the proposition founded on elementary principles, which 
we think it desirable to add, since it shows how t he calculation 
may be conducted and the required rational expression for any 
one of the variables obtained. 

Let f(%) = 0 be the equation whose roots are x lf x 2) . . . x n , 
all supposed uneq ual; and let \pi be a known value of a rational 
function of the roots which has N distinct values . 

If all the roots except x t be permuted in every possible way, 
we obtain 1.2.3... (>; - 1) = fi distinct values of xjy given by 
the equation j 

I •'X 

The coefficients of^this equation when expanded are sym¬ 
metric functions of x 2 , x 3 , ... x„, and can therefore be expressed 
in the terms of the coefficients of * 


/(*) 

x - Xi 


/ 


= o, 


>-■* 


/ 

and will involve x { in a rational.form along with the coef¬ 
ficients of j\x). If the expanded 7 equation be represented by 
F[\p, xi) => 0, we have F(\fn, xi) s 0, 6ince it is satisfied by 
\p -- we have also f{x ,) = 0, from which it follows that the 
equations f(x) = 0 and F x) = 0 have a common root . It 
is easily seen that this is the only root common. If therefore 
we seek the common measure of f(x) and F(\f> i, x), and continue 
the process till we obtain a remainder of the first degree in x t 
by equating it to zero we shall find for x 3 a rational expression 

in terms of \pi and the coefficients of J(x) • 

Ex. For a cubic equation 

/( x) = X* + p\X 2 + pa + P3 = 0, 

if w, be taken equal to the Galois function ai/i + a 2 x 2 + 03 * 3 , it is readily proved 
xi) invmvesy-Tin the second power, and the problem is reduced to find¬ 
ing the g reatest common measure of a quadratic and_cubjc. The question is 

simplified by taking the special Galois function *1 + ; w0 fi " d in 

this case that the coefficient of *i 2 vanishes, and x\ is obtained immediately in 

terms of 1^1 as follows„ 

ija 2 - P 1*1 +Pr ~ 

x\ = --• 

3yi 
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7ft 

2m 

Cor. 4. — All the values of the Galois function can be expressed 
rationally in terms of any one among them. 

For 1 all belong to the same group unity. 

229. Two-valued Functions. Theorem. — Every two- 
valued integral function of n variables is of the form S x ± S 2 J&, 
where Si and S 2 are integral symmetric functions , and A the dis¬ 
criminant. 

A two-valued function must belong to a group of order 
The only group of this order is the alternate group (Ex. 5, 

. 224), to which the function Ja belongs. The theorem 
therefore follows as an immedi ate c onsequence of the funda¬ 
mental theorem of Arf*^27. On account of its importance, 
however , we give the following i ndependent proof . 

Let the two values of the function be denoted by 0, and 
and let Gi and G 2 be the corresponding^roups, each of order 
i A. In the first place, t hese two groups must be i dentica l; for 
if any substitution S of Gi were to change <p. to its second 
value 0i, then & _1 would change 0! into 0 2 ; but this is impos¬ 
sible, since &- 1 as well as S belongs to the group <?,. Every 
substitution, therefore, of Q x must belong to G 2} and vice versa. 

To show now that these groups coincide with the alternate 
gr^up, consider the function 0 , - 0 , ^ 4 ,. Any substitution 
which belongs to the common group leaves this unaltered ; any 
other- will change <f>i to 0 3 and 0 2 to 0„ and will therefore 
change the sign of 0 /; the transposition (.r a , for example, will 
have this effect, for the group common to the two values of any 
alternating function could not include all transpositions without 
coinciding with the symmetric group. It is easily inferred 
that 0i -02 is divisible by x a - and hence by the product of 
al l the differences since 0 2 Js'symmetric. 

The auotient of 0 by Ja is symmetric . To prove this, let 
(JA) m be the highest power of JA which ocours in 0. The 

since, if not, it would be 
an alternating function, and would again contain Ja as a factor 

which is contrary to hypothesis. It follows immediately that 
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m is an odd number, and that the quotient of by Ja is sym¬ 
metric. "Writing therefore <pi - <p 2 = aJa, and <pi + <p 2 = B y 
where A and B are both symmetric, we at once derive 

<j)i = Si + S 2r jA, <p 2 — S\ — S 2r J A, 

where >S'i and S 2 are both symmetric functions of the variables 
a\, cc 2y ... x n . It is, of course, also evident that the groups Cr, 

and G 2 coincide with the group of Ja, vk. the alternate group. 

230. Theorem.— The alternating function s are the only tin- 
symmetric functions of n variables of which a , power can be 
symmetric. 

The theorems contained in this and the • next following 
Articles are of great importance in connexion-with the problem 
of the general solution of algebraical equations. It will be 
sufficient to prove the theorem for prime/powers, for if there 
exists a function .. . x„) such that Fr-'jZ symmetric, 

then there is also a funotion <p-F q such that <p p 
Let tnereiore 

<pe = S, a symmetric funotion. 

Since the group of <p, which is unsymmetric, cannot contain 
all the transpositions, let jt s (x a xf) be a transposition which 
converts </> into <t»j ; we have 

<t>f = 

and therefore <{>,■ = a>0, whe^e- w is a p th root of unity . Heuce 

/ 

'' a<f> = <Pj - oxp, 

/ 

and, operating agfun with <r, 

„ ^ a 2 <p = ojg<P = u) 2 <P > 

/ 

but (t 2 = 1; hence or = 1, and consequently p = 2. 

Since therefore <p 2 is symmetric, 0 is an alternating function, 

and the proposition is proved. 


is symmetric. 
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231. Theorem. — For any number, of i ndependent elements 

there is no multiple-valued functioiT of which a power is t wo-valued 

when n > 4 : and when n = 3, or n = 4, if there is any such power 
it is a third power. 

Confining our attention as before to prime numbers, and 
supposing that <f> is a multiple-valued function whose p th power t- 
is two-valued, we have (Art. 229) 

V = + S 2 Ja. (1) 

The group of 0 cannot contain all the circular substitutions 
of the third order, for if it did this group would coincide with 
the alternate group and <j, would be two-valued (Ex. 7 , Art 224). 
Let <j b (r a XfiX y ) be such a substitution not contained in the 
group of^>, and suppose <x<£ = <pj. From the equation (1), since 
Sx + Si Ja is unaltered by a, we have 


V = 

hence where w is a p th root of unity. Operating again 

twice in succession with <r, we obtain readily 

o<p = uxp, 

(r 2 <p = ti)a<p = 


whence, since <r s = 1 , we have w 1 = 1 , and therefore p = 3 . 

Again, when the nu mber of element s is greater than 4 
there are circular substitutions of the 6 fth order, audible 
caunot be all contained in the group of f (Ex. 8 , Art*." 224) 
Let r be one of these not in the group of and = a- We 
have, as before from the equation ( 1 ), by applying this substi¬ 
tution (which does not affect the right-hand side), 

•P p = = S, + S,JI. 

Hence proceeding as before, we have = M<j> , and operating 
again on this and the succeeding equations with r, we readily 
flDd r * - “V; w tence <-»=!, since T > = 1, and it is proved 
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that p = 5. Now, this result being i nconsistent with the value 
of p previously obtained, viz. 3, we infer that when the nura- 
ber of elements is gr eater than 4 it is impossible to find any 
multipled- valued function <£, a prime power of which will be 

two-valued. 

That there are actually, when n_ is not greater than 4, 
multiple-valued functions, a third power of which is two-valued, 
will appear from the following applications,, to the cases where 

n = 3 and n = 4 : — 


1 . To find a multiple-valued function of three elements whose third power is 
two-valued. Wo examine whether the problem admits of solution by means of the 

si mplest linear f unction, viz. 

<p = cu'i + £-*2 + 7 ,r3 * 

that is, whether the constants «, B, y can be determined so as to make f, fulfil the 

required conditions. , 

Taking cr = (*1*2*3), and identifying <r<f> with *<*>, where ** = 1 , we Ime 


whence 

and immediately 


a*2 + + 7*1 = w(a*i 4 0*2 + 7*3) ; 

7 = ua, 0 = «7> a = u &> 

<f> = a(*i + w **2 + w*3)- 


Takinc « = 1, we infer that a function of the type r, + ate + satisfies the 
conditfons of the problem. This function is si-valuei and ttscuhe trvo^ued 

(C0 TCtud rt ent 5 wUUas« y prove, in a similar manner, that a JU «n of the type 

Xi m + Q>*2 m 4 M 2 *3 m , 

where » is any integer, will equally well supply a solution of the problem 

2 To investigate a similar function when n = 4_ In this ease rt ts clear that 

°£ the type * ^ + ^ + yZaXl + *,(«•*, + + V*0- 

The function obtained from this by the operationofo is 

^ = 0X1X3 + Bnxx + yxxxi + **(«» + # x ‘ + t '* 1 )- 

, 1 a «, a' V bv their values in terms of 

Identifying <pj with a ><p, and replacm 0 0, 7 , 7 y 

** taV " = + »’a*rs + «**) + + 
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Ope rating a g ain with a different substitution of the third order, 8 »y r - lx,x>x.) 
and denoting T <p by </>*, we have ' ’ 


<pk - alx-iu + a^xixs + 0X3X3) + a'(x 2 x l + „* Xi x\ + 0x 3 r l ). 

Identifying, ns before, * with where 9 is some enhe root of unity, we find 

■, °T e ';r "" “ = “ ,a ’ the —* reh ‘ i <»" Wng nil consistent with 
these. \\ e have therefore, taking a =? 1 > 


•P - XjXi + XjXt + w(xix 3 + x 2 x t ) -f 

Thia is a function of the required kind having itself six values but only 
w hen cubed (compare Art. CG, vol. i., and Ex* £ Art. 22-1). 


two value.* 


Let 


Section III.-The Galois Resolvent. 

23|. Galois Resolvent Group of an Equation- 


F(x) « + pur* +... + J)n = „ 


(1) 


be an equation whose roots, supposed all unequal, are * 

q^ant^r tsr regarded “ • 

V'j s a i*i + a 2 .r 2 + . . . + QnXn 

bas N distinct values \L , i/, ,/ 

substitutions of the symmetric group’(A^ls) 1 T? ^ 

of the *■ degree whose roots are tlLe t val Jes, v£ ^ ’ 

* (*) a (* - W (* - *,) • • • (a - tf.v) = 0, ( 2 ) 

is called the Galois resolvent. When this equation is exnandoH 

s 

expressed atimPy j n terms of Z „ ec L ua 10n can all be 
eqUati0n i8 this 

- 'fr •> »'*“ *k*» «-J2££fv 


- f.. 2.1<t - 
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reducible. For this purpose, s uppose ¥1 (;) to be an irreducible 
factor of the r 1h degree^ with rational coefficients, contained in 
¥ ( 2 ), and let 

¥1 (s) = (s - fa) (s - fa) .. . (s - i/v), (3) 

where i// 2 , ^// 3 , . . . \// r are derived from i//, by means of the sub¬ 
stitutions S 2 , S 3 , . . . S r . The following consequences can be 
established:— 

(1). Eve)'!/ function of the root,s which is unchanged by the 
substitutions 1, S 2y S 3t . . . S r om be expressed rationally in terms of 

Pit P2, • • • Ptf " - ^ 

For, since each of the roots x t . x 2 ,. . . is ^..rational function 
of fa and the coefficients (lrl^28), the function^ itself will 
be also a rational function of these quantities, sa yf(fa). Now, 
under the operation of the substitutions S 2} S 3i . . ., $ remains 
unchanged, but fa becomes in succession fa, fa, • • •; hence 

/W.) = /W=) =/(>M = ••• = *(/'("/'') +/(’M + • • • + /(W ! 1 

but the latter expression being symmetric in the roots of *i = 0_ 
can be rationally expressed by the coefenis of this equation, 

which are tliemselves rational/- b.- 

{'Py^Ecery function which is rationally expressible will be 

unchanged by the substitutions 1, S-, S iy . . . S r . 

Let A be a function of the roots which has a rational 

expression, say B ; and let/^e the function of by which 
* can be also expressed (Art. 228). We have, then, ./ (f) = Bj 
whence the equation /(s) - B = Q>s a root in common with 
the equation (s) = 0 l but the latter equation is irreducible, 
and t herefore aUJts roots must be com* to the two equa¬ 
tions, and consequently/(<M is unaltered when is replaced 
by 4 - 2 , +»■■■; that is to say, <p is unaltered by the substitutions 

which change fa iuto fa, fa, ■ • • fay in succession. 

(3). The substitutions 1, S 2 , S 3 , . . ■ S r Jonn a grouj r . 

The effect of the operation of any one of these substitutions, 
say S a , on g, (s) is to leave the function unchanged since its 
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coefficients are rational; the new values,"*1 flereforo, of . yf,,. 

derived by this substitution must he identical with the first 
values, the order only differing; the effect of a second of the 
given substitutions, 6ay S& is to reproduce in some order tho 
same values of It follows that S a S fl is contained among tho 
substitutions of which S a and S fi are any two: and the proposi¬ 
tion is therefore proved. 

I lie group indicated in tho preceding proposition, all tho 
substitutions of which leave unchan ged certain functions of tho 


roots (not necessarily symmetrical) is called (ho group of tho 
equation. In the case of a perfectly general equation, with no 
k nown relation among its roots, tho group is the symmetric 
group. When an u nsymmetrio functio n of the roots can be 
expressed rationally in_terms_oi the co efficien ts, tho group 
which leaves this fuuction unchanged is the group of the 
equation, and t he equati on,is in this case special . The group 
of an equation may be any sub-group of the symmetric, ac¬ 
cording to the special character of the given equation. The 
n um be r of s uch sub^roups^however, among which the «roup 

of the equation is to be sought, is limited bv the followiu- 
proposition:— ° 


n*T 


JAY- The group of an irreducible equation h transitive. 

A group is said to be transitive when it contains one or mor< 
substitutions whose effect is to replace a ny element whatever bv 

r r A lransitive 'therefore, hi 

I" lt substl tutions winch affect all the elements. Now let the 

it'aff 5 f 1 th i eq , Uati ° U be ’ if P ° SSible> n0t transitive - let 

t ons of O, altering only among themselves the positions of 
these m roots will leave their symmetric functions unaltered 
lhes symmetric functions, therefore, are rationally expressible' 
and the function F{x) wiU admit a rational divisor 

(* - *i) (x - .r 2 ) .r m ), 

and will become reducible contrary to hypothesis. 
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Examples. 


1 . To form the s extic equatio n whose roots are the 6ix values of the Galois 
function 


a\Xi + azl '2 + 03*3, 


and to express its coefficients i n terms of the co efficients of the cubics whose roots 
are X\, *2, *3, and ai, as, 03, respectively. 

The six values may be arranged in two sets, of three each, as follows:— 


i*,i = a\X\ 4 - 02*2 + 03*3, *|<2 = aiXz + as-V3 + 03*1, if >3 = ai *3 + 02*1 + 03X2, 
yf/'i = aiXi + 02*3 + 03X2, <^'2 = ai*2 + 02*1 + 03*3, ^'3 = *1X3 + 0.2X2 + 03^1; 

the first row corresponding to the substitutions of the alternate group, viz., 1, (123), 
(132), and the second row to the remaining three substitutions, (23), (12), (13) of 
the symmetric group. If now 

y, = (z - *1) (z - *2) (= - *3), V* b (* - f 0 ( 2 - +'-) ( 2 ~ +'*)» 

these functions are both two*valued, and have the same group (Art 225); more¬ 
over, they are unchanged by the substitutions (ai*i), (<* 2 * 2 ), ( a3 * 3 )» and therefore 
involve « 1 , a 2 , 03 , and * 1 , * 2 , * 3 , similarly. It is easily verified (cf. Ex. 1, Art. 

225) that 

2^i = 2f 1 = 2 oi2j:i, 

2 <|u»J '2 = 2= 2 ai 2 2 *i *2 + 2*r2aioa + 2 aia 22 *i* 2 ; 

also *,*2*3, being a two-valued function, and involving the a’s and *’s in a similar 

manner, must be of the form _ 

Si ± Si'f AaAr, 

where Si and St are symmetric in both sets of elements, and 

y ^ = (a, - as) (a, - aj) («2 - 03 ), ® (*» ~ **) ~ " * 3) ' 


We have, in fact, 

+iMs = «i«a«3 2*i 3 + ***** 2a ‘ 3 + 3 *»*** 3 aia2 ° 3 + * x * a + *' x * 
where *x = *i 2 *a + *2**3 + *3**1 , = *i ** 2 + * 2 * 3 2 + *3*1 2 ; 

alg0 + *'* = 2« 2 r,/2 - 3* 1 * 2*3 = S r , 


4>x 


—=*y ■ 


■X * 


therefore ♦, = *(«. + ✓**)• ♦'*;=*(&--/A.), 

and finally, . -\ 

= o.oraa *ti> + 2». 3 + 3 ««“ * 13 ** 3 + * (&5 “ + ^ 

The value of f,«, is obtained by changing the sign of thejtqua.e root. 
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The cubic functions Vi and V 2 , therefore, can he readily expressed in terms of 
the coefficients of the given cubics, each of them containing one irrational quantity. 
When they are multiplied together, their product, which is the Galois resolvent, 
will be rational in both sets of coefficients. For the complete solution wo refer 
to Ex. 11, p. 118, vol. i. 

It may be observed that, if the function of the coefficients which is equal to 
A c is a perfect square, the value of ZA x in tho coefficients becomes rationat, and 
the Galois resolvent can be broken up into two rational factors of tho third degree. 
In this case the cubic equation is special, and its group tho alternate group. This 
is the only class of special irreducible equations of the third degree, for the alternate 

group is the only trnnsitivo sub-group of tho symmetric in tho case of three 
elements. 

2. To form the equation of the 24th degree , whose mots are tho several values 

of the G jilois function ai*i + a 2 .r 2 + an^.i + ai rj ; and, secondly, to detormino 

the c onditions that it can be resolved into r ational factors , expressed in terms of 

the coefficients of the quurtics whose roots are x lt x 3 , x., t x t and ai, a 2 , an, a, 
respectively. 

Let these quartics he ( 1 ) b, c,d, t) (x, 1)< and ( 2 ) (»,, 4,. i u „) (,, |)L 
We have (p. 140, vol.i.), 

**=~a + Zi + Zp-Z*, j-4 - /a- 4- v/;, 

with similar values for a,, a 2 , a,, a 4 obtained by putting the suffix 1 to each 
tetter m the values of or,, * 2 , xa, r t ; whence 


Abb 


* xXx + a2 * 2 + + 04X4 = ~~ + v'x \/ai + Zh Zhi + Z* Zn. 


Putting now 


Z = ai*j + 0.2X2 + asi'3 + aiij — 


ibbi 
aa i 


we have 
and 


Z * “Z*i + ZhZ h\ + Z v Zyi, 

Z * - M\ - HH\ ~ w\ = 22 Z\ Zh Zm Zh i. 

Writing also <p = x\i + + VVlt ^ - **x,« + ^,* + v*„i s ; 

squai-ing again, and reducing, we find 




U) 


Z a ZH Z V = 


G 

2<i s ’ 


Z Ai Zh\Z y\~ 

2«i 3 




since 
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The next step is to express ip as a function of <p. For this purpose we form 
the equations 

+ *p2 + <p3 = T 0 , ' 

0 1^1 + <p2lp2 + <(> 3lp3 = Ti, (B) 

<pl-\pl + <p2^1p2 + <p3 2 <p3 = T 2 , 

<p 1 , 02 . 03 , being the values of <p determined by a cubic equation, whose 

coefficients involve only one irrational quantity, vi z.-f AaAaj. 

(See p. 118, vol. 1 .) 

Similarly ipi, ip 2 , ip 3 , the corresponding values of ip, are given by a cubic 
which involves the single irrational quantity \/ Aa 3 Aa 1 3 ; also 

\/Aa* = (A . 2 - /x 2 ) (A 2 - v 2 ) (/x® - V 2 ) = (/* + *')(*' + X) (A. + /i) VT\. 

We proceed now to express To, T\, T 2 in terms of the symmetric functions of 

A, n, v, and Ai, nu v\, with \/AaAa^ and consequently in terms of symmetric 
functions of a-i, * 2 , * 3 , *1 and 01 , 02 , 03 , «i, with the irrational quantity 

v/Z 71a ; for since * 2 A + H = « 2 0, (P- ^ vo1 - *•> 

\/ Aa = (A — /x) (A — v) (/X - v) = (01 - 02) (01 - 03) (02 - * 3 ) = ^ y Ar, 

01 , 02 , 03 being the roots of the reducing cubic 

4 (« 0) 3 - I(n0) 4 / = 0 , 

substituting in equations (B) for 01 , 02 , 03 and < pi, ^ 2 ,^, their values, we 
find 

To = (A 2 + / 1 2 + v 2 ) (*t 2 + ^i 2 + 1,1 )» 

Ti = 2A 3 2A, 3 4 -**i +Wi, 

" )iere 0 = /x 2 j/ 4 v 2 A + A 2 /x, v = M" 2 + •'A. 2 + A/x®, 

both two-valued functions, since they are unchanged by any even number of 
transpositions. In fact 

0 + \y = (a + M + v) (/xv + vA + A/x) - 3 A/xv = .5, 

0 _ * = (A - /x) (A “ v) (/x - v) | 

whence . /— 

0-*S+*yAA, V=hS-W* A, 

where 5 is a symmetric function, and therefore 

T\ = 2A 3 2Ai 3 4 £ (SSi - y AaAa,). 

Again, in order to calculate T 2 , we have 

T 2 = 2A*2Ai 4 4 22/xV2/xi*i' l 2 4 2 A/x I /Aimi»'i2a2Ai + 2<i>0i 4 2Wi, 

0 = ^ + A + A 3 /x, 'P = /IV 3 4 VA 3 + A/x 3 , 


where 
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both two-valued functions. In fact, 

4> + 'V = {fiv + v\ + \/a) (A 2 + m 2 + " 2 ) - Am*' (* + M + ") =2 5, 

* - V = (A + /* + v) (A - /*) (A - v) (n - y), 

.-. <t> = 46’ + A6 '\/aa> v = 2 ‘S - *6'\/Aa ; where S' 3 A + fi + v, 
and therefore, finally, 

Ti = 2A 4 2Ai 4 + 22/xV2/xi 2 »'i 2 + 2 A/xj'Aijxu'i2A2A, + l (SSi — S'S' 1 v/ AaAa,). 

It is then proved that To, T\, Ti involve only symmetric functions rationally, and 
the irrational quantity \/ AaAa,. 

Now, solving the equations (11), we have 

i = T<P 2 + Q(p + Ii, 

where P, Q, li are expressible by symmetric functions of A, v, and A|, /xi, v\ 
with v/^aAa, (Art. 227). 

When this value of ip is substituted in equation (A), it becomes of the form 

9 

- 2<pz~ - -—~ z + (2P- l)* 2 + 2Q<p + 211 = 0, 

(™l) J 

<p being determined by the equation 

<P 1 - 3/7,^ - 1 (277/, + v/(/ 3 -277 2 ) (7, 3 -277, 2 )) = 0 , (C) 

obtained by substituting - for I?, and j for C? in the cubic equation of p. 118, 

1 m *r 

Vol. I.; also 

° 3 \/a* = 16 J3-277 2 , and a, 3 v/X = 1G ^/7T 3 - 27/,-. 

Now, eliminating £ between these equations, we obtain ono equation of the 

12 '* degree in 2 , involving the single irratio nal qu antity •/ A,A a , and a second of 
the same degree by changing the sign of y/ A, A a . If the three values of <p deter¬ 
mined by equatiou (C) be substituted in equation (A), wo can resolve this equation 
of the 12'* degree into four qnarties; but this would involve tho cube root of 
v/X A a, and, in addition, the cube roots of unity. 

The value of <p expressed in terms of * 1 , .r 2 , x 3 , x if and a,, OJ , 03 , a t is 

— <p = 2 (*2 + X 3 - xi - X 2) 2 (as + an - a, - a,) 2 = AA, + /x/x, + vv \; 

an d sinc e <f> u <p 2 , <p 3 are connected in pairs by a homographic relation involving 
y/ A,A« and the cube root of unity (see Art. 60, vol. 1 .), only one value of <p is 
required to complete the resolution of the equation of the 12‘* degreo into four 
qnarties. 

As in tho preceding example, it appears that the two factors of the Galois 
resolvent, each of the 12'* degree, become rational in the coefficients when the 
discriminant is a perfect square; and in this case tho group of the equation so 
characterized reduces to the alternate group. 
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3 . To determine under what conditions the Galois resolvent breaks up into 
faej&is in the case of the q uin tic when a r is replaced by a*- in the Galois function 

t = a\X\ + 02*2 + 03X3 + 04X4 + 05X5, 

a being an imaginary fifth root of unity. 

The function if/ has 120 values; and when a r is put in place of a r , with tho 
condition a 5 = 1 , the Galois resolvent takes the form 

(+* ~ h 5 ) (h - h 5 ) ••• (h- M = 0 , 

for if \p r is a root, 60 also are a\f/ r , a 2 if/ r , a 3 if/ r , a*i{/r- 

We now put p 5 = 0, and from the values of 0 select the following four:— 

01 = (a Xi + a 2 x 2 + a 3 X3 + a 4 Xi + X5) 5 , 

02 = (a 2 x 1 + a 4 X2 + 0X3 + a 3 Xi + x 5 ) 5 , 

03 = (a 3 Xi + a X2 + a 4 X 3 + a 2 X4 + X5) 5 , 

04 = (a 4 X| + a 3 X2 + a 2 X 3 + a X4 + x 5 ) 5 , 

of which tho lust three are obtained by substituting in succession a 2 , a 3 , a 4 for a 
in 0i, and reducing by the equation a 5 = 1 . It should be noticed that, since 5 is a 
prime number, if in the series a, o 2 , a 3 , a 4 we replace a by ar, the same roots arc 
reproduced in a different order. 

From 0i, 02, 0j, 04 the 24 values of 0 can be obtained, in six sots of four, by 
tho six permutations of xi, X2, X3 ; for X4, having all the multipliers possible, 
viz. a, a 2 , a 3 , a 4 , need not be permuted. Every symmetric function of 0i, 02, 03, 04 
has six values obtained by the same permutations. The resolvent is therefore the 
product of six quarries of the typo 

0 4 + <p0 3 + p0 2 + <T0 + r = 0. 

Again, since 2 < # > r* T ^ x 43 the sum of all the values can assume, it is 

unchanged by any substitution, the order only being affected ; it is therefore ex¬ 
pressible by the coefficients of the quintic; whence, making n = 1, we find by 

Art. 227 that r is a rational function of <p. The same is true for all the eoeffi- 

$ 

cients ; therefore if one is known, all are known. Now let /x = 0, then 2 < f >r * * s 

known, and we can thereforo form a sextic for determining <p ; and by adjoining the 
roots of this sextic, this particular form of the resolvent becomes the product of six 
quarries in 0 = ip. 

Thus the solution of the quintic depends on the solution of a sextic, ns Lagrange 
has pointed out. The analogous method was successful in solving tho cubic, by 
reducing it to a quadratic in * 3 . In the case of tho septic, a similar treatment of 
the Galois resolvent would reduce it to 120 sextics in \p‘. 
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Section IY.— The Algebraic Solution of Equations. 

233. Application of the Theory of Substitution** to 
the Algebraic Solution of Equations. —T he problem of 
the solution of an algebraic equation may be stated as follows:— 
From the given values of the sin gle-valued functions _/>„ p 2i .. ., 
viz. the c oefficien ts of the equation, to find the value o f an 
I V-valued function , viz. a root of the Galois resolvent; for we 
have seen (Art. 228, Cor. 3) that each of the roots a*,, . . . 

can be expressed rationally in terms of any Galois function. 
Although the a ctual determination of the roots in terms of the 
given coefficients is not facilitat ed by this mode of procedure, 
yet the statement of the problem in this form is important in 
reference to the question of the p ossibility of the soluti on of 
algebraic equations generally. 

The known solutions of the cubic and biquadratic may from 
this point of view be presented briefly as follows : — 

(1). In the case of t he cubic equation 

a: 3 + jhx 2 + jw + jh = 0, 

we have to find from the given single-valued functions p u p 9t p 3 
a_ six-val ued functio n of the form a,.r, + a 2 .r 2 + a»r 3 by the 
extraction of roots. In the first place all two-valued functions 
can be expressed rationally (Art^27) in terms of the two¬ 
valued function 

Ja 3 = ± (a?, - x-ij (*, - x 3 ) (x 2 - x 3 ), 

and therefore in terms of p ly j) 2i ;; 3 , along with the square root 
of a known function of the coefficients (Art. 42, Vol. j.). Now 
we have found (Art. 23l“‘Ex. 2) a six-valued function 
+ ivx 2 + w 2 .r 3 = whose cube is two-valued. fa itself there¬ 
fore can be expressed by means of a oube root of a function of 
the coefficients in addition to the square root previously intro¬ 
duced (of. Art. 59, Yol. i.). A six-valued function having 
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been thus obtained, the solution of the equation is theoretically 
complete. 

(2). In the case of the biquadratic equation 

x x + p x x 3 + pzZ* + p z ;v + Pi = 0, 

4 l 

we have to find a 24-valued function of the form 

aiXy + a^Vz + tt 3 *r 3 + 

from the single-valued functions p u p 2 , p iy px by the extraction 
of roots. 

As in the preceding case, any two-valued function can be 
expressed rationally in terms of p u p ti Pz, Px, along with the 
two-valued function Ja 4 , and hence in terms of these coefficients 
along with the square roofj of a known function of the coef¬ 
ficients (Ex. 15, p. 126, Yo'l. i.)* Now, referring to Art. 231, 
Ex. 2, we find the six-valued function 

<p s XiX 2 + XaXx + (^1*^3 + <*V*a) + w 2 (#i2*4 + » / 

whose third power is two-valued ; ip will be expressible therefore 
by the aid of a cube root of a known function of the coefficients. 
We have now to find a .means of passing from this siyvalued 
function to a 24- valued ‘function. The group of 6 is (Ex. 3, 

Arf.**224), •. C 

JS = [1, (12)(34), (13)(24), (14)(23)], /(?=£, r = 4), 

\ . , X . 
and a second functio n belonging to the same group is 

/ i / 

0 2 = {X\ + x 2 - x 3 f Xx) 2 {x x x z -f X0xY- 

This function is rationally expressij?fe in terms of <p, and the 
value of 0 therefore is obtained in i^rms of the coefficients by 
the aid of an additional square root. The group of_jj_is 

[1, (12)(34)], (p- 12, >* = 2), 

to which the f ollowing function also belongs: 

xp 2 = (ai (x x — x 2 ) _+ 0-3 (*^*3 ~ ) » 

r is expressible in terms of 0; and finally ±, which is a 
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21-valued function, is obtained by the aid of another square 
root. 

/ The process illustrated in these two cases may be described 
/ as the successive reduction of the group of an equation by tho 
j adjunction of radicals to,the d omain of known quantities. The 
sy mmetri c group is in each case firs t reduced to_the al ternat e by 
/ the addition to the known coefficients of the square root of tho 
discriminant. The further reduction depends on tho included 
s ub-groups of the alterna te till fi nall y the group unity to which 
the Galois function belongs is reached. If the solution of tho 
q uintic were attempted by this method, we could proceed no 
further with the reduction t han the first ste p, since, as has been 
seen (Art.*231), there exists in this case no multiple-valued 
function of the roots of which a power is two-valued. It 
cannot, however, be inferred immediately from this that tho 
algebraic solution of the quintic is impossible. Before making 
this inference it will be necessary to examine close ly tho alge¬ 
braic, diameter of the formula which is the possible expression 
of a root of an algebraic equation ; and hence to show the 
propriety of the application of the theory of substitutions to the 
problem. 

For this purpose we proceed in tho first place to explain the 
distinction b e tween quantities which are to bo regarded as 
rational and those which are to be regarded as irrational ; or, in /i 14T 
Kronecker’s language, to define the rational domain. 

234. Definition of Rational Domain. —All rational 
functions, with integral coefficients, of certain parameters 
R\ R" } JR,'" ... constitute the rational domain (It', R" } R"\ . . .). 

If amongst any functions of this domain t he operations of addi¬ 
tion, subtraction, multiplication, division, and involution to an 
integral power are performed, the re sulting quantities stil l 
belong to the rational domain. 

The extraction of roots will, in general, lead to quantities 
outside the domain. We may, how’ever, limit ourselves to 
the extraction of roots of prime order , since an (wm) <A root can 
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be replaced by an m th root of an n th root, and all numbers can 
be resolved into prime factors. 

The theory of s ubstitutions applies exclusively to rational 
functions of the roots of equations ; whence, if this theory is to 
be applied, we must avoid bringing i rrational functions of the 
roots into our investigations. 

If the student refers to the expressions given for the roots 
of the quadratic, cubic, and biquadratic equations in terms of 
their coefficients, it will be found, when the roots are substi¬ 
tuted in place of the coefficients, these expressions become 
r ational functions of the roots i nvolving the c ube roots of 
unity , the rational domain consisting of the coefficients of 
the equations and the cube roots of unity. 

It will appear subsequently if any algebraic formula which 
is an expression for a root of an equation of an higher degree 
exists, it must become a rational function of the roots (when 
they replace the coefficients) involving several primitive roots 
of unity ; and finally, the theory of substitutions proves that 
functions of the roots do not exist satisfying such conditions , 
and that the algebraic solution of the higher equations is im¬ 
possible. 

235. Form of the Roots of Equations algebraically 
solvable.— If f(x) = 0 be an equation, the coefficients of 
which are included in the rational domain (R , R , R • • •)> 
and which moreover we suppose irreducible in this d oma in 
we say that this equation is solvable_algebraically when it 
is possible to satisfy the equation by substituting for * an 
expression formed of elements within the domain (R , R , • • •) 
byjmeans of the following operations of algebra, viz. addition, 
subtraction, multiplication, division, raising to integer powers 
and the extraction of integer roots, the number of such opera¬ 
tions being finite. . . 

The value of x thus determined is designated as an algebraic 

function of the domain (R , R , R • • •)• 
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The building up of this algebraic function may always bo 
completed in the following manuer:— (bylfi) 

1°. Calculate a rational function of the elements of the 
domain, viz., 

F V {R\ R'\ R"'...). 

r^r».e 2°. Calculate a quantity V„ satisfying the equation 

v';=F(R', ir, ir. 

where p v is a prime number. We also suppose that F v is not 
an exact pf power, for if it was, V v would be included in the 
primitive domain. 

3°. Adjoin ing V v to the primitive domain, form a rational f ‘- r •••**•*•*• 
function 7^., (V v , R\ R ", R '"...) in this extended domain. 
and calculate F„_i from the binomial equation 

K7 = ( v„ r, ic, ir...), 

where is a prime number. We also suppose that this root 
cannot be immediately extracted, for if so, V v ., would be 
included in the domain (F„, R\ R", ...). 

4°. Adjoin ing P„_, to the last domain, form a new rational 
function in this new domain R '_ a ( V„ R\ iT, ...), ^ 

so on. 

We can therefore represent the formation of the algebraic 
function .r, where /(*,) = 0, by the following chain of 
equations:— 

V; = f v (R\ ic, . 

= f v _, ( k, if, it",...), 

K:! = (A) 

V = F, {V„ V 3 , ... V„ If, 1C, . ..), 

= F, ( K v„... V„ If, 1C ,. . 
where the functions F are rational and the numbers p prime. 
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Before proceeding further it is desirable to express the 
functions F i n an integral form , if they are not so expressed 
already; and to fix our ideas we shall take v = 3, the method 
being the same in every case. Supposing F x not an integer 
function of F 2 and V 3 , we can always put 


F x = 


<t> (F„ Fa) 


* ( F„ Fa)’ 

<p and being rational and integer functions. 

From the chain of equations we have in this case 

F/j = F, {It), VS* = F, (Fa, R), R = (R\ R", ■■■)■ 

Also, if to be a primitive root of the equation x”'- -1 = 0, 

4,{ Fa, Fa) * (o» Fa, Fa) * (a,"' Fa, Fa) .. • K N = Fs). 

Again, the product^of these factors, omitting the first, is 
rational, being independent of w. Now eliminating F/* by 
means of the equation 

V 2 p, = F 2 (F 3j R), *i (FA F^) becomes ^ 2 (F 3 , F). 

Treating ¥ 2 in a similar manner, it ia- converted into a 
function of the form ^(FA F), the multiplier being 

rational; now eliminating FA % becomes (/<b . 

Finally, multiplying the numerator 0 by these National 

factors, which were applied to ifi, &c., &c., the value of F, is un¬ 
altered and the denominator is a function of R = F', F . . .)• 
'Thus Fi is expressed as a rational function of F 2 , F 3 , in an 

integral form. 

And therefore, in general, we are enabled to write any 
rational function of the F’s, viz., F a as follows 

F a .\ (F a , F a „ .. . V„ F)= Jo + J, V a +TV;... + Jp, F/a->, ' 

where the functions «7>re integer functions of F a+ i, F a+2 , . • • F„ 

and fractional only in F', -g ^, . . . ,-tf<*** * 

It will be necessary now to prove a fundamen tal theore m— 

Abel’s which will be frequently applied subsequently. 
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236. Theorem. — If the equations 

f* p ~ l + + ...+/„ = 0, (1) 

a*-.F=0, (2) 

p is a prime number , «>•<? simultaneous/// satisfied , Wf/w 
/i,/s,/j, • • •/;. ^ I'flMMA, or ojj<? o/ ///e rootsj)f the equation (2) 
ean be expressed rationally in t erms off lt f „ , . ,f p ami F. 

For suppose the coefficients of equation (1) not to vanish, 
then the equations (1) and (2) have a g reatest common divisor 

+ g x j*- x + <j 2 z»- 2 + . . . + </ p = 0, (3) 

the coefficients of which are rationaljunctions of F u f u /;, ... 
Now if x\ be any one of the roots common to the equations (1) 
and (2), the other roots will be of the form 


whence 


cu 0 ,% . . . where a/' - 1 = 0 ; 
g p = <r, p ctf a * • • • = 


(4) 


Again, since p is a prime number, we can find two numbers m 
and n such that mp ± np = 1 . Also 

V = = a/'VjO-"*), 

and by (2) 

w ,,,r *i A - g”F"\ 

therefore, a,"^ which is a root of equation (2) is expressed 
rationally in terms of F 9 f u f u . . ,f p . 

237. We proceed now to make afurther reduction in the 
form of 

. <^^i = </o+/ l F a + t // # 2 .,. + J ParX y Pa ~i f 

so that J i m ay be equal to unity . 

Let J, be one of the coefficients J„ . . . which does not 
vanish, and puttiug 

= 

there are i nteger numb ers m and_a, such that 


whence 


niK + np a = 1 ; 

Jm ym K = jm JTJl-mpj = jjr m . 
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therefore, we have 

V = W m F n J F = V 

y a .rv a r a u Kt . - y a a. 

Hence F a and JV\ can he expressed the one in terms of the 
other and the elements F a+ i, F a+2 , ... F„, so that the rational 
domai ns | 

(F„, V aH , ... V„ R’,\R", . ..) and ( JF a , V. t „ ...V„ R', K' ■ ■ ■) 

are equivalent. 

Agjain, there is no power of V a lower than p a which is rational 
in this domain. For if 

W a q =\<P (F a+ i, F a «, . . . F„), 

where q < p a9 \ 

JkV a' 1 =? *£(F a+ i, F a+ o, . . . V v ); __- 

but xq is not divisible by p a , for p a being a prime-ntimber should 
divide k or q ; but both {\re less than/kf and consequently we 
should conclude that a power of- J^less than Pa should he 
rationally expressible, whjjph is impossible, p a being the lowest 
power of V a whichJs"TCratjoual function of F a+1 , F a+2 . . • F„. 
Moreover, by raising J7f a to the power p a we have 

/lio *’ 4 “» —• t 'Cl ? 

W a P * = J K P *F a * = y ( ^a + l, F a «, . . • F„, 2^', 2T • • •)> 

* 2C^ 

whence we learn that l^lite F a , is given by ^bino mial eq ua-_ 
tion of the degree p a ,, and wa can replace the one by the other 

iu the chain of equations connecting the V a . 

It follows that we can inVroduce W a in_place j)f j^where 

it occurs in the functions F a _i, lF a _ 2 , . . . F x . 

Therefore iu \ 

F a -, = J 0 + J, Va + J,\a' + • ■ • + Jp- ' “J. ^ 

when we replace F.* by its valine J h {F?J:") h W*. this func¬ 
tion is of the form Lk where mh = lp a + U and U> is a 
rational function of V al „ F„«, ■ ■ ■ K, which can be rendered 

integral by Ar?. 235. 
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C°r:-It should be noticed that when h is given the values 
l * 2 ’ 3 ’ ‘ • ■ P* " 1 in the equation mh = lp a + // has for its 
values 1, 2, 3, . . . Pa - 1 in some order, since all its values are 
distinct and less than p a ; also since m K + np a = l,jc is tho only 
value of^ f or which the remainder 1i - 1. 

We see then that 


F *-' -/• + V* + , 

wherg tktrTTs have been rendered integraf and ^* 1 , and wo 
- return to the old notation by putting V a for JvS and = 1. 
We have then, dually, the important result 

E a .i (E a , V aH ... Vf, R) = Jo + V a + J,V a - + ... + j y v- 1 . 

/a 1 a J 

whence, expanding the function *-«••«<*» 

jt, ir...) = 

a root of the equation /(») = 0 in powers of F, (the F with 
lowest suffix), and making the foregoing reductions, we have 

= o 0 + v x + g 2 v , 2 +... + G> r ,r,/'*- 1 . 

238 We proceed now to appj^this theory t^the solution 
P . Le . quations which are solvable algebraically. 

For this purpose, forming the different powers of and 
taking care to reduce the exponents of P„ V, ... so as to be 
respectively less than ft , ... by means of the drift of 

residt* 008 W V " V ‘ . . 6ha!1 aiTive «* tk. 

A*>) = B.+ H, V, + H,V,' + . . . + Hp r , fr . _ 0 

by hyp^othesis, where //„ * . . . are integer functions of 
no A“i 0rem 1 for if 

11 " +n ' F,+ ;'• (Vi,v 3 ... r „it’jr ,...) 

would be simultaneously satisfied and f ij i 

Power in the domain (V V A ° ““ 6Xact 

hypothesis. 1 ” 31 ''' r *>> whloh « contrary to 

VOL. II. 


are integer functions of 


T 
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- In a similar manner, expanding Hj in powers of V 2 , viz., 

Hj = K 0 + K1V2 + V2 + ... + Kp 2 . x V 2 p *-\ 

the coefficients K x , ... s hould aU vanish, for exactly 
analogous reasons. But if V 2 b e absent , expand in powers of^ 

F 3 , &c., &c. 

Ifjn any case t he coefficien ts of these successive functions 
do not vanish when arranged in powers of V if their indices 
having been reduced as much as possible, it is a proof that we 
have neglected to secure that each function F in the chain of 
equations is not an exact power, or that the number of the 

elements V has not been reduced to a minimum.. 

We have an example of this deficient reduction in the case 

of th e cubic equation which we insert now, as an illustration. 
Let f{x) = x 3 + 3 Px - 2Q, 

=. jqVjWt^ + 3 JqT WtT 3 - (Voi 1., p. 45.) 

The chain of equations is as follows : 

yj = Q 2 + F\ V 2 3 = Q+ Vs, Vi 3 = Q - Vs, (a) 

whenc 

the coefficients of JhrfUtion, P, F.* + P. K cannot vamsh 
identically, winch is a prW that the functions V have not been 
reduced-f^miuimum number, and we proceed to show tha 
yls a pnvt of the rational dom^n ( V 2 , Vs, r, U). 

From the chain of equations \a) 

( V, VJ = Or - F,’ = - P’> A nce r ‘ v ° = - p - 

p P F.» \ (Q- F.) Fa* 


Again 


Vi = - 


Q + V3 


whence V, is a part of the domain (F„ F» P, «)• 

The cjiain of equations (a) is therefore reduce^ ^ ^ 

p^Q' + P, VS = Q + V„ *.= V,-y=V2+ p 
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Tjie. other, two wots are obtained by putting oj V 2 and V t 
for F 2 , the Iajst element of the chain (a), 

^ .r 2 = u) V 3 + " - p - v 3 w 2 V 2 \ 

* = «T !t Q ~p w VS. 


■Kesuming| the geueral investigation, we liave 

4 = <?» + V, + G s VS + O S VS + . . . 


( 1 ) 


/(*,j) =B ri + II, V, + n t vs + IT,vs + . . . = 0, 

the coefficients H all vanishing. 

Now substituting in (1) for V„ w,V„ u,SV„ . . . w ,rr' V, 
we obtain the values of .r s , .r,, ... where w />, - 1 = 0 , f rora ’ 
the system of equations 

• T '*‘ = + ^ + <w* jv+... ( K - o, i, 2 ,.. . 

and finally, from this system of equations we liave 


.i n • i ^ 


( 2 ) 


whence we conclude that t he, irrational function of 

- i- Q — ^ ^jratio nal function of the roots when the primitive 
root of unity wi is adjoined to the rational domain. 

To prove the same for F g1 inte rchange tlie roots in (2) in 
every way, and so form an equation 

(!/- F7.)(y- VS P ')(// - V" f ') . .. . *(y) = 0, 

which has for roots ^IJiejvi^offA which consequently is a 

symmetric function of ,r„ ,r„ that it will take this form 

is easily seen, for if V, is a root, ».»> V, is another value of V , 
We have then 

= “ A + £. Fi + £, TV + . . 


• • • 
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where L x is equal to 1. ^Proceeding now similarly as in the 
case of Xi, <p(y) replacing f{x), 

V% = — 5^2"* y*+1, (k = 0 , 1 , 2 , ... p 2 - 1 ), w 3 /,a -1 = 0; 

so V 2 i s a rational function of the roots of f(x) when m and an 
are adjoined to the rational domain, and s imilarly for_all the 
V'b when certain primitive roots of unity are adjoined. 

Su mm ing up the results arrived at we have the following :— 
Theorem.— If a n equation f(x) = 0, the coefficients of which 
are rational functions of the quantities R', Rf , .. ., can be sati s fied 
by an explicit algebraic function 


X = F ( V\y Pi*) • • • yVi R i R 1 • • •)» 

the quantities V are rational and i ntegral functions of the roots, 
and of the primitive roots of unity; they are moreover determined 
by a chain of equations of the form 

V a p a = F a ( Va^l, V a -2 • • • F„, R , R • • •)> 


wherein the indices p are all prime numbers and the functions F 
all rational. 

This theorem makes it possible to apply the theory of substi- 
tutions to_the proof of the proposition that ge neral equation s of 
d egree h ^W than the fou rth are not algebraically solvabl e. 

The proof is as follows: 

It has been shown that t he first ir rational function V, is the 
p th root of a function rational in the domain (It, It ■ • ■)> a, 'd 
as V v is a rational function of the roots such that VJ> is symme¬ 
trical, it is, by Art 230, t he square r oot of th ad iscriminant A, 
or of’the form S/A where S is a symmetric function of the 

roots. Consequently p, = %■ 

Tf we adioin Sy/& to the rational domain we include all the 
one-valued and two-valued functions of the roots. Proceeding 
another step, there must he a rational fu ncti on of the roots F i, 
which is 2p^ valued,and of which theiVi^poweris two^alued, 
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but no such function exists when n > 4 (Art. 231). Conse¬ 
quently the process, which should have led to the roots, oannofc 
be continued. 

We conclude, therefore, that the general equation of degree 
higher than the fourth cannot he solved algebraically. 

In the foregoing investigation we have followed the sys¬ 
tematic treatment of this question given by Netto in his 
Substifutioncnthcoric. The principles on which the investiga¬ 
tion rests are due to Abel , who was the first to establish in a 
rigorous manner the impossibility of the algebraic solution of 
equations of a degree higher than the fourth. The funda¬ 
mental theorem of the present Article was stated by him in the 
following form:— If an algebraic equation is solvable algebraically, 
we can always give to the root such a form that all the algebrai c 
functions of which it is composed can be e xpressed rationally i n terms 
of the roots of the proposed equation (Abel, QZuvres Completes , 
1881, Yol. i., p. 75). The manner in which this theorem is 
applied in the proof given above is a modification of Abel’s 
proof introduced by Wantzel. to whom the propositions, in the 
theory of substitutions, of Arts. 230 and 231, appear to be due 
(see Serret’s Cours d’Algebre Suptrieure , Yol. n., p. 484). 
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NOTE A. 

DETERMINANTS. 

The expressions which form the subject-matter of Chapter XIII. 
were first called “determinants” by Cauchy, this name being adopted 
by him from the writings of Gauss, who had applied it to certain 
special classes of these functions, viz. the discriminants of binary and 
ternary quadratic forms. Although Leibnitz had observed-in 1693 
the peculiarity of the expressions which arise from the solution of 
li near equatio ns, no further advance in the subject took place until 
Cramer , in 1750, was led to the study of such functions in connexion 
with the analysis of curves . To Cramer is due the rule of signs of 
Art. 128. During the latter part of the eighteenth century the 
subject was further enlarged by the labours of Bezout, Laplace, 
Vandermonde, and Lagrange. In the nineteenth century the earliest 
cultivators of this branch of mathematics were Gauss a nd Cau c h y; 
the former of whom, in addition to his investigations relative to the 
discriminants of quadratic forms, proved, for the particular cases of 
the second and third order, that the product of two determinants 
is itself a determinant. To Cauchy we are indebted for the first 
fo rmal treatis e on the subject. In his memoir on Al ternate Fu nctions, 
published in the Journal de VEcole Poly technique, vol. x., he dis¬ 
cusses determinants as a particular class of such functions, and 
proves several important general theorems relating to them. A 
great impulse was given to the study of these expressions by the 
writings of Jacobi in Crelle’s Journal, and by his memoirs published 
in 1841. Among mathematicians who have advanced this subject in 
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more recent years may be mentioned Hcrmite, Hesse, Joachimsthal, 
Cayley, Sylvester, and Salmon. There is now no department of 
mathematics, pure or applied, in which the employment of this 
calculus is not of great assistance, not only furnishing brevity and 
elegance in the demonstration of known properties, but even leading 
to new discoveries in mathematical science. Among recent works 
which have rendered the subject accessible to students may be men¬ 
tioned Spottiswoode’s Elementary Theorems relating to Determinants , 
London, 1851; Brioschi’s La teorica <lei Determinant <', Pavia, 1854; 
Baltzer’s Theorie und Andiccndung der Determmanten, Leipzig, 18G4 , 
Dostor’s Elements dc la theorie des Determinants, Paris, 1877 ; Scott’s 
Theory of Determinants, Cambridge, 1880 ; and the chapters in 
Salmon’s Lessons Introductory to the Modern Higher Algebra, Dublin, 
1876. For further information on the History of this subject, the 
reader is referred to Muir’s Theory of Determinants in the histoiical 
order of its development, London, 1890. In Salmon’s Higher Algebra 
also there are short historical notes on Eliminants, Invariants, Co¬ 
variants, and Linear Transformations, as well as on Determinants. 


NOTE B. 

COMBINED FORMS. 

We give here, as an appendix to Chap. XVIII., an enumeration of 
the concomitants of two quartics U and V. For this purpose it is *t.tr** 
convenient to use the notation (<^>, i p) v for (1, 2) / ’<£ 1 ^ 2 , when the dis¬ 
tinction between the variables is removed. In this notation we have 
sixteen covariant s (U x , V 1 ) v , {U x , H' x ) p , {V x , JH t ) v , (H x) H'ff, when 
p has the four values 1, 2, 3, 4; but of these Sylvester has reduced 
( H x , H' x ) and ( H x , H' x y, so that only fourteen independent cova¬ 
riants are obtained in this way ; wo have, however, to add t he fou r 
covariunts (G x , V x )\ {G' x , V x )\ {H x ,G' x f, {H' x , G x f. These are the 
eighteen special covariants of this system (Gordan, Math. Ann. n. 

275). To this list are to be added the five forms belonging to each 
quartic separately, viz. U x , H x , G x , I, J , and V x , H ' x , G' x , V, J'. 

Hence there are in all twenty-eight forms made up as follows :— 
eight invariants, eight quadric, seven quartic, and five sextic co- 
variants. 


• p 1. • y 1 H 


a? 




Q « •» 

I> « -vi 
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The Table which follows gives the number of forms of the com¬ 
bined systems from I., I. to IV., IV. : — 



i. 

II. 

III. 

1 

IV. 

I. 

3 

5 

13 

1 20 

II. 


6 

15 

18 

III. 



26 ? 

61 

i iv. ! 

, 



i 28 


NOTE C. 

THE QUINT1C AND ITS CONCOMITANTS. 

Gordan fixes the number of independent concomitants as twenty- 
three, which may be derived as follows the first fourteen , viz. four 
invariants, four linear covariants, three quadratic covariants, and three 
cubic covariants come from the covariants I x of the second degree and 
J x of the third degree considered as a distinct combined system in the 
manner of Art. 190; one reductio n, however, in the number there 
obtained occurs in this case, for the resultant of I x and J x , or R(l x) J x ) } 
is the same as the discriminant of J zt or A (J x ) , both leading to the.. 
same invariant of the twelfth order. In addition to the fourteen thus 
obtained the rem aining concomit ants are defined as follows, K x being 
used to denote the Hessian of J x : — 

Quartic Covariants: I D (H X ) = Q x , J{T Xi Q x ) ; 

Quintic Covariants: U X1 J ( T7 Z , I x ), J{U X , K x ); 

Sextic Covariants : R„ J{I Xf H x ), 

Septic Covariant: J{R xi J x )\ 

Nonic Covariant: J{TJ Xi H x ). 

The foregoing results are collected in the following Table, where 
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p signifies the degree in the variables, sr the order in the coefficients 
of the quintic, and N the number of concomitants of each degree :— 



/ 


t 



p 

v- 

7D 

i\ r 

0 

4 j 8 

* 

12 

1 

18 

I 

i 4 

1 

5 1 7 ! 

a J 

11 

13 

4 

2 

2 | 6 i 8 

| 

3 

3 

3 | 5 

9 

i 

3 

4 

4 | G 



2 

W 

O 

1 j 3 ' ? 

1 1 


3 

6 

2 | 7 j 


2 

1 7 

5 I 



1 

9 

3 



1 


Adopting the definitions of the invariants given by Clcbsch and 
Gordan, and implied in the following equation (see Art. 189), the 
connexion between the four invariants of the quintic is established as 
follows by Gordan :— 


also 


- J* (/„ K x ) = UK? - 2 TJ X K X + 1 U I ?; 

isc 

a4(7 x ) — L x s Lfp: + I x y. 


Now, substituting Z, and - Z 0 for x and y in 7 r , K x} and in 7(7„ K x ), 


we find - _ 


since 


— _ .. -I& - F(U) 4 In), 

/ ^(4 4) = i27 12 -i6/ 4 7 6> 

y 

/ F (K x , Z x ) = 7 8 * - 7 4 7 I2 . 

Thus 7 18 is defined, and its square expressed in terms of the other 
invariants which are not skew. 
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NOTE D. 

THE SEXTIC AND ITS CONCOMITANTS. 

The first sixteen forms come from I x and L x treated as a combined 
system (Art *$16). In this way we obtain all the invariants, quad¬ 
ratic covariants, and quartic covariants. There are in general 
eighteen forms in the combination of a quartic and quadratic, but in 
this special case, owing to the nature of the coefficients, the invariant 
D u which is an invariant 7 a of the sextic, is expressible in terms of the 
invariants 7 2 , I u 1 6 , in the form 7 a = pT? + g7 2 7 5 : also the covariant 
sextic of l x is reducible to those which occur in the enumeration 
which follows. It should be noticed that since mzr - 2k is even for 
the sextic, all the forms are even in the variables. 

The following is a complete enumeration of the covariants :— 

Quadrics : L x - I D { U) } M x = 7^(7,), N x = & D (7*)> 

J(L X ,M X ), J(L xi N x ), J{M X) N X ). . 

Quartics: I x , 77(7,), 7(7„ 7,), 7(7„ Jlf x ), 7(7,, iV,). 

Sextics: U, 7,, 7(£7, 7 X ), J(U, M x ) % 7(7 X , L x ). 

Octavics: H X) J(U, 7 X ), 7(27 x , 7 X ). 

Decimic : 7(7 X , H x ). 

Duodecimic: G x . 

These results are collected in the following Table, in which p 
the degree of the concomitant, vr the order in the coefficients, a^d N 
the number of each kind :— . 


p 


_^ 

0 

2 

4 

6 

10 

15 

— 7 ^ 

v 5 

2 1 

3 

5 

7 

8 

10 

j* 

1 6 

__1 

4 

2 

4 

6 

7 

9 . 

, 

* 

5 

6 | 

1 

3 

4 

6^ 



1 5 

8 1 

2 

3 

5 




3 

10 

4 






! 1 

12 

3 






1 
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It will be noticed that there are two covariants of the sixth dcgreo 
in the variables, and of the sixth order in the coefficients; this is the 
first instance in which there arc two irreducible seminvariants of the 
1 same order and weight in the binary system. 

It may be observed that if the ternary forms of any three of the 
L quadratic covariants be taken as lines of reference, the sextic^jyill be 
represented by a cubic and conic combined, such that every coefficient 
in the equation of either curve is an invariant of the sextic. 


NOTE E. 


DETERMINATION OF THE UNIQUE TERNARY FORM. 


The following is t he simplest metho d of finding, for a given binary 
quantic of degree 2 m, the ternary form U y of degree such that 

Let be written with trinomial coefficients complete in form ; for 

the variables x , y, z substitute x 0 2 , 2x lt y 0 , y 0 J , respectively, and arrange 

the results as a binary form of the 2/n‘ A degree; this form will then 

become ixpa p + qa q + ro r + &c.) x 2 "‘~ J yj, where a p , a q , a n &c. &c. 

are the literal coefficients of the ternary form, and p, q , r, &c. &e. 

their numerical multipliers. The reduction of U from having 
in (m + 3) » 

--- + ^coefficients to a form with only 2 m + 1 distinct coefficients 

will be accomplished by putting a y = a q = a rt &c. in such compound terms. 
"When this change is made it will be found that the differential equa¬ 
tion 


d 2 U d 2 U\ 


dzdx dy 2 = 0 * s sa ^ sfie ^ identically : also that p + q + r + &c. 

is the proper binomial multiplier in the binary form. When, for 
example, m = 4 we have the following quartic for U :— 


+ <7 b z‘ + 6 (<r 6 yV + a x z 2 x 2 + a^y 2 ) 

+ 4 {a^y + a-jx'z + ap/x + ap/z + a^x + a^y) 
+ 12.ryz (ape + apj + <7jz), 
which becomes on transformation 


(tfo, «i, a-i, n 2 , a iy a iy a 6 , a ly tf 6 ) (x 0> y 0 ) 8 . 

All the concomitants of this ternary quartic JJ and the conic y 1 - 4%x 
combined are also concomitants of the binary octavic. 
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NOTE F. 


Professor Elliott’s Determination of a Solution of the 
Differential Equation D $> = F{a 0i n l} a 2} . . ., a,,). 

In t order to find a special solution of^he differential equation 

Dd> = F(a 0 , a u ), 

wkero F is a rational and integral function of the coefficients of order 
zr end weight k, of the most general type, such that nzr - 2k is 
positive, it will he necessary to establish some preliminary theorems. 
v.a4 f.-v . The following notation is adopted :— 

n A d O d . d d - 

^ = V = 2, r(l '-' —» -A = 77- + 2 «n-l T7- + • • • + 


da. 


dttnrX 


da 


da 0 




@ r = DD{ — D/D, v = >itc - 2k. 
I. To prove the theorem ® 1 F= vF, 


( 1 ) 


- DJ> = » 2 * S’ - 2 2 ^ 


<fa r ' 


V — = irT. Now, in order to reduce V ra r 

V i ««»■ 

since \*F(a 0 , a l} a 2 , . . . «„) = F(ff 0 , ^ 2 > • • • 

differentiating both sides of this equation with respect to A, and then 
putting A = 1, we have 

„ A dF 

now substituting in (1), 

( DD l - F X D)F = (nzr - 2 k)F, or ©i F = vl. 

We proceed to make several deductions from this result which we shall 
subsequently make use of. 


n 


d 


Notes. 
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II. To prove the theorem 

BB{ - B x r B = r{v -r+ l)A r " 1 , 
we have in the first place 

© 2 = BD X 2 - B X *B = (DA - B X B)B X + D X {DD X - B X B) 

- (v - 2 )D, 4 B x v = 2(v - 1 )D,, 
observing that the operator D x increases k by 1, and decreases v by 2, 
and that D decreases k by 1, and increases v by 2. 

Again, 

DD X 3 - D, 8 D = 0,1), 2 + D,<=>iA + D, 2 ©i 

= {v- 4 )D, a + D,(i/ - 2)D, + A 2 *' = 3(«/ - 2) A 2 ; 

similarly 

DD{ - D x r D = 0,A r "‘ + AO.A '- 2 + D x -® x JDr 3 + . . . + A" -1 ©.. 

Remembering that ©,A P -^ I = (v - 2p)B l p F, 
and reducing, we have 

® r 3 BB X - A T D = r(v - r + l)D, r_1 . 

Now, operating with both forms of 0,. on B r ~ x F, and giving r the 
values 1, 2, 3, . . . , in succession, we obtain the following series 
of equations where, for shortness only, wo write 

n = DD„ n, = a A n 2 = D, 2 D 2 , ... n r = B x r B r 

uf - n x f = V F, 
nn,D- n 2 f = 2 ( v + \)u x F, 
uu 2 f - u 3 f = 3 (v + 2) u 2 f } 


nu^F - u p f = P (v - i) n^F, 


this series being continued until p has such a value that II^D e 0 
which will occur when p exceeds k if not previously. 

Now, eliminating U X F, U 2 F, U 3 F } . . ., we obtain the finite 
result 


DD, 


j_J_ Ag D, 2 D 2 

(l.v 1.2.v(v+l) 1.2.3.v(v+ l)(v + 2) 


F=F 


that is, we have obtained, as was required, a particular value for 4> 
which satisfies the equation 

. ~ F{ a » a n a ? f • • • a„)y 


*o = A 



B X B 

1.2.v(v+l) + 


_ D, 2 D 2 _ 

1.2.3 . v(v+ 1) (v + 2) 
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As regards this value of <£ it should be noticed— 

1 °. That it has a limited number of terms since D*+ l F = 0. 

2°. That none of the coefficients become infinite when v is positive. 

It follows at once that if v > 0 for Z$>, i. e. if v > - 2 for <J>, the 
linear functions Z,, Z 2 , ... L p of \ lt A 2 , . . . A r , which occur in Art. 
165 are linearly independent; for the A’s may be chosen so as to give 
them any values whatever. This amounts to Prof. Elliott’s proof 
alluded to in°Xrt. 165. 

"We proceed now, with the same object in view, viz., that of 
showing the in dependence of L u Z 2 , . . ., to apply the method of 
Art. 165 to exhibit the solution of the following differential equation, 
which includes the equation of that Article, and in which Zhas the 
value defined on p. 284 :— 

D<b = F = c x \p x + c 2 \j/ 2 + . . . + c p ij/ p . 

In the first place, when p = ;• there are no seminvariants of the 
order w and weight k + 1, k being the weight of F; but we obtain a 
solution of the equation Z3> = F ’ such as has been obtained by tho 
former constructive process, viz <£ 0 . 

Secondly, when r is gr eater t han v . we introduce A 1} A 2 , . . ., A, 
defined by equations (4), Art. 165, where r = p +/. 

These equations, along with the equations 

L\ — Cii Z 2 = c 2f • • • Fp — Cp } 

% 

determine A„ A*, A 2 , ... A, as linear functions of c u c 2 , ... c p , and 
of Aj, A 2 , A 3 , . . . A j, and we have the following value for 4> 

<I> = — {+ c 2 & 2 + ... + cJbp + Ai2i + A 2 2 2 + • • • + A,2,}, 

A 1 

where A is the determinant formed b£ the coefficients of Z„ Z 2 ,... Z p , 
and tho coefficients of A„ A 2 , ... A,, not involving c u c 2 , ... c pt 

$ 2 , . . . <£ p aro linear functions of <£,, <f>>, ... <£r> an( l 2i, 
are seminvariants, since Z2i, Z2 2 , . .. Z2, all vanish. 

Now every value of <£, under the given conditions as to order and 
weight, satisfying the differential equation = F is given by tho 
last formula, which of course includes the value of <*>„ previously 
determined by an independent method; whence it is necessary that A 
shall not vanish, for if it did the formula would fail to determine 
<j> 0 in particular, that is, Z„ Z 2 , ... L p are not linearly connected, for 

Aj, A 2 , ... A, are entirely arbitrary. 


Notes. 


287 


NOTE G. 

ABELIAN EQUATIONS.* ~ ilc 

The resolution of an equation /(x) = 0 of which all the roots arc 
of tho form 

0 (x), F(x) . . . 6"‘-'{x), 

where 6 m {x) - x, m being a prime number. 

First it is plain that if 0*(xi) bo substituted for x x in the series 

*11 0(*i)» 0 l (*i) • • • 0 m "'(*i)> 

the order of the roots only changes in virtue of the condition 
^’’(x,) = .r,. Now denoting any root whatever of tho equation x m - 1 = 0 
by a, tho expression 

= {*1 + a0(.Ti) + a 2 0 2 (x,) . . . 

where a is considered known, has only a single value, and consequently 
can be expressed rationally in terms of the coefficients of /(x), 0(x), 
and a. 

For if wo replace x, by another root, for example x 3 = 0 7 (x t ), wo have 

^(Xj) = ( 6 1 (*,) + a0 3 (x,) . . . + + a m “ 1 0(Xj)} m 

= {a m - 2 (^ 1 + a0(ar 1 ) . . . + a "‘-'^ , -»(x 1 ))} w ; 
whence wo see that 

*(*i) = *(x 2 ) . . . = *(x m ), 

i\nd consequently 

1 Ill 

*(*.) = - 2 *(*-)• 

7/1 x 

We can therefore calculate * as a symmetric fuuction. It moreover 
contains a, and consequently has a distinct value for each value of a. 

If then we denote by XJ r the value of ^ corresponding to the 
value a r of a, we can derive m equations of the form 

x + a r 0 (x) + a r 2 0 2 (x) + . . . + a r m ~ , 0 n ‘- , (x) = m JU ry 
giving r the values (0, 1, 2, 1). 


• See Ex. 20, page 201. 
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The value corresponding to a r = 1 is known, for it is 

Zi + x 2 + . . . x m = - A, 

A being the coefficient of x' n ~ l in f(z). 

Also if -we add both sides of these m equations, observing 2a p = 0, 
p L m, -we find that 

mx l = - A + "‘M + "‘M + • • • + 

Again, if we multiply each of the equations by a r ~ n before adding, 
we find 

mx n s m6" (x) = - A + a, - ’* ‘JUi + + .. • + a m l J 


In this expression when we fix the value of any one of the radicals, 
the others are determined by it rationally, as we proceed to prove by 
connecting m jU v and ’"J U p . Putting a, = a", a being a primitive root 
of unity, we have 

"Jpj = X + aO (x) + y 0 2 (*) + ... + a"*- 1 0(x), 

">J-p = z + a l ’0(z) + a 2p 0 2 (x) + .. . + 
and if we change in these equations x into 6" ( x ), 

"JWt becomes a’""* 

"‘Jq, becomes 


whence 




m Jv, 

cjny 


is unaltered by any interchange of the roots, and can therefore bo 
calculated as a symmetric function, viz. : 

w <f>(x) = ,) + <f>(z 2 ) + *(*a) + • • • + *(*«)>» 

hence all the radicals "M ■ ■ ■ &c ' canbc ex f eSS f f ““f* 

in terms of -M and known quantities ; the above formula for *, has 

therefore exactly m values, and the equation /(*) = 0 is always 
solvable by radicals. 
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